Mathware & Soft Computing 3 (1994) 219-230

Interactive Decision-Making in
Multiobjective Fuzzy Programming

Jose M. Cadenas®, Fernando Jiménez’

Dpto. de Informatica y Sistemas
Facultad de Informatica. Universidad de Murcia
30071-Espinardo, Murcia

e-mail: *jeadenas@dif.um.es, fernan@dif.um.es

Abstract

We present an interactive decision support system which aids in solving a
general multiobjective fuzzy problem, that is, a multiobjective programming
problem with fuzzy goals subject to a fuzzy constraint set.

The interactive decision support system is proposed. After eliciting the
fuzzy goals of the decision maker for each objective function and the fuzzy
elements for each constraint, the satisfactory solutions for the decision maker
were derived by interactively updating the reference membership values set by
the decision maker. We discuss here multiobjective fuzzy linear programming
and interactive multiobjective fuzzy linear programming.

Keywords: Multiobjective Programming, Fuzzy Sets, Interactive decis-
sion support system.

1 Introduction

Models considering multiple criteria are of increasing importance in decision sup-
port [4]. The decision maker is no longer forced to restrict his considerations to
one main aspect but can take into account different points of view. In multiple
objective programming models the criteria are described by objective functions and
possible alternatives are implicity determined by constraints.

When the fuzzy goals and fuzzy contraints of the decision maker for the linear
programming problem are elicited by linear membership functions, the problem can
be solved as an ordinary linear programming problem [13]. We can obtain a fuzzy
solution when the parametric method is utilized. This solution is a subset of the
efficient solutions to a problem. The solution with the highest degree of membership
to the fuzzy decision set is a maximizing decision using the min-operator (in the
terminology of Bellman-Zadeh). That is, a fuzzy decision D is the fuzzy set of all
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those elements which belong to the fuzzy sets Z;, [ = 1,... k&, describing goals and
to the fuzzy sets R;, i = 1,..., m, describing constraints:

k m
D= ﬂZ;m ﬂRi
=1 i=1

Choosing an optimal element, then, means selecting the element #° which has
the highest degree of membership to the fuzzy decision set:

0 _ _ . . .
o () =mag up (x) =max min {m pa (), min

NR,(l‘)}
We consider linear models:

MNax (z1(x), z2(x), ..., zp(2)) = (1, ea2, . .. cp )
st.:

n

Zaijl‘]’<bi, 1=1,...,m
j=1
z; >0, j=1,....n

If the goals and constraints are described by membership functions pi,, (%) and
ir, (2) respectively, the optimal decision is #° with

ﬂD(xO) IIxHea})(( min {ﬂ21($)’ <oy Hag (x)aﬂR1(x)’ R /’LRm(x)}

An equivalent formulation is given by the following crisp mathematical pro-
gramming model

Mar o
st.:

) >z —(1—a)(zi—z) ,1=1,...,
Za”l‘]g bz+dz(1_a) ,221,,777,

j=1
z; >0, a€l0,1] ,j=1,...

when the p, (), pr, (), {=1,... )k, i =1,...,m are linear membership functions.

2 A General Multiobjective Fuzzy Linear Pro-
gramming Model

In this section we propose a general multiobjective Fuzzy Linear Programming
(FLP) model in which all the elements describing the model are imprecise, that is,
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a problem
MNax (z1(2), z2(2), . .., z5(2))
sit.:

j=1 ~
2; >0, jeN=A{Ll,... n}

where the following fuzzy elements are considered:

i) For each objective function, 3u¢, € F(R) such that pf : R — [0,1], [ =
1,...,k, defining the fuzzy goals,

0 siz(x) < z
o (a(@)) = § AR sz < a(e) <7
1 siz(e) > 7

where z;, 7z; are the worst value and the best value of the l-th objective
function respectively;

ii) for each row, constraint Iu; € F(R) such that p; : R — [0,1], ¢ € M, which
defines the fuzzy number on the right hand side;

iii) for each ¢ € M and j € N, 3u;; € F(R) such that p;; : R — [0,1], defining
the fuzzy numbers in the technological matrix;

iv) for each row, 3pu* € F(F(R)) such that g : F(R) — [0, 1], giving, V= € R",
the accomplishment degree of the fuzzy number ;121 + o2 + .. + T 2n,
i € M with respect to the i-th constraint, that is, the adequacy between this
fuzzy number and the corresponding one b; with respect to the i-th constraint.

Evidently, this problem generalizes the problems proposed in the specialized
literature, where the decision maker is allowed an uncertain knowledge about some
elements of the problem.

3 A method for solving a General Multiobjective
FLP Model

We propose a method for solving the general model which consists in reemplacing
the constraint set by a fuzzy convex set.

