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ABSTRACT

One gives a formula for the calculation of the local intersection multiplicity index
of analytic varicties, analogous to the Bézout formula in the case of algebraic varieties
in the projective space, in the case of normal crossings. One obtains also a recurrent
process for the calculation of the local intersection multiplicity index of plane analytic
curves

1. NORMAL CROSSINGS

Let H, =C {x, ..., x',,} be the C-algebra of germs of analytic
functions in the origin of the affin space C”, p =1, ..., n, and let M,
be the maximal ideal of ¥#{,.

DEerFiNiTION 1.—We will say that the ideal I of &, is a wnormal

crossing’s ideal when there exists the germs g;, ¢ =1, ...,7, »<mn,
g €H, _;,,, such that

In—i= I n 5[,,_,-: (I ﬂ 5(’1—;_1) g[n_,‘ + 8inq g[n_i’ 1= 1, NS £

and

I n g[n—-r—] = zOg'

(*) Mathematics Subject Clasification: Primary: 14B05 and 32B30. Key words
and phrases: Local singularities. Multiplicities.
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Lemma 1.—If I is a normal crossing’s ideal, there exists a linear
change of coordinates in C" such that

=&, P, . Py r<lim,

where Py € FHy_; [Xo_i.,], 1 =1, ..., 1, are Weierslrass polinomials.

Proor.—From the Def. 1 follows that

=, (&1 -2 &) &y € H,_;.

If ord g; =17, i =1, .., r, one can make a lincar change of variables
such that g; be regular relatively to the variable 4, _;,,, 1 =1, ..., r,
and, by the Woeierstrass preparation theorem, one has g, = u; P,
u; unities in H,_;,,, i =1, ...,7 q. e. d.

LEMMA 2.—1In the hypothesis of L.1, if height I = r, one verifies that
Js = H, (P, ..., Py, s<r is unwmixed, of height s and P,,, don’t
belong to any minimal prime divisor of J,.

Proor.—Assume that P,,, € p, p a minimal prime divisor (m.p.d.)
ot J,, then J,,, © p, and hence p’*< p, where §’ is a m.p.d. of J,, .
But since J,< J;,,, b’ divide to a m.p.d. p, of J, ie. p,Cp Chp
and p, = p" =p. Since I (p’) <s, it follows that / (J,.,)<s and
h(I) = h(J,) <r—1, contradiction. This last argument proves also
that % (J,) = s and since ¥, is a Cohen-Macaulay ring, that J, is
unmixed, s =1, ..., 7, q. e. d.

2. INTERSECTION MULTIPLICITY OF TWO ANALYTIC VARIETIES

Let U, V be two Cohen-Macaulay [1] analytic varieties of the affin
space C", such that, locally, UN V = {0}, the origin of C* Let &,
be the C-algebra of germs of analytic functions with center 0 and
Py, pv the ideals defining U and V in &, respectively. Then, the
Serre’s formula [3] gives:

i(C* U NV, 0)= dimec H,/py + pv-

From the assumption follows that py + Py is a primary ideal of
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the maximal ideal M of &, and, hence, i (py + pv) = n. With the
notations of 1., let

L=@Pu+po)NH k=1,...,n.

Lemma 3.—Let A be a nétherian integral domain and J and I ideals
of A such that J is unmizxed, [ =J +~ fg A, and let I, =] + { A,
I, =7 + g A, where g dow’t belong to any wnunimal prime divisor of
J, then

All~ A1, ® A4/,

Proor.—The sequence

0—A/l, —*> A/l 25 Afl,—0

is exact, where o(h + 1,) = g + 1 and ¢ is the natural epimor-
phism. 2 is obviously an A-homomorphism. ¢ is a monomorphism.
Indeed, if hge€l, then hg=7 +afg, j€J, and (i —af) g€],
and by the assumptions 1—af€J. Obviously deo=0. If 4(h+1)=
=0, he€l, ic. h=73+ag, j€J and I+ 1, =ag + 1, and
o(a+1I)="n"+1.

ReMarRk.—If A = A, and I, I, and T, are primary ideals of SM then

H )~ T 1, B FH/l,.

ProvositioN 1.—[n the above hypothesis, if I, = py + Pv is a normal
crossing’s ideal, one verifies:

i(C,unv, 0)=]JordL.
k=1

Proor.—By L.1, there exists a lincar change of variables and
Weierstrass polynomials: P, € H,_;[#,_;.,] ¢ =1, ..., n such that

1= 9[” (PD Y Pn)\
and by L.2, P,,, don’t belong to any minimal prime divisor of

Js=gfn(P1,"')P:)y SS?’.
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Since I,_; < I,_;,,, it follows that

and

ordl,_;>ordl,;, (ord(l)=minjordf, f€ 1})
taking into account that

ln_i = g[n_z' (P£+11 ] P"))

it follows that

ord I,_;=ord P;,, = (degrP ; )x .=r7,..

neg

From all these remarks and taking into account the remark of 1.3,
it follows that:

i(Cn U NV, 0)= dime H,/l,= dime F,/F, (P, ,. .., Puy, X,7) =

=7 - [dimc g[,,/g[,. (Plv .y P,,_l, Xl)] ==

=7, [dime F/F, (Py, - -, Pugy Xy, X =

=7y - 7y - [dime F/FH, Py .o Py, Xy, XY= ... =
=7, - 75...7, - dime FIF, (X, .. X)=7, ... 7, =

3. DPLANE CURVES

With the same notations as above, let U: P, =0 and V: P, =0
be two analytic plane curves without common components. We can
assume that P, and P, are Weierstrass polynomials:

Let

(1)

and

Pi=x2'i+a;lx2’;_1—}—...—Q—a,-r., i=1,271£7’2.
H

P,=QP,+R, degR<degP,, R=by25+ ... + b, s<ry.

ord (8) = m;, m,= min {miim, .. 0t <s, m,<mjj>1t.
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Since b; = w; 4, , u; unity, 1 = 0, ..., s, we have

Rz [(0 0%y 4 oo 0 vy g+ t) 29~ + by 21+ oo + 8]

and by putting

(2) G=ux,""F b2, .. by, s—t<r
where u = by &%, + ... + 0'y_, ¥, + u, is an unity, it result
(3) R = z," G,

and since, by hipothesis P, and P, arc relative prime elements of & ,,
it follows from (1) and (3) that P, and #, are also relative prime ele-
ments, and taking into account that

[, = 9[2 (Pyy Py) = 9[2 (P, R)= 9[2 (Py, ¢, G)

and 1..3, it follows that:

(4) H, |1y == Hy |H, (Py, Xi7) @ Hy|H, (Py, G),

and by the Prop. 1,

(4) dime F,[/H, (Py, Xy ™) =7, - ms.

From (3) and (1) follows that G and P, are also relatively primes, and

hence one can repeat the above process if t <<s. If t =s, from (4)
and (5) follows:

dimc 3[2/12 =7y .
We have obtained the following:

PropositioN 2.—Jf P, =0, P, =0 are the local equaiions in o
neighbourhood of the origin of the affin plane C* of the analytic curves
U and V, without common components, where P, and P, are Weier-
strass polynomials, one can calculate

€, uvnvwvo

by the process of succesive Weierstrass divisions described above.
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