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A THEOREM CONCERNING THE MEANS OF AN
ENTIRE FUNCTION AND ITS DERIVATIVES

J. P. SINGH

1. Let f(z) be an entire function of order p and lower order A.

For O < a < CfJ, and z = reiO, let

1 Z7t'
{ Ma (r, f) }a = (.La (r, f) = - .r I l(re iO) la dO

Z7t' o
and

1 27t'
{ Mí) (r, I(m)) }I) = tJ.a (r, I(m)) = -- J I f\m} (reiO) 11) dO,

Z7t' o
where I(m}(z) denotes the mth derivative of I(z). It is known [3] that

. sup loglog MI) (r, f) p
hm =

r -4- CfJ inf logr A

It was pro ved by Juneja [1] that, 'lar every eniire [unciion f(z),
olher lhan a polynomial,

log r [(.LI) (r, I(m))I(.LI) (r, IJF/ma
limsup--. = P (O < a < 1),
r ->- CfJ logr

tohere r iends lo infinitq lhrough ualues excluding an exceptional sei 01 al
mosl [iniie mensure.'

In this note, we generalise the aboye result of Junej a [1]. Our
theorem is not only more general than Juneja's theorern, but has the
different proof and more widely applicable.
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2. First of a11 we point out an important poínt (*) over looked by Juneja

In the proof of the theorem he has used two lemmas. His Lemma 3 ís
based on the following result of Valiron [4; p. 106]

f(ml(z) = ( v~))m [1 + hm(z) V(R)-lJlO], I hm(z) I < k
f(z) ...

Le.

(
,v(r ) )m

l/(ml(z)fl(z) 1;;;. -1'- [1 - k V(R)lf18]. (2.1)

This result is valid at the points on the circle I z I = r at which one
ot the tuncttons

f(z), ...... ,(_z_)m f(m)(z)
v(r)

ís greater in modulus than M(r) { v(1') }-1/8. At remaining points, the
validity of this result ís not known. Now, !J.8 (1', f) is the mean of I f(re i6) 1 8

taken over the circle I z I = r, We can carry out integration in (2.1) to
form the means of f(z) and f(m)(z) over the circle I z I = 1', provided ot
course the set of omission points has a measure zero.

Now, consider the entire function exp(z). For this function M(r) =

= exp(r), I exp(z) I = exp (1' cos 6) and v(r) = n, for En = n <; r < n-j-L
Let

J(r) = { rei6 I r e En : 1} ~ cos-« (1 -
according as O <; 6 " 71:', or 71:' <; 6 " 211: }.

o

logr )

81'

Clearly the total variation of logr in En tends to infinity with n,
AIso, at all points of the aboye set J, we have both the numbers

I exp (z) 1and I (_z_)m exp (z) I
v(r)

are less than or equal to M(r) { v(r) }-1/8 and m(J) > O. This establishes
the fact that entire functions with I f(z) 1, I (zfv(r))m fm(z) [Iees than or
equal to M(r) { v(r) }-1/8 over a set of measure greater than zero exists.
Thus, for all entíre functions the integration carried out by Juneja is
not justified. Hence, his proof is incorrecto

• This point is not observed in the review of Juneja's paper [1]
MR [33 * 2814].
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Lemma 4 of Juneja [ibid] is based on the following unproved as­
sertion

I
/(1)(z) I (+ _1)<; (r pe) .

f(z)

3. Now, we state and prove our Theoren.

THEOREM For every entire [unciion,

. sup log [r {Ma(r, f(m)/Ma (r. f)}l/m p
hm

r ..... 00 inf log r A

where m = 1,2 ..•.. m and O < a < l.

Prooi, We know that for e > O and large r

Ma(r, /(1)) ( 1)
<; r p+e- ,O < a < 1 , p < oo. [2]

Ma(r, 1)

Since order function is invariant under differentiation, therefore
we have

Giving p the values 1, 2, 3, .... , m and multiplying the m inequal­
ties thus obtained, we get,

Ma(r, f(m))/Ma(r, 1) <; r(P+ e-1)m.

Further, ir f(z) is an entire function of finite lower order A, then we
get similarly, for a sequence of values of r tending to infinity,

M a (r, f(m))/Ma (r, 1) <; r(A+e-1)m. A < oo.

Consequently, we get

lim suP log [r { Ma (r, f(m))/ Ma (r, f) } 11m] <; • p (3.1)

r ..... 00 inf log r A

By the property of a derivative, we have

I f(p-1) (re je) 1 <; I f(p) (rie) I er + e2r + I f(p_l) (r - re eje) I

~ I f(p-1) (re ie) , er + I f(P-1) (r - re eie) I .

Owing to (a + b)a <; aa + ba, (O < a < 1), we have

I f(p) (re je) , a (re)a > I f(p-l) (re je) I a - I f(p-1) (r - re eje) ,a
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or

1 271"-- .r I flp) (re IO) I a dO ;>
271" o

Hence

(.l.a (r, f(p)) ;> --------­
{ (.l.a (r, f(p- 1 ) ) } (1/a-1)

d
-- Ma(r, f(p-l) ,

dr
(3.2)

by virtue oí the fact (a1/a - b1/a <; (l/a) a(l/a)-l (a - b), 1/8 ;> 1).
Let

log M8 (r, !(P_l))
S(r) = ----­

logr

As S(r) is an increasing function oí r, we have S'(r) > O and hence

d ( S(r) )--log Ma (r, f(p-l)) = -- + S'(r) log r
dr r

S(r) log M8 (r, f(p-l))
>--=------

r rlogr

This together with (3.2) gives us

~
Ma Ir, !(P_l)) ¡ (IOg Ma (r, f(p-l)) )1/8,

M8 (r,f (p))> rx. r
log r

O<rx.<

Owing to the ract that

log Ma (r, !(p-l))

log r

tends to ro with r, we find that

(3.3)

logM 8(r,!(p)) > log « + {l + 0(l)}logM8(r,f(p-1J)-{l + O(l)}logr

~ log M8 (r, f(p-l)) (r ->- ro).

Hence

log M8 (r, !(p_l)) > 0(1) { log M8 (r, f) }.
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This together with (3.3) gives us

!Ma (r, f{p-l)) (
Ma(r, f{p)) > 0(1) / r ~

Fínally, we have

(
log Ma (r, f) ) .

logr

\

Ma (r, f) ¡
Ma(r, f{m)) > 0(1) -;,;;-¡ (

log Ma (r, f) )m
for alI

log r

r :» ro> O.

Combining (3.4) and (3.1), we obtain

13.4)

. sup log [r {Ma (r, f(m))fMa (r, f)}l/m] p
lim ;;;. (3.5)

r -+ OC! inf log r A

The desired conclusion follows at one from (3.1) and (3.5) víz,

. sup log [r {Ma (r, f{m))fMa (r, tl}1/m] p
hm - = , O < a < 1 •

r -7 OC! inf log r A
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