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Abstract

Given pu, n: X — [0,1] we study when the equality IE = I,j; holds, T'
being a continuous t-norm, and I7 the elemental preorder:

Ig(y/x) = sup{z; T(8(z),z) <0(y)}.
Keywords: Equality of T-preorders, Material Conditionals.

1 Introduction.

Given a subset A C X, A # 0, the material conditional associated to A is the
relation in X x X given by —4= (Ax A)U(A’ x X), which is obviously a preorder.
The following theorem gives a characterization of a subset through its associated
material conditional [?].

Theorem 1 If A and B are non-empty subsets of X, then:

—a=—pg ifand only if A= B

Proof. The sufficient condition is immediate.
Furthermore, since —4= (AX A)U(A'x X) = (X x X)—(Ax A", if —4=—p5,

that is, if (X x X)—(Ax A') = (X x X)—(Bx B’), then Ax A’ = B x B’, which
holds if and only if A = B. O
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Given a fuzzy relation 7 : X x X — [0,1], and a continuous t-norm T, it is
known [?] that I is a T-preorder if and only if

I=inf I},
UEF

F being the set of the T-logical states of I, that is
F={p: X =[0,1); T(p(), I(y/x)) < p(y) Ve, y},
and IE the elemental preorder defined by
Li (y/2) = sup{z € [0,1] : T(u(x),2) < p(y)}-
Choosing 1 = ¢4, the classic characteristic function of A, is
I, (y/e) = o ;
and then it 1s natural to consider that the fuzzy elemental preorders are a general-
ization of the classic material conditionals’. We can therefore study whether it is
possible to extend theorem 1 to the fuzzy preorders.

2 Equality of fuzzy material conditionals.

If we start to pay attention to the equivalence for the Min t-norm, we obtain that
if the preorders Ifym, Iéwm are equal, then p and 5 can only be different at the
maximum values of pyz and nz.

Theorem 2 Iﬂ“” = Ié‘“” of and only if

pr £ nr = pe > py and ne > ny for all y.

Proof. Let Ifym(y/x) = Ié‘“”(y/x), for each x,y. We know that:

;""" (y/x) = sup{z ; Min(fz,z) < by} = { By, if Oz > Oy .

Let us choose an z such that pyz # nz, and let us suppose that there exists a y
verifying pz < py. We will obtain Ifym(y/x) =1= Iéwm(y/x), and then nz < ny.

Furthermore, Ifym(x/y) = pur = Iéwm(x/y) < 1, and so
Iéwm(x/y) = npx = px, which gives a contradiction; so, it must be pz > uy for all

1The elemental preorders are not the unique generalizations of the material conditional: see
for example (7]
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y. In a similar way, nz > ny is obtained for all y.

Reciprocally, let us suppose that if yz # nz then pz > py and nz > ny, for
all y. We will prove that the equality Iév”” = Ié‘/”” holds.

-If pr = nx and py = ny, clearly Ifym(y/x) = Iéwm(y/x)

-If pz = na and py # ny, then py > pe , ny > ne, and 1M (y/z) =
Min(y/e) = 1.

-If px # nr and py = ny, we obtain px > py, nr > ny, and 1M (y/z) =
py =ny = LM (y/e).

- Finally, if po # ne and py # ny, since px > py, nx > ny, and py >
pnx, ny > nx, obviously pr = py, nr = ny, and Iyln(y/x) = Iéwm(y/x) a

Note. If T is Archimedean with additive generator h [?], then from:
IL(y/x) = sup{z / T(pe,z) < py} = sup{z/ K=V (h(pz) + h(2)) < py},
it follows:
- If p < py, then h(pz) > h(py), and h(pz) + h(z) > h(py) for all z. So,
=D (h(px) + h(2)) < h=Dh(uy) = py for all z, and Ig(y/x) =1

- If pz > py, h(pz) < h(py) and h(py) — h(pz) € [0,h(0)]. Let us see
that Ig(y/x) = h(_l)(h(ﬂy) — h(px)). In fact, A= 1)( (px)+ ho h(_l)( (py) —
h(pz))) = A=D(h(p) + () — h(pz)) = H=D(h(uy)) = py and for all = >
R (h(py) — h(pe)), it is h(z) < h(py) — h(pe), h(pe) + h(z) < h(py) < h(0)

and A= (h(ux) + h(=)) > W (h(uy)) = py.

Therefore, we obtain

. [, if pz < py
Ly (y/x) = { R (h(py) — h(pz)), i pae > py.

The following theorem asserts that in the case of strict Archimedean t-norms,
the preorders associated to pu and 5 are equal if and only if ¢ and 5 have ”similar
forms”.

Theorem 3 If T is a strict Archimedean t-norm with additive generator h, IE =
IUT if and only if there exists k € R such that for all  h(pzx) =k + h(nz).

Proof. As T is strict, A=Y = h=1. Let IT = IT, and let us choose some z,y.



312 E. Trillas, S. Cubillo & A.R. De Soto

Firstly, let us point out that if pz < py, then InT(x/y) = Ig(x/y) =
=D (h(px) — h(py)) < 1; so ne < ny. Similarly, if ne < gy, it is pz < py.

So, if e <y, I7(efy) = W= (h(uw) — huy) = IF(e/y) = h="(h(ne) -
h(n )) if and only if h( z)—h(py) = h(nz) — h(ny), if and only if h(px)—h(nz) =

h(pny) = h(ny)-
Also, if py < px, then h(py) — h(ny) = h(uz) — h(nz).

