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Abstract

An abstract form of modus ponens in a Boolean algebra was suggested
in [1]. In this paper we use the general theory of Boolean equations (see
e.g. [2]) to obtain a further generalization. For a similar research on Boolean
deduction theorems see [3].

The starting point of the paper [1] by E.Trillas and S.Cubillo is the inequality
ze(x — y) <y (where x — y = 2’ V y), valid in an arbitrary Boolean algebra
(B,V,e, ',0,1) and viewed as a Boolean analogue of modus ponens. The authors
determine other Boolean variants of modus ponens by replacing conjunction (e)
and implication (—) by other truth functions f and g, respectively. More exactly,
they determine those functions f, g : B> — B that can be written in the form

(1) f(z,y) = azy Vbay'Vcz'y vV dz'y',
(2) g(z,y) = pry vV qry' Vra'y Vsz'y',
where a,...,d, p,...,s € {0,1} C B and which satisfy the identity

(3) f(z,9(z,y)) <y

and f(1,1) = 1. A similar problem is solved for the identity

(4) f(x,9(z,y)) = zy.

The aim of this Note is to take a further step by allowing the coefficients a, ..., s
to be any constants from B (not only 0 and 1). It will be seen that by applying
the general theory of Boolean equations (see e.g. [2]), the functional equations (3)
and (4) can be solved easily in a compact way.

We insist on the distinction introduced in [2] between Boolean functions and
simple Boolean functions. In the case of two variables this amounts to the fact
that functions of the form (1) where a,b,c,d € B (or (2) where p,q,r,s € B) are
Boolean functions, while if a,b,¢,d € {0,1} (or p,q,7,s € {0,1}) they are termed
simple Boolean functions. In particular any truth function (also called a switching
function), i.e. any function f : {0,1}" — {0,1}, is a simple Boolean function.
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In a Boolean algebra B # {0,1} there are Boolean functions that are not simple
Boolean functions and there are functions that are not Boolean.

So we are going to solve each of the functional equations (3) and (4) with
respect to the unknown Boolean functions (in the above general sense) f and g.
Then solutions satisfying f(1,1) = 1 will be obtained by introducing this condition
into the solutions previously obtained. Finally the results of [1] will be recaptured
by letting the parameters which occur in the solutions run over {0,1}.

For a similar research on Boolean deduction theorems see [3].

Lemma. The identities (1) and (2) imply

f(x,g(z,y)) = (apV bp )y V (ag V bg")zy' V (er V dr')x'y V (es v ds')z'y'.

Proof. A well known property (see e.g. Theorem 1.5(1.53) in [2], where ’) should
read)’) yields the intermediate step

flz,9(z,y)) = (azVea)(payVaay' Vra'yVsa'y') Vv
V(b Vdx)p'zyVdzy Vr'a'yvs'z'y).

Proposition 1. The functions
(1) f(z,y) =axyVbzy'Vcz'y Vdx'y',
(2) g(z,y) = pry vV qry' Vra'y V sz'y',
satisfy the identity
(3) fl, g(z,y)) <y
if and only if the following relations hold:
(5.1) ab=ecd =0,
(52) b<qg<d,

(5.3) d<s <.

Proof. In view of the Lemma, identity (3) is equivalent to the system of equalities
(6.1) ag Vbqg =0,
(6.2) esVvds' =0.

As is well known (see e.g. Theorem 2.2 and Lemma 2.1 in [2]), equation (6.1) is
consistent with respect to ¢ if and only if ab = 0, in which case its solutions are
given by (5.2). Similarly, equation (6.2) is equivalent to e¢d = 0 and (5.3).
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Remark 1. Conditions (5) can be expressed in the form
b=da, d=cd, g=d(@mVaq), s=c(dVs),
where a,c,a1,dy,q1,81 are arbitrary parameters in B, because (i) vy =0 iff ¢ < g’

and (i) if x <y' thenx <z <y iff =z Vit for somet <y.

