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SOME EXTENSIONS OF THE,
MULTIPLICATION THEOREMS

MANlLAL SHAH

(Continuación)

§.3 MULTIPLICATION TIfEOREM~

This section derives a set 01 General Multiphcation Theorems for
Fox's H-functions of two va'riables. They are as foIlows:

Theorem 1. Assumpí.íons: Let

(i)
1

Re A > - , ql < Pl , I A
Z

AP l _ 1 I < 1;

1
(h) Yl < O , Ya > O , [arg tz] < - rr Ya;

Z

1
(ur) !Ll <: °,!La > O , [arg t'l < - rr !La; and

2

(iv) Pl;> ml :> 0, ql :> 0, Pa ;> /1. ;> 0, q. ;> m. ;> O, P3 ;> /1 3 ;> 0,
q3 ;> m 3 ;> 0, Pl + P. <: ql + q2, Pl + Po <: ql + q3'

Thell

(3.1 )

=A

apl- 1

1c=0

1 ---
_ (A AP l

Id (

U I ]
- 1)k H v! el I 'Y I <I> I
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where

[

m I 'r',AjJl-l)} , (apl - k, Ap 1)
el = ; and

PI' ql {(b ql , Bql )}

'Y, <l> have retained lhe same valúes as referred lo aboye.

Theorem Z. Ir

(L) m 3 :> 1 , 11 -" F l I < 1;

1
(U) Yl < O , Y¿ > O , [arg zz] < - 1t Ya ; and

2

1
(iii) [ll < O , [la > O , [arg vi < - 1t' [la'

2
:[hen

(3.2)

~
k=O

H r"Uvl e ¡ '1" I <l> 1]
1

_1_ (l _ "F:)k H [UV
Id

providcd

(iv) Lel
<, Ca)

(b)

(v)

PI :>mI :>~o , ql :> o s p « > na :> O, qa :> ma :> O , P3 :> /1 3 :>
:> O , q3 :> m; :> O;

ql + qa > PI + P2 , ql + q3 :> PI + P3 ; and

Theorem 3:

(3.3)
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wehre

-lm
1

, 01((11 - k , Al) ,{(.apl' .Aptl}
01 -

Pl,ql {(bql,Bql)}

and the conditrons for validity are:

1 _1/ ~1
(1) ql:;;' 1 , Re A > - ; 11 - A < 1;

'2

1
(u) 'Yl <; O , 'Y. > O , [arg u] < - 1't 'Y.;

'2

1
(ih) [1.1 <; O , [1.. > O , [arg vi < - 1't [1.. ; and

'2

(w) p i ;» m1 :;;. O, ql :;;. O , P. :;;. n. .> O, q. :;;. m. :;;. O , P3 :;;. n 3 :;;. O ,
(j3 :;;. m3 :;;. O , », + P. <; (jl + q. ,]Jl + P. <; ql + Q3'

Theorern 4. Assurnpí.ions:

(1) Leí Yl <; O, Y. > O, [arg u] < - 1't Y.;
'2

1
(Ii) Let [1.1 <: O , [.L. > O , larg vi < - 1't [.L.;

'2

(ui) Let

(a) p i » m 1 :;;. O , ql :;;. O ,P. :;;. n. :;;. O ,q, :;;. m. :;;. 1 , P3 :;;. n 3 :;;.

:;;. O, (j3 :;;. m 3 :;;. O;

(b) Pl + ]J. <; ql + q« , Pl + P3 <; (jl + Q3'

Then

(3.4)

provided

=1..

lc=O

[
A u' ]

H v!OIWI'l"¡

1

_1 (1 _ 1..- C~)k H lUlo I 'V l 1 W 11
Id v,

(

m. , 1l.)(Cl - k , Cl) , {(.('p. , .Cp. )}
'V1 = ; and

P. , q. {(dq . , D q . ) }



(iv)

(i)
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1 _1/C1
Re A > - , 11 - A I < 1.

2

Theorem 5: Ir

F
ma<qa,IA a-11<1;

(ii)

( iii)

1
Y1 .;;; O , Y2 > O , [arg u] < - Te Y2; and

2

1
(1.1 .;;; O , (1.2 > O , [arg vi < - Te (1.2'

2

Then

(3.5)

where

fq.

F
= A qa ~

k=O

1

l~! (A F
qa

_ l)k H [:10 10/1 <P1 1]

(

m /1){ (epa, Epa)}
a » a

<P 1 = ; and

Pa , qa {(fq.-¡ , Fq. - l )} , (fq. + k, Fq. )

(iv) P1:> mI :> O , ql :> O ,P2 :> /1 2 :> O , q2 :> m2 :> O , Pa :> /1. :> O ,
'l« :> m. :> O, PI + P2 .;;; ql + q2 , P1 + P• < q1 + qa'

PROOF of (3.1):

Denoting the 1eft member

of (3.1) by its l\IELLIN-BARANES integral representation (1.1), we get

Next A~+ 'l after replacing A by (1 + h)-Ap 1 can be written as

1 - ap1 + ap1 - AP 1 (~ +.'1)) - 1.
(1 + h)
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Application of (2.1) transforms the latter into

2-:
k=O

Now employ (2.2) and then chango Lhe order of integration and
summaüou, Lho cxpression becomes

ro
1 - apl ~

(1 +h) ~

k=O

hit

le!

l' [Upl - AP 1 (~ + ~)]

T' [apl -le - Apd~ + r¡)]

l'
u" v~ d~ d~

where the paths of integration are indented, ir necessary, in such a
manner Lhat al! the poles ot r(dJ - DJ ~) (1 < j <; mal, 1'(h - FJ r¡) (1 <;

<; j <; ma) and r[apl - AP 1 (~ + r¡)] lie to the right and those of rn ­
- e¡ + eJ~) (1 <; j <; na), 1'(1 - eJ + EJ r¡) (1 <; j <; na) and 1'[1 - a¡ +
+ A J (~ + r¡)J (1 <; j <; m1 ) He to the left of the imaginary axis.

1'0 jUbtify the inversion of order of integration and summation in­
volved in the process, we observe that.

(i) the terrn- by-term integratIon ib valid as it is independent of the
, argument h and conditions stated in (3.1) justify the existence of

every lI-function in the series;

(ii) moroover the series

(- l)k [- {apl- AP 1 (~ + r¡) -l}]J,
hk

le!

is uniformly convergent as long as Ihl < 1 [4, p. 68, §.2.1.6];

(in) Fox's H-function is an analytic function and continuous for al!
Iírnto values of u )< U o > O; and v )< Vo > O; and

(iv) Lhe double-contour integral converges in view of the conditions
referred to (1.2).

Therefore, the inversion is justified by an appeal of BROMWICH

[3, p. 500].
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Finally we free1y substitute Lhe value of h and performance of (1.1)
in Lhe latter which obviously 1eads to the R. B. S. of (3.1).

This concludes the proof of (3.1).
Evaluation of (3.2) is based upon an analysis similar to Lho one uti­

lized in (3.1); and it IS readily seen that (3.2) Iollows at once with thc
aid of (2.3). Hence, we omit such detaI1s.

Derivation of (3.3)-(3.5) are much akin Lo (3.1) and (3.2). We con­
veniently deleLe ropetitions General Remark:

The change of order of lntogration and summation lI1 all cases seems
Lo be most thorough1y justíñed by virtue of DE :A VALLÉE POUSSIN'"

theorem l3, p. 500) and by principle of ana1ytic continuation subjeci to
the condrí.íons imposcd with the results.

(Ooniinuará.¡




