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Abstract

It is shown that the axioms of the intuitionistic logic can
be proved as theorems in the frames of the intuitionistic fuzzy
logic.

1 Short Remarks on Intuitionistic Fuzzy
Logics

In this note we shall show that the axioms of the intuitionistic logic (IL)
(see [1]) can be proved as theorems in the frames of the Intuitionistic
Fuzzy Logic (IFL) (see [2-4]).

First, we shall give some definitions related to IFL.

To each proposition (in the classical sense) one can assign its truth
value: truth —denoted by 1, or falsity —0. In the case of fuzzy logics
this truth value is a real number in the interval [0,1] and can be called
“truth degree” of a particular proposition. In the IFL it is added once
more value — “falsity degree”— which will be in the interval [0,1] as well.

151



152 K. T. Atanassov

Thus one assigns to the proposition p two real numbers u(p) and v(p)
with the following constraint to hold:

u(p) +~(p) < L.

Let w(p) =1 — p(p) —v(p).
Let this assignment be provided by an evaluation function V defined

in such a way that:

Vi(p) =< ulp),v(p) > .

The evaluation of the negation —p of the proposition p will be de-
fined through:

V(=p) =<~(p)ulp) > .
When ~(p) =1 — pu(p), i.e.

Vi(p) =< pu(p), 1 — u(p) >,

for =p we get:
V(=p) =<1 —=u(p), n(p) >,

which agrees with the result for an ordinary fuzzy logic (see e.g., [5,6]).

When the values V(p) and V(q) of the propositions p and ¢ are
known, the evaluation function V' can be extended also for the opera-
tions “&”, “v¥” and “D” through the definition:

Vip&q) = <min(u(p), u(q)), max(y(p),v(q)) >,
Vipyq) = <max(u(p),u(q)), min(y(p),v(q)) >,
V(pDq) = <max(y(p),u(q)), min(u(p),v(q)) >

By analogy with the operations over IFSs it will be convenient to
define for the propositions p, ¢ € S:

—-V(p) = V(-p),
Vip)AVig) = Vip&q),
Vip)vVig) = Vipyg),

Vi(p) — V(g V(pDaq),
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For the needs of the discussion below we shall define the notion of
Intuitionistic Fuzzy Tautology (IFT):

Alds an TFT iff u(A) > ~(A)

while
A is a standard tautology iff V(A) =< 1,0 > .

2 On the relation between IFL and IL

Let everywhere A be a given propositional form (c.f. [7]: each propo-
sition is a propositional form; if A is a propositional form then —A is
a propositional form; if A and B are propositional forms, then A & B,
Av B, A D B are propositional forms).

Following [1], we shall prove
Theorem 1 If A, B and C are arbitrary propositional forms then:
(t 0) ADA,
(t13) AD (B D A)
(t14) AD(BD (A& B))
(t15) (AD(BDC)D(BD(ADC())
(t16) (AD(BDC))D((ADB)D(ADC(C))
(t17) A D —-—A
(t19) —(A & —A)
(t21) (~Av B) D (A D B)
(122) ~(Av B) > (A & —B)
(123) (=A & ~B) D —(A v B)

(125) (AAv ~B) > ~(A & B)
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(t26) (AD B) D (=B D —A)

(t27) (AD —-B)D (B D —A)

(t65) ~—~—=A D A

(t66) A D —~—=-A

(t67) ~—(AD B) D> (AD-B)

(t68) (C D A)D(CD(ADB))D(CDBHB))
are 1FTs.

Proof. (£16) Let us assume everywhere below that
V(A) = <a,b>

V(B) = <ed>
V(IC) = <e f>

V(AD(BDC)D((ADB)D(ADC()))
= (< a,b>—<max(d,e),min(c, f) >) —
— (< max(b, ¢), min(a,d) >—< max(b,e), min(a, f) >) =
= < max(b,d, e),min(a,c, f) >—
— < max(b, e, min(a, d)), min(a, f, max(b,c)) >
= < max(b,e, min(a,d), min(a, ¢, f)), min(a, f, max(b, ),
max(b,d,e)) >

and

max(b, e, min(a,d), min(a, ¢, f)) max(b, e, min(a,d)) >
min(a, max(b,d,e)) >

min(a, f,max(b,c), max(b,d,e)).

VIV IV

The validity of the other axioms is checked analogically.

Therefore all axioms of the IL can be proved as theorems in the IFL.
On the other hand, the following assertion can be proved in similar way.
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Theorem 2 [f A, B and C are arbitrary propositional forms then:
(t12) Av A

(t18) ~—Av A

(t20) (AD B) D (mAv B)

(t24) =(A & B) D (-Av -B)

(t28) (WA D B)D (=B D A)

(t29) (mAD—B) D (B D A)

(t30) (AD B)D> A) D A)

are [F'Ts.

On the other hand these expressions are not IL-axioms (see [1]).
Therefore, both types of logics are essentially different.

3 Conclusion

The IFL is a new area of the fuzzy set theory and the standard logic.
There are a lot of open problems, related to it. The IFL contains
temporal [8] and modal [9-13] aspects. In future the relations be-
tween IFL, and some other logics (in this number, temporal, modal
and other) must be studied. The IFL must be classified in the frames
of all mathematical logic.

References

[1] Rasiova, H., Sikorski, R., The mathematics of metamathematics,

Warszawa, Pol. Acad. of Sci., 1963.

[2] Atanassov, K., Two variants of intuitionistic fuzzy propostional

calculus. Preprint IM-MFAIS-5-88, Sofia, 1988.



156

3]

[4]

[9]

[10]

[11]

[12]

[13]

K. T. Atanassov

Atanassov, K., Gargov, G., Intuitionistic fuzzy logic, Compt.

rend. Acad. bulg. Sei., Tome 43, N. 3, 1990, 9-12.

Gargov, G., Atanassov, K., Two results in intuitionistic fuzzy
logic, Compt. rend. Acad. bulg. Seci., Tome 45, N. 12, 1992,
29-31.

Negoita, C., Ralescu, D., Applications of fuzzy sets to systems
analysis, Birkhauser, Basel, 1975.

Dubois, D., Prade, H., Fuzzy logics and their generalized modus
ponens revisited, Cybernetics and Systems, 1984, Vol. 15, N. 3-4,
293-331.

Mendelson, K., Introduction to mathematical logic, Princeton,

NJ; D. Van Nostrand, 1964.

Atanassov, K., Remark on a temporal intuitionistic fuzzy logic,
Second Scientific Session of the "Mathematical Foundation Ar-
tificial Intelligence” Seminar, Sofia, March 30, 1990. Preprint
IM-MFATIS-1-90, Sofia, 1990, 1-5

Atanassov, K., Two variants of intuitionistic fuzzy modal logic.

Preprint IM-MFAIS-3-89, Sofia, 1989.

Atanassov, K., New variant of modal operators in intuitionistic

fuzzy modal logic, BUSEFAL, Vol. 54, 1993, 79-83.

Atanassov, K., Some modal type of operators in intuitionistic

fuzzy modal logic - Part I, BUSEFAL, Vol. 58, 1994, 51-55.

Atanassov, K., Some modal type of operators in intuitionistic

fuzzy modal logic - Part 11, BUSEFAL, Vol. 58, 1994, 56-59.

Atanassov, K., Some operators of a modal type in intuitionistic
fuzzy modal logic, Comptes Rendus de [’Academie bulgare des
Sciences, Tome 47, 1994, No. 12, 5-8.