Let A, B € F(R). A simple method for ranking fuzzy number consists in
defining a ranking function that maps each fuzzy number into the real line, ¢ :
F(R) — R. This function ¢(-) is known, then
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g(A) < g(B) = A is less that B
g(A) > g(B) = A is great that B
g(A) = g(B) = A is equal that B

Usually, ¢ is called the linear ranking function if
a) g(A+ B) =g(A)+¢(B), VA, B € F(R)
b) g(rd)=rg(A),r € R, r >0, A€ F(R)

Using the results introduced in [2], we obtain the following auxiliary problem
to solve (1):
MNax (z1(x), z2(x), ..., z5(x))

st.:
n

Zaijl‘j <y R—i—c@(l—a) (2)
ji=1

2; >0, a€0,1],ieM, jeN

¢ linear ranking function

To solve this problem, we can utilize several comparison relations of fuzzy num-
bers. This allows us to obtain an efficient solution to the problem (1).

3.1 Solving the General Model

In this section, different approaches to studying a solution for the general multi-
objective FLP problem will presented. These different approaches will use linear
ranking functions for the substitution of the set of constraints in the same ways as
we have studied before. If the fuzzy numbers are generated by Homogeneous Linear
Fuzzy Function, then using a Linear Ranking Function an auxiliary multiobjective
LP problem is easily obtained. In general, using some Linear Ranking Function,
an auxiliary multiobjective LP problem is always obtained.

The first approaches assume that the fuzzy numbers of the problem have been
generated by linear homogeneous functions, [8], and using the linear ranking func-
tions the fuzzy solution of the problem can be obtained. The following approaches
use the general fuzzy numbers (not generated by homogeneous linear fuzzy func-
tions).

3.1.1 Homogeneous Linear Fuzzy Functions

We consider the multiobjective FLP problem (1) and the auxiliary problem (2).

In the following it will be shown that (1) (the auxliary problem (2)) can be trans-
formed into a special equivalent multiobjective FLP problem if the fuzzy numbers
are assumed to be defined as Homogeneous Linear Fuzzy Functions.
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As it is clear, (2) may be written as

MNax (z1(x), z2(2), ..., z5(2))
st.:

Zf(azj)l‘j <g f(bi) + f(di)(1 — ) (3)

xj >0, a€0,1], i€eM, jEN
¢ linear ranking function

where f: R — F(R) is a homogeneous linear fuzzy function with f(¢) =¢r,t € R
and 7 € F(R), [8].

Theorem 1 Let f be a homogeneous linear fuzzy function and let g be a linear
ranking function. Then the solution of (2) is either

i) the solution of the following multiobjective FLP problem if g(7) > 0,

MNax (z1(x), z2(2),. .., z5(x))

st.:
n

Zaijxj sz—l—dz(l—a)
j=1
2 >0, a€0,1], ie€M, jEN

(4.1)

i) the solution of the following multiobjective FLP problem if g(7) <0,

MNax (z1(x), z2(2),. .., z5(x))

st.:
n

Zaijxj sz—l—dz(l—a)
j=1
r; >0, a€f0,1],i€eM, jEN

(1.2)

Proof.
If the linear ranking function, g, is applied to the constraint, one has
> flai)e; <y fbi)+ f(d)(1—a) &
ji=1

n

& 9O flaig)ay) < g(f(b) + f(di)(1— ) &

j=1
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n

< g(7) Zazjl‘j < g(7)(bi + di(1 — o))

ji=1
which is true Ve; > 0, j € N, 1 € M.

Therefore it follows that the nonfuzzy constraint set is one of the fol-
lowing sets:

Cr={z€R"/ x>0, ajuj <b+di(l—0a),i €M, acl01]} s
j=1
g9(t) > 0.

Cz:{xERn/ x>0, Zaija:j Zbi—l—di(l—a),iEM, o€ [0,1]}, si
j=1
g9(m) < 0.

This proves our assertion. ]

This approach generalize the fuzzy goal multiobjective problems with/without
fuzzy constraints.

o If f(t) =tr with 7 = 1 (T =(1,1,1,1)), we obtain the problem:

MNax (z1(x), 22, (®) ...,z (2))

st.:
n

Zaijxj S b;

j=1
v >0ieMjeN

o If f(t) =tr with 7 = 1, a€ [0,1] (T =(1,1,1,1)), we obtain the problem:

MNax (z1(x), z2(2), ..., z5(2))

st.:
n

Zaijl‘j <b

ji=1
v >0, ieM, jeN
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3.1.2 Linear Ranking Functions

We consider the multiobjective FLP problem (1), but the fuzzy coefficients have
not been obtained from Homogeneous Linear Fuzzy Functions. Let ¢ be the Lin-
ear Ranking function that is used. Then to solve (1), the following associated
multiobjective LP problem can be considered.

