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A THEOREM CONCERNING THE MEANS OF AN
ENTIRE FUNCTION AND ITS DERIVATIVES

by _\\VI\‘
!

J. P. Singm

1. Let f(z) be an entire function of order p and lower order A.

For 0 < 8§ < oo, and z = re'0, let
1 P23 .
{Ms(r, ) ¥ = ug(r f) = —— [ | f(re'®) |5 do
2r
and
1 2r :
{ My (r, fm) ¥ = pg(r, fim)) = —— | fim) (%) |3 do,
PZI
where f(m)(z) denotes the mth derivative of f(z). It is known [3] that

Loup 1Bl0E My (1)

(1.1)
T - oo inf logr P

It was proved by Juneja [1] that, ‘for every entire function f(z),
other than o polynomial,

_ log r [ug (r, fm) fug (v, /)]Ym®
limsup

r—> o logr

= (0 <3 < 1),

where r tends o infinity through values excluding an exceplional set of ai
most finite measure.

In this note, we generalise the above result of Juneja [1]. Our
theorem is not only more general than Juneja’s theorem, but has the
different proof and more widely applicable.
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2. First of all we point out an important point (*) overlooked by Juneja

In the proof of the theorem he has used two lemmas. His Lemma 3 is
based on the following result of Valiron [4; p. 106]
fm)(z) ( v(r)

m
) [1 + h(2) WR=19], | hmiz) | < k

f(z) z
i.e.
wr)\m
| fm)(z) Jf(2) | > ——~) [1—k v(R)'/**]. (2.1)
r
This result is valid at the points on the circle | z | = r at which one
of the functions
z \m
flz), ... , ( ) fim)(z)
v(r)

is greater in modulus than M(r) { v(r) }-1/5% At remaining points, the
validity of this result is not known. Now, pg (7, f) is the mean of | f(rei®)|d
taken over the circle | z | = r. We can carry out integration in (2.1) to
form the means of f(z) and f(m)(z) over the circle | z| = r, provided of
course the set of omission points has a measure zero.

Now, consider the entire function exp(z). For this function M(r) =
= exp(r), | exp(z) | = exp(rcos8)and v(r) = n,for Ep = n <r < n+-1.
Let

. logr
J(r) = {rel® | e En: 8 > cos— (1 — )
< 8r

according as 0 < 6 < wm, orw < 6 < 2}

Clearly the total variation of logr in E, tends to infinity with n.
Also, at all points of the above set J, we have both the numbers

z \m
lexp(z)iandl( )) exp (2) |

v(r

are less than or equal to M(r) { v(r) }-*/8 and m(J) > 0. This establishes
the fact that entire functions with | f(z) |, | (z/v(r))m fm(z) | less than or
equal to M{r) { v(r) }-1/8 over a set of measure greater than zero exists.
Thus, for all entire functions the integration carried out by Juneja is
not justified. Henee, his proof is incorrect.

* This point is not observed in the review of Juneja’s paper [1]
MR [33 4 2814].
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Lemma 4 of Juneja [ibid] is based on the following unproved as-
sertion

< (r(P+€‘—1)) .

) (2)
‘ ()

3. Now, we state and prove our Theoren.
THEOREM For every entire function,
- sup 198 [ (M (r, fimMy (r. )i

r - oo inf log r A

wherem = 12 .....mand 0 < § < 1.
Proof. We know that for ¢ > 0 and large r
Mg (r, f4)
MS {r, )

<rete= o c5<1,p <o 2]

Sinee order function is invariant under differentiation, therefore
we have

My (r, ) Mg (r, f—1) < r{®He"),
Giving p the values 1, 2, 3, . ..., m and multiplying the m inequal-
ties thus obtained, we get,
My (r, flm)) M (r, f) < r(®T =M,
Further, if f(z) is an entire function of finite lower order 3, then we

get similarly, for a sequence of values of r tending to infinity,
(Ate—Hm

My (r, fm)) Mg (r, f) < T A < oo,
Consequently, we get
log [r { Mg (r, fm)/ Mg (r, f) } *(m] P
1imSuP 8 3 < . (3.1)
r —> oo inf log r A

By the property of a derivative, we have
[ fo=1) (ref®) | < | fB) (re'®) | er + e*r + | flp—1) (7 — re €'0) |
~ | fo=1) (rel®) | er + | flo—1) (F —re €9) | .
Owing to (@ + b)% < a® + b8, (0 < & < 1), we have
L) (re®) | B (re)® > | fle—) (re'®) | 8 — | 1) (- —Te ¢0) 3
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or
1 2=
—— [ 1 fp) (re'0y | 8 db >
2w
| 2= 1 2w )
> S flo= (re'®) 3d0 — —— | fio—1) (F— e ¢'0) |3 q8/(er)d |.
2r g 2r 0
Hence
3pit—3) d
g (s fiP)) > Mg (r, flo—0 ,  (3.2)

{ ug(r, flo—1) } /81 dr
by virtue of the fact (a'/% — b'/8 < (1/8) /8" (@ — b), 1/8 > 1).
Let
log Mg (r, flp—1)
8r) = —————,
logr
As S(r) is an increasing function of r, we have S’(r) > 0 and hence
3(r)

r

d
log Mg (r, fle—1)) = (
r

) 4 8'(r) log r

S(r) log Mg (r, flo—1)
~ r - r logr ’

This together with (3.2) gives us

My (r, fip—1}) ; ( log My (r, f(p——l)))l/S

r

Mg (r,f (P))> oc%
logr

0<a<l (3.3)
Owing to the fact that
log Mg (r, flo—1)

logr
tends to oo with r, we find that
log Mg (r, f(P)) > log « + {1 + 0 (1)} log Mg (r, fio—4) — {1 + 0(1)} logr
~ log M8 (r, fio—1))  (r — o).
Hence
log Mg (r, fie—1) > O(1) { log Mg (r, ) 3
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This together with (3.3) gives us
1y | M (o 70) é (log M (r, f))

My (r, f0)) > O(1

r logr

Finally, we have

Ms (r, log My (r,
Mg (r, fim)) > 0(1)) 3 f)s ( oe My (. 1) )m for all

rm logr
r>r,>0. {3.4)
Combining (3.4) and (3.1), we obtain

1 Mg (r, fim))[Mg (r, f)}tim
imsup 18 [r {Mg (r, fm)[Mg (r, f)}/m] S (3.5)

r — o inf log r A

The desired conclusion follows at one from (3.1) and (3.5) viz.

log [r {Mg (r, flm))[Mg (r, f)}}im] p
1imSUP 3 8 = ,0<s<1.
r — o inf log r Iy
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