Finally, if o = py then nz = ny, and newly h(px) — h(nz) = h(py) — h(ny).

Therefore h(px) — h(nz) is a constant k for all x, and h(px) = k + h(nz) for
each x.

Reciprocally, if there exists & € R such that for all z the equality h(pz) =
k 4+ h(nxz) holds, since h(px) — h(nx) = k = h(py) — h(ny), we obtain h(uz) +
h(ny) = h(py) + h(nz); then pr < py if and only if h(pxz) > h(py), if and only if
h(nz) > h(ny), if and only if nz < ny.

So, if px < py, then ne < py and Ig(y/x) = nT(y/x) and if px > py
then e 5 o end T2 (oa) = HoR(ho) - hoe) = b0+ H) b — )
h=Y(h(ny) = h(nw)) = I] (y/x). O

In the particular case in which g and n ”have points”, that is, they are normal-
ized, we can get:

Corollary 1 IfT is Archimedean and strict, and p and 1 are such that there exist
z,y with pez =1, ny =1, then

T _ yT ; o
I, =1; if and only of p = 1.

Proof. The sufficient condition is clear.
On the other hand, if IT IT there exists k € R such that for all z h(pz) =
k+ h(nz).
In particular, h(pz) = 0 = k + h(nz) < h(nx), and necessarily k& < 0.
Analogously, A(py) = k + h(ny) = k + 0, and then k& > 0.
So k =0, and then A(pz) = h(nz), and pz = nz for all z. O

Now, for the case in which g and 1 “have not some points”, we have
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Corollary 2 IfT is Archimedean and strict, and p and n are such that there exist
z,y with pe =0, ny =0, then

T _ yT ; T
I, =1, of and only of p=1n

Proof. If IE = IUT, there exists k € R with h(uz) = k + h(nz) for all z.

As px =0, it is h(0) = k+h(nz) < k+h(0), and then 0 < k. And since ny = 0,
h(uy) =k + R(0) < R(0), and £ < 0.

We get that k =0and p=75. O

Theorem 4 If T is a non-strict Archimedean t-norm, with additive generator h,

then:

IE = IUT if and only if there exists k € R such that for all x it is h(px) = k+h(nz).
Furthermore, if that holds, for all x it is k < h(0) — h(nx).

Proof. Let IE = IUT be, and let us choose any =z, y.

- If p < py, h(px) > hpy) and 1] (z/y) = B (h(px) = h(py)) = 1) (2/y) <
1, and then ne < ny, h(nz) > h(ny) and IF(z/y) = K=Y (h(nx) — h(ny))
=D (h(px) — h(py)), which implies (because of h(nz) — h(ny) € [0,h(0)] and
h(px)—h(py) € [0,h(0)]) that h(ne)—h(ny) = h(px)—h(py) and h(ue)—h(ne
h(py) = h(ny).

- In a similar way if py < pax, then ny < nx y h(py) — h(ny) = h(px) — h(nz).

- In the case in which gz = py, ne = ny and h(px) — h(nz) = h(py) — h(ny).

Then for all z,y holds h(uz) — h(nz) = h(py) — h(ny), and there exists k € R
such that for all # h(ux) — h(nz) = k and h(px) = k + h(nz).

In this case, if there exists « with k& > h(0) — h(nz), we obtain the contradic-
tion h(px) = k+h(nz) > h(0)—h(nz)+h(nz) = h(0). So k < h(0)—h(nz) for all z.

Reciprocally, let us suppose that there exists £ € R such that for all z £ <
h(0) = h(nx) y h(px) =k + h(nx).

- If pae < py, k+ h(nz) > k + h(ny), h(nz) > h(ny) and nz < ny. Therefore,
I (y/a) = 12 (y/a) = 1.

I e > py, k+ h(nz) <k + h(ny), h(nz) < h(ny), and ne > ny.

Then, I](y/z) = h"V(h(ny) — hpe)) = KDk + h(ny) — k — h(nz)) =
W=D (h(ny) — h(nx)) = I (y/x). O

Let us point out that newly, if the preorders associated to p and to n concur, y
and i must have ”similar forms”, but now, furthermore, their distance 1s bounded



314 E. Trillas, S. Cubillo & A.R. De Soto

by h(0) — sup, {h(nz)}.

Analogously, in the case in which g and 7 "have points”, and in the case in
which i1ts complements ”have points”, it holds:

Corollary 3 IfT s Archimedean non-strict and p and n are such that there exist
z,y with pr =1, ny =1, or there exist z,y with px =0, ny = 0, then

T _ yT ; I
I, =1y if and only of p=n.

Proof. Similar to the case of the Archimedean strict t-norms.

Acknowledgements.

The authors are indebted to Prof. Claudi Alsina (Barcelona-Spain) and to the
referees, for their hints in the development of this paper.

References

[1] Cubillo, S., Coniribucion al estudio de la ldgica y de los condicionales
borrosos. (in Spanish), Doctoral Thesis, Universidad Politécnica de Madrid.

Madrid,1993.

[2] Schweizer, B., Sklar, A., Probabilistic Metric Spaces. Elsevier North-Holland.
New York, 1983.

[3] Trillas, E., Cubillo, S., Rodriguez, A., An Essay on Name and Ezlension of
Rule-given properties. IPMU’94. Paris, 1994.

[4] Trillas, E., On Logic and Fuzzy Logic. Int. Journal of Uncertainty, Fuzziness
and Knowledge-Based Systems, Vol. 1, No. 2 107-137, 1993.