MNax (z1(2), z2(2), ..., z5(2))
sit.:

n

> gl ) < g(bi) + di(1 = a))
ji=1
2; >0, a€0,1], ieM, jeN

from which the following equivalent model (where ¢ is linear) can be written:

MNax (z1(x), z2(2), ..., z5(2))
s.t.:
Zg(az’j)xj < g(bi) + g(di)(1 — ) )

2; >0, a€[0,1], ieM, jeN

Evidently, according to the characteristic of the several fuzzy number linear
ranking functions, [14], different models of Multiobjective LP problems for solving
the former problem are obtained.

This approach generalizes the fuzzy goal multiobjective problems with/without
fuzzy constraints.

e If g(4) = u, we obtain the problem:

MNax (z1(x), z2(2), . .., zx(2))

st.:
n

Z ai;T; S b;

j=1
v >0, i€eM, jeN

o If g(4) = u, o € [0, 1], we obtain the problem:

MNax (z1(2), z2(2), . .., 25 (2))

st.:
n

Zaijl‘j < b;

j=1
v >0, i€eM, jeN
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4 Interactive Decision Making in Multiobjective
Fuzzy Programming

Many models and methods dealing with these problems can be found in the special-
ized literature. But although FLP is one of the most studied in the fuzzy context,
contrary to what has happened with the theorical developments, software imple-
mentations of the achieved results are not so frequent [10, 7, 6, 9, 2]. From this
point of view, the previous discussion justifies the necessity of developing further
work and making an effort in this area.

We proposed an interactive processes for solving Multiobjective FLP problems.
The system, through consecutive questions to the decision maker, shows him the
different solutions which can be obtained. It interacts with the decision maker,
who selects several methods or modifies the elements of the problem, and evaluates
their solutions until he is satisfied. The decision maker will select the one he is
interested in according to his preferences (criteria).

When the fuzzy numbers and fuzzy constraints are defined and a ranking func-
tion is chosen, we calculate both the minimum and maximun individual values for
each objective function on the constraint set, [12].

In other words, using the information in the following table of the extreme
solutions

|Loeo [ e | es [oo] e |
o1 c1 201 cchl c3 20T . ckxm
$02 C1 $02 C2$02 C3 $02 e Ck$02
0k 0k 0k 0k 0k
T cx Cox Ccax | ek

1 C1$11 C2$11 C3$11 Ckmll
12 12 12 12 12
T cx (¥ c3x ... | ek
Ttk clxlk chlk C3x1k ckxlk

the system suggests membership functions for objective functions
(201, ... 2% extreme solutions for each objective function with a = 0, 2%, ... z'¥,
extreme solutions for each objective function with & = 1 ). The individual optimal
ones in the diagonal of the upper half. The pessimistic values can occur either in

the upper or in the lower half.
o 0 . . o ol
With ¢ = Zj aje; and ¢, = min min Z]' crjy , min Z]' cjr; }, linear mem-

bership functions are determined which contain information on the structure of the



Interactive Decision in Multiobjective Fuzzy Programming 227

model, [12].
OZ 22 iy < ¢
0 I T _
Ha E :CWJ =) Tas,  acs >y <
j ¢ -
1 < Z]' e

The decision maker takes account of his degree of satisfaction within the range
of the maximum and minimun values of each objective function, and defines the
membership function pf, (3_; cijz;). The defining domain of the membership func-
tion ranges from the values of objective function ¢j***" for 0 degree of satisfaction
to the values of objective function ¢;***" for 1 degree of satisfaction (between ¢; and
El).

In the interactive decision, if the decision maker is not satisfied with the achieve-
ment level of the objective function of the solution, he can change the elements of
problem step by step until a satisfactory solution i1s obtained.

An interactive algorithm for finding a satisfactory solution can be constructed
as follows. (see fig. 1)

Interactive algorithm for Fuzzy Multiobjective Linear Pro-
gramming
1. Model Formulation.

2. Decide the membership function for each fuzzy number of the con-
straints and for each fuzzy constraint (if the fuzzy numbers are
assumed to be defined as a homogeneous linear fuzzy function,
decide the function f).

3. Choose a linear ranking function.

4. Find the individual minimum and maximum values for each ob-
jective function in the given constraint domain.

5. Decide the membership function for each objective function.
6. Solve the multiobjective fuzzy problem (4) (or (5)).

7. If satisfied with the current solution, stop. Otherwise, change the
parameters describing the problem. Go to step 2.

The interactive steps (2,3,5,7) permit the decision maker to test several elements
until a solution is satisfactory.

5 Conclusions

We have proposed a solution method for a general Multiobjective Fuzzy Linear
Programming problem according to Bellman and Zadeh’s maximizing decision. An
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Figure 1: The Interactive System’s Flowchart



Interactive Decision in Multiobjective Fuzzy Programming 229

interactive method is introduced which aids in solving the multiobjective fuzzy
programming problem, transformed into an ordinary linear programming problem.
The interactive is used to choose the appropiate function to transform the fuzzy
constraint set into an ordinary contraint set and to define the membership functions
for each fuzzy element.
The satisfactory solutions for the decision maker were derived by interactively
updating the elements of the problem.
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