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INTRODUCTION

Let E be a complex locally convex vector space, U a non void open
-subset of E, and H (U) the vector space of all holomorphic functions
f: U — C endowed with some of its natural topologies r, or ts. The
-question of the t,-completeness of H (U), although not yet completely
s.lved, has been treated by several authors (see [1], [2], [5]), and at
the present moment almost nothing is known concerning its tz-comple-
teness. :

Assuming that U is balanced, and using Schauder decomposition
“tecniques, we prove that whenever & (U) is 7,-complete it is t5-complete.

We shall systematically use standard symbols in Theory of Holo-
~morphy [7]. '

Now, let X be a Hausdorff locally convex vector space and (X,),en
.a sequence of non trivial subspaces of X ; then

DeFiniTiOoN 1.—(X,),en is an equischauder decomposition of X if
-each x€ X has an unique expression

o
X == E X
n=0

(*) This paper was written while the author’s stay at the Universidade Federal
de Rio de Janeiro supported by a grant of the «Plan de Cooperacién Internacional
-con Iberoaméricar.
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where x4, € X, for n€ N, the series being convergent in X, and the
sequence of the canonical projectors :

n
Ty « X —> Exk

k=0

is equicontinuous. ‘
We denote by X’ and X’, the corresponding topological duals
endowed with their respective strong topologies; then

DeFiNITION 2.—(X,)nex is a shrinking decomposition of X 1if
X Dnen is an equischauder decomposition of X'.
Let

(xn)n € N, E II Xn

neN

and denote by
Sy = X

the sequence of the corresponding partial sums; then

DerFiniTION 3.—A space X with an equischauder decomposition
{X,)nen is y-complete if whenever

(e en € [ X

neN

. ®
and (sy)nen is bounded in X, the series E x, is convergent is X.

n =0 . .

Now, the following result is known [4].

Proposition 1.—A space X with a shrinking decomposition (X, ), ex
is complete if and only if the following conditions are satisfied:

a) ILach one of the X;, n € N, is complete.

b) X is y-complete.

We shall now apply that for studying (¥ (U), =) where E is locally
convex, U< E is balanced and = = 1, or 15. It is known [3] that.
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PropPoSITION 2.—&P ("E),n is a shrinking decomposition of
(FH (U), 7).

DerFiniTioN 4.—U is Taylor series t-complete if for every sequence:
of polynomials P, € &# ("E), n € N, such that

L4
0
DgPI<oo
no=(
whenever ¢ is a r-continuous seminorm on H (U), we have

pART )

Clearly, Taylor series t-completeness of U is equivalent to y-com--
pleteness of (K (U), 1).

Prorosition 8.—If U is balanced and (K (U), 1,) is complete, then:

a) U is 7, and rs-Taylor series complete.

b) &H (U) is rs-complete.

Indeed, by proposition 1 the assumption of z,-completeness of & (U}
implies that:

1. All the space & ("E) are 14,2 (*s)-complete.

2. U is v,-Taylor series complete.

Since it is known [3] that 74,5 ("ey = 75,2 (") for all n € N, and
T5 > Tw, WE get: }

1’.  All the spaces & ("E) are 14,5 ("&)-complete.

2. U is r5-Taylor series complete.

ReEmarRk.—Our situation is not vacuous since it is known [5] that
for all normed spaces, and more generaly, for all metrizable spaces
satisfying the so named Barroso’s condition B, (H (U), ) is complete
even though U were not balanced.

In [6] Mujica and Avilés have proved r,-completeness of F (U)
when U is an open set of a quasi-normable locally convex vector space-
E (in particular, a Schwartz space). Also in [3] Dineen has proved
t,-completeness of H (U) for some spaces E not included above.



11]
12]
[3]

ON 75-COMPLETENESS oF S (U) 165

BIBLIOGRAPHY

ARroN, R.: Holomorphy types for open subsets of a Banach
space. «Studia Math.», 45 (1973), 273-289.

DineEN, S.: Holomorphy types on a Banach space. «Studia Math.»,
39 (1971), 241-288.

— — Holomorphy functions on a locally convex topological vec-
tor space. 1. Locally convex topologies on H (U). «Ann. Ins-
titute Fourier Grenoble», 23 (1973), 19-54.

Kavrron, N. J.: Schauder decompositions and completeness. Pro-
ced. Cambridge Phil. Society.

Mujrica, J.: Spaces of germs of holomorphic functions to appear
in «Adv. in Math.».

Mujica, J. and Aviigs, P.: Holomorphic germs and homogeneouns
polynomials on quasi-normable spaces to appear in «Rendiconti
di Matematica».

Nacupin, L.: Topologies on spaces of holomorphic mappings.
«Ergebnisse der Mathematik», n.° 47, Springer Verlag (1969).

Departamento de Analisis Matematico
Facultad de Ciencias
Universidad de Santiago de Compostela
SraIx



