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letw=f(2, ...,2)=u(x,...,¥) + 70 (%, ..., be a com-
plex function of the #» complex variables z;, ..., z,, defined in some open
set A < €~ The purpose of this noteis to prove a maximum modulus
theorem for a class of these functions, assuming neither the continuity of
the first partial derivatives of # and v with respect to #; and y,, nor the
conditions fz, = 0 in A for £ = 1,2, ..., # (the Cauchy-Riemann equa-
tions in complex form).

For the notation used in what follows, see reference [1].

TraeoreM 1.—Suppose:
1) The combonents # and v are differentiable in A (in the real sense).

2) | f:;1 — | f;; | & 0 at each point of A for some ; € {1,2,...,7],
not necessarily the same ; at different points.

Then | f(zy, ..., 2,) | does not attain a maximum value anywhere
in A.

Proor.—Let ¢ = (2, ..., 2,) € A and z 4 42z another point in the
«component of A, containing z.

Since » and v are differentiable in A, we have
Au=2u,kdxk—|— Zuykdyk —l—Zekdxk—l— Zs;dyk
k=1 k=1 k=1 k=1

Av=$v,kdxk+ Ev]k dy, + Z”,'mdxk—[—zn‘n;dyk
k=1 k=1 k=1 k=1
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where e, €4, s, i > 0as |dz | =V |dz 2+ ..+ | dz. [P —> 0.
Hence,

Aw=0Au—+idv= D (u, +iv.)d2+ D (w,+iv,)dy: +
h=1 k=1

+ 2 hdz 4 D idy 1y
k=1 k=1
where A, =¢, + i1, >0, ks =€, + iz —>0as | dz | - 0.
From
1 . . i PPN
Jop = _;)_(f;’b —if) fi ='?(ka +ify,
we obtain
f‘:"k +f:;k= u,k—}—i'u,k, i(ﬁk—f;‘k)-:u}'k—*—i vJ’k
and using

dz, =—;_(dz,, +de), dyi=(—1i/2)(d2z. — dz)

equation (1) can be written as

Aw=2(ﬁkd2k + foodz) + i‘kkd’—’k'l" Z)\;d-”k'
k=1 k=1

k=1

or
fley+dzgy s 2n b dz) =/ (2, 2) + D (fydz+f5d2) +
k=1
+ D Mdzi+ D Nidys (@)
k=1 k=1
Let
fley cny2,) =M e, S =A%,

f;,=B B, dz,==r,e%

where any argument is chosen arbitrarily if the corresponding modulus:
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is zero. Substituting in (2) we get

Slentday ot da) =Met 4 37, [Ay et 4 By 6B t)] 4
A=1

” k
+ Z)\k 7 COS 4)‘, —|'— Z )\.; 7 sin '»l)k (3)
k=1 k=1
First suppose that for # = j we have | f.. | — | f;;| = A; —B;>0

at the point £ € A. Choose , = 0 for £ &= ; and »; &= 0. Also, choose
$; such that a; + $; = 6. Then (3) becomes

S (2 oo, £i+dzjy oy 2,) = (M 4 Ajr)) et B; 7; e @TE—0
+ 7 (Aj cos ; + 4} sin ¢;)

and it follows that

lf(zll "'1zj+dziv'--s3n) | 2M+Airj_rf(Bj+|)‘jl +|)‘,"I)=
=M+7(A—Bi— || —|N])

By taking 7; small enough, so that A; — B; — | &; | — | A; | >,
we obtain

‘f(zl’ A} z)' + de, ...,Z,,) l > M == If(zla A zja ety Z,,) I

Hence, the modulus of fdoes not attain a maximum at the point z € A.

Next suppose that | fz, | — | f;; | = A; — B; <0 at z.

Choose 7, = 0 for £ &= 7, r; == 0, as before, and ¢; such that §; —
— ¢; = 0. Then we obtain

S (21 s 8+ d2jy oy 2,) = (M 4 Bjr)) 60 Ajrjeilai+8-0
+ 7; (& cos &; + 1 sin ¢;)

and it follows that
If(zla '-'1zj+dzja '"’3n) l 21\'{+rj(Bi—Aj- I )"fl - I)‘; I )

Again, taking r; small enough, so that

Bi—A;— | NI — %[>0,
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there results

‘ f(Zl, ...,Zj+ de, ...,Z,,) ! > M.

As a consequence of Theorem 1, the following form of the maximume
modulus theorem holds.

TrHEOREM 2.—Suppose:

1) u and v are differentiable in A, where A < C" is open and boun-
ded.

2) f=u -+ 7vis continuous on the closure of A.

3) 1/:; 1 — |/ | # 0 at each point of A for some s € 1,2, ..., ni,
not necessarily the same ; at different points.

Then the maximum of | f (2, ..., £,) | is attained on ¢ A (the bodnda-
ry of A).

Similar theorems hold for the minimum modulus of f, provided f does
not vanish anywhere in A.
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