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1. InTrODUCTION.—The integral equation

B (p)=7p f #f(#)dt, Rep>0, (1.1)

is known as the Laplace transform of f (x), provided the integral on the
right converges.

Let

@

MY f (2)] = f ()

0

L
2

Ki(xp)f(x)dx=2(y) (1.2)

be the K-transform of order 7 of f (x), where y is a real variable. Let

«©

¢ (x) = [ (x3)

0

1
2

Ji(x2) f(5) dy, (1.3)

®K

i3 = f ENT L (e ) () dy, (1.4)

0

then the two functions so connected are said to be Hankel transforms: oj:
each other.
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When g (#) = f (#), the equations (1.3) and (1.4) give

0

fm=fwﬁ

0

1
= 1
2l (x0)f(»)dy, Rey=— E

and in this case f (%) is said to be self-reciprocal in the Hankel transtorm
of order 7. Following Hardy and Tichmarsh we may say that f () belongs
to Ry, if it is self-reciprocal in the Hankel-transform of order 7.

Let y= &4 %, (1.2) reduces to (1.1) and (1.3) reduces to Fourier’'s

Sine and Cosine tranforms respectively.

In this paper, we propose to use Hankel transform and K-transform
for evaluating integrals involving products of Parabolic cylinder func
tions and Legendre’s functions. The results given are believed to be new,

2. THeoreM 1, —Let

(1)

Iz

M7 [ f(#)] = g (#) (2.1)

1
(i) & (v) be the Hankel transform of order 2 y of +~ 2 g (2?). Then

[l ) e e

1
provided 2 *7 f(#) = 0 (+%), Re 3 > — 1 for small x and £ (%), g(x) are

1
continuous and absolutely integrable in (0, o) and Re y > — 5 .

1
Let y~ 2 g (#?) be R,4. Then

jef(x)[l*(:;)—m*(i)] ii = :ag(ﬂ), 2.3)

provided the above mentioned conditions exist.

1

1
Proor. — Multiplying both sides of (2.1) by »~ 2 J,; (¢y?) and inte-
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grating with respect to y between limits (0, o ), we obtain

j,1/2
(2.4)

Y 1 ¥ 1 ¢ ks dy
[y F Iy (ayﬂ)a’yff(x)Kw(xy) (x 7)3 a’x=].rﬂ(aya>g<y> :

On changing the order of integrations, which is justified by the con-
ditions given in the theorem, and evaluating the y-integral on left hand
side, we get (2.2).

1
Let y~ 2 g (#?) be Ry, then

9
R.H.S. of (2.4) = =g (a?).
a

Hence we get (2.3).

TueEOREM 2.—Let
© M [f@)]=2g ()
1
(ii) 9 (v) be the Hankel transform of order 2 1 — 1 of 7 g (+2). Then

Rl o R ) LT
0

1
provided #¥ *7 f(v) = 0 (#*). Re « > — 1 for small z, and f (z), g (%)
are continuous and absolutely integrable in (0, o).

1
Let J/T g (_}/2) be Rﬂ_l. Then

fwx"z‘f (%) [14./_1 ( :x ) — L, (-EZ—)J dr = ﬂ—sa—g (@),

0

provided the above mzntioned conditions are satisfied, and Re 1 > 0.

TrarOREM 3.—Let
(i) g (») be the Hankel transform of order 7 of f (2),
(i)
M [217+ f(x)] = @ (3). 2.7)



94 M. L. MAHESHWARI

Then

® 1 1
) y(”?) o(r=+)
dy = g (b , .
J (2 4+ p2)+7—w g(r)dy 20— " ({ — p + 1) (6) (2.8)

1
provided #7 ¥ T3 *® f(4) =0 (#), Re p > — 1, and f (2), g (1) are
continuous and absolutely integrable in (0, o),

3
Rey> —1, Re(T"‘2I1 +§—)> 0.

Let f () be R,. Then

fw J’(Tnlﬁ) f(y)dy= o=3) @ (b)
(2 or)rri—w 7y 20— (1 47— p) ’

provided the conditions mentioned above exist.
Proofs of the theorems two and three are on similar lines as that of
theorem 1.

AvpericaTions.—Example 1. Let
X

Sl =0, 0<x<b=xﬂ—=<x=—b*)-#/ﬂp*%—%(7),b<x<oo.

Then we get from (2.2)

@

[ s ) e

Rey> —1lzandRepn <1.
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Taking appropriate f (x), we have the following integrals.
We get from (2.2)

1.
~ _8 x a? a?
2T (2 —pr)-erp s (PN ()1 dx=
f ( S ﬂ(b)["(u) *(4x)]
14
27, 1;
- I'2vy)a ¢ a?
=L : L) (a7 Y
@ D[S ) o) 0 F) 40
: 3
21+ L —et
Rep <<1,Rey>0.
2.
T L i a a2
[x FDy_L(ba" )DLl 2)[11(T;)—]LT(“)]M=
0
! T 1
=2T(27—1)(282 + a%)2 P37 —2—1— , ReT>—2—.
(2 b2 4 a?)7

We get from (2.5)

g3 L L a? a?
[xzb.(__;_(bx F)D_y_i(bx 2)[1,_1(747)_1@_1( )de—_—.

0

4 i L 1 e —1
_ 2 2\ 3 N
= 27 1 an [(276% 4 a2)> 2% 4] , Rey>1.

Let f(#) — #7 J, [2 (a 7] K, [2 (a 22 .
We obtain from (2.7)

M [« —ey J, 12 (a x)-'T; K, {2 (a2)2}] =

1
5 .
— 2(7—"“’}/(”_7_ 2) e K I!L 2!
_— i R 0 ' K
2’72

Rey>—1,Re(y—p)>—1Re(y —2p)>—2
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