Proposition 2. The Boolean functions f and g satisfy the identity
(3) f(z,9(x,y)) <y

and f(1,1) =1 if and only if they are of the form
(8) flz,y) =zyVca'yVdr'y',
(9) g(z,y) = pry Vra'y V sz'y’,

where

(10) cd=0and d <s <.

Proof. Tt follows from (1) that f(1,1) = a . Taking a = 1 in (5) yields b=¢ =0,

so that (1), (2) and (5) reduce to (8), (9) and (10), respectively.

Remark 2. Conditions (10) can be expressed in the form
d=cdy,s=c(dVs1),

where ¢,dy, s1 are arbitrary parameters in B.

Proposition 3. There are 16 pairs of simple Boolean functions (f,g) satisfying
(3) =, 9(z,y)) <y
and f(1,1) =1, namely
(12.1) f(z,y) =zyVea'y = (zV o)y,
(12.2) g(z,y) = pzy V ra'y,
and
(13.1) f(z,y) ==zyVda'y',
(13.2) g(x,y) = pry Vra'y Va'y,
where the coefficients are arbitrary in {0,1}.
Proof. Taking s = 0 in Proposition 2 we obtain d = 0; these values satisfy (10)

and reduce (8) and (9) to (12.1) and (12.2), respectively. Similarly, for s = 1 we
obtain ¢ = 0 and the solutions (13.1), (13.2).
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Remark 3.The 16 solutions determined in Proposition 3 are the 14 solutions found
in [1] plus the solutions (zy,0) and (y,0), which don’t seem to have a modus ponens
interpretation.

Proposition 4. The Boolean functions f and g satisfy the identity
(4) f(z,9(z,y)) = zy

if and only if they are of the form

(14) f(z,y) = axy V d'zy' Vex'y Vdz'y',

(15) g(z,y) = axy V a'zy' Vra'y Vv sz'y’,

where
(16.1) cd =0,
(16.2) d<r <¢

~

(16.3) d<s<c.

Proof. In view of the Lemma, the identity (4) is equivalent to the system of
equalities :

(17.1) apVvbp' =1,
(17.2) aqV bg' =0,
(17.3) ervdr' =0,
(17.4) csVds' = 0.

We apply again Theorem 2.2 and Lemma 2.1 in [2], as well as their duals.
So the consistency conditions of the four equations with respect to p,q,r and s,
respectively, are aVb = 1, ab = 0 and (16.1). The first two conditions are equivalent
to b = a’, so that equations (17.1) and (17.2) have the unique solutions p = a
and ¢ = a', respectively. This reduces expressions (1) and (2) to (14) and (15),
respectively, while the solutions of equations (17.3) and (17.4) are (16.2) and (16.3),
respectively.

Proposition 5. The Boolean functions f and g satisfy the identity
(4) f(z,9(z,y)) = zy

and f(1,1) =1 if and only if they are of the form

(18) f(z,y) =xy Vca'yVda'y',

(19) g(z,y) = xy Vra'y V sz'y’,
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where the coefficients satisfy (16).
Proof. Take a =1 in Proposition 4.

Remark 4. Conditions (16) can be expressed in the form
(20) d=cdy, r=d(diVvr), s=d(dVs1),

where ¢,dy, s1 are arbitrary parameters in B.

Proposition 6. There are 6 pairs of simple Boolean functions (f,g) satisfying
(4) f(z,g(z,y)) = zy
and f(1,1) =1, namely
(21) f(z,y) =y, 9(x,y) = vy,
(22) f(z,y) =ayVa'y',g(z,y) =a'Vy,
and
(23) f(z,y) =zy,g(z,y) = zy Vra'yVsa'y'
where r, s are arbitrary in {0,1}.
Proof. By taking ¢ = 1 in Proposition 5, conditions (16) reduce to d =r = s =0,
so that (18) and (19) reduce to (21). For ¢ = 0 conditions (16) reduce to d < r and
d < s, whose 0 — 1 solutions are d = r = s = 1 and d = 0, for which the functions
(18) and (19) reduce to (22) and to (23), respectively.
We have thus recaptured the 6 solutions found in [1].
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