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SUMMARY

Given a Hilbert real separable space, H, it is used G (H) to denote the Geometry
of the closed linear subspaces of H and S = {E® |n€ N} a sequence in G (H).
We construct the set M (S) and

in which

As=}x € H|Qxm | m € N{C U E(hy) 3 2 — x}

The point # belongs to th set M (S) if every r -neighborhood of # intersects almost
any of the terms IL(m),

The sets M (S) and M (S) show a topological characterization of the —=—~ and

N convergences (*).

1. Let H be the Hilbert real separable space. It is used [ ] to
denote the closed linear hull, ¢, the weak topology [2], =, the strong
topology and A~ the r-closure of A.

DeriNiTioN 1.—T.et S = {E™ |n€ N} be a sequence of closed
linear subspaces. The set

N (S)=[)[E®, E=+D, .. .]
1

a b .
(*) —— and —— convergences are defined in reference [3].
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1s called nucleus of S, and the set
N,(S)= N [E®), ..., EGd, ...],

(hy) < (1) the strict nucleus of S. Both sets are closed linear sub-
spaces and hold the following properties:

N(S)c N(S)
N,(S’) DN, (S)
Ns)= [N ()

S’ < S
for every subsequence S’ of S.

TueoreM 1.—The strict nucleus of S is characterized by the condi-
tion V&€ N, (S), every subbasic t,-neighborhood of &, U [6], inter-
sects almost any of the terms of the sequence S [5].

DEerinttion 2.—Given a sequence of closed lincar subspaces
{E™ | n € N} we say that E® —E if and only if

E= N,(S)yS c:S.

The convergence above defined is a i¥-convergence verifying the three
Frechet’s axiomes [1].
If there exists lim E™ |3], then lim E™ < N, (S).
N N

2. Given a sequence S = {E™ | n € N}, the set

M(S) = (r€H

every t,neighborhood cuts almost any L™}

is a closed linear subspace.
We denote

=
Ae = | JEG
1

for = S and

S"={E® | (%) < (m)}.
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It is easy to prove that M (S) is the set

It is intuitively obvious that we may extend this property to other
topologies, so,

is the set of elements of I1 such that every =,-neighborhood cuts almost
any terms of S. Therefore, in particular

DerinitioNn 3.—Given S = {E®™ |z € N} and M (S), a point # of
M (S) is a first class element when for every basic t,-neighborhood of
%, U, there exist subsequences

S"= {E™} and {7}
such that
z1, € UNE®), ||z, || <<Ks.
Otherwise, & is a second class element.

LEMMA 1.—Let

S—{E® | % € N, E®->E, dimE=o.
If F < E and codimg F = p, it is verified

[ISE® N F]=F

for every S’ S.



190 M.% CARMEN DE LAS OBRAS-L.

Proor.—Let us suppose that F is a hyperplane in E. Then there
exists

7 €ENIsE™

but x § T%, hence it is possible the existence of the scquence

gx/'z,,§1 x/z” E E,)

such that Yu, T
We know that 1s S is the join of the planes specified by w () (¥)

and the diferents ravs of 1z §. When these planes are cutted by F,

a set of rays is obtained for which 1 ix the closed lincar hull.
Assume  that p>1. If r, €N and », € F, the set

—

T, =[x, I7] # 12 iz constructed. Then there exist
;E(kln)% (- S /\ ,’L’;el" e E'/em)

such that x,, — r, hence wx, €15 E%’. Now we will have a w, in

I Nls 5% but a, € T7. Thus there cxists

[t} < BV

and {r,, } where r,, € 11%:2 such that r,, — 1, Of course F, =

2n

= |x,, x,] is contained in Is %240,

Proceeding successively in this way, we obtain 17, = 1.6 T
Let us note that Is %0 ix defined by the join of p + 1 dimen-

sional subspaces though the subspace IT,. i intersection of these
subspaces with ¥ is a ray.

From this construction it ix clear that I' ix the clozed lincar hull of
these rays, otherwise

Is B4, -4 E and E»-"|~E.

Finally this propertivs are hereditary [3].

(*) o is the canonical application of M on the Drojective space P (H).
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TueorEM 2.—Let S = {E™ | n'€ N) be a sequence of closed linear
- E and dimE = oc, then E.< M (S).

subspaces, such that E™

Proor.—Let # €L, #540, and U a basic t,-neighborhood of #» such
that it do not include the origin and with axe # + F in which F is a
finite codimension subspace. Let F* = EN F, then

#+F —=E( (x+F.

F’ and x + F’ arc affine hyperplanes in [, F’'], there exist rays of
Is E™ in [#, F'] but outside F’ intersecting » + I, Conscquently U

. . . 5 .
intersects infinite terms of S. Since L™ —— I, U intersects almost
any E™.

TueorREM 3.—Let E be the closed linear subspace of the first class.
points of M (8) with

S"cS, and S={E®™ | n € N{.

- b N
Then E®W —— [,

Proor.—We know that

s B — U EEUI")’ S 3E(/‘n)§.

Src s

Thus [1s E™]c E.

T.et us suppose the existence of a0 in 15, orthogonal to the
lincar hull of Is 12, Then there exists a basic closed =,.-neighborhood

.

of w, U, such that U N 1s ™ is empty.  Since a ix a first class point,
-

oroent subseauence of which the limit helone

we have a weak convergent subsequence of which the limit belongs

42

to U N1s 1<) which contradicts the hypothesis.

- b cea

COROLTARY.—- T3V =12 i and only if, T8 is the sct of first class
points of M (S) for cvery S < S.

3. For

S—={E* |n € N} and $ ={E%)} S,
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we
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denote
As»=§x €EH|Qx.|m €N c UE® ) x,,,—\x.‘
DEeFiNITION 4.

E®“~E <=>IsEt) =E y (k,) C (n). [3]

DEFINITION 5.

PROPERTIES :
i) M (S) is a closed linear subspace.
i) M (S)= M (S) VS.
i) M(S) =M ((S)VScCcS<=>1s8 =1sSVS 8.
iv) M(S)= ()] Is5-

s'cs

THEOREM 4.—LE® —“~ E if and only if M (S) = M (S) VS < S,

and E = M (S).

Proor.—It is inmediate from iii) and the definition of — con-

vergence.
I am grateful to Prof. A. Plans for his continuing interest and
advise.
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