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SUMMARY

In a series of papers, the author contmucs his studies in the direc
tíon of (i) unification. (u) generalization, /iu) co-ordination, (iv) exten
sion, and (v) co-relatíon of certam results appearing in thc branch of
Mathematics, The author obtams here a neE generalized expansion
theorem on Fox's H-function in terms of similar functions. The techni
que selected for investigation is based on Lhe application of «Dlfferential
Operators», On appropriately specralizing thc parameters, the theorern
leads to generalizations of many mathematlcal functions scattered
throughout literature.

§l. PREREQUISI1T<;:

A generalization of Lhe well-known Meijer's G-function [4, p. 207, (1)]
has been grven by Charles Fox [5, p. 108J, viz.,

H m,n [xl = H m,n [x I{ap, Clp} 1
p,q p,q {bq• (3q}

= -1-f<1)(S) Xs ds,
'2 re i

L

[l.1]
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(ii) <1>(s) = --------------

(vi)
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where

(i) {(ap, OI:p)} represents the set of p-ordered pairs (al' ('1.1) (aa, 01:2), •••,
(ap, OI:p) and símílarly for {(bq, ~q)},

m n
II r(bj - ~j s) II r(l - a¡ + OI:j s)

j = 1 j = 1

q P
II r(l-bj+ ~j s) II r(aj-OI:j s)

j=m+l j=n+l

(iii) x ~ O and an empty product is interpreted as uníty,

(iv) p, q, m and n are integers satisfying 1 « m « q, O « n < p; OI:J (1 <
« j « p), ~J(1 « j « q) are positive numbers and a¡(l « j « p),
bJ(1 « j « q) are complex numbers;

(v) L is a suitable contour and all the poles of the integrand [1.1]
are simple.

In view of Braaksma [2, pp. 239-240], the H-function malees sense
and defines an analytic function of x in the foHowing two cases:

q P
8 = Z ~j = Z OI:¡ > O, where 8 > O. x =;éO, and

1 1

q P P ('l.. q -~.

(vii) Z ~J = Z OI:J and O < ]xl < D-1 where D = II (OI:j) J II (~j) J.

1 1 1 1

Asymptotic Expansiona for the H-function: According to Braaksma
[2, O. 279, (6.5) and p. 246, (2.16)]:

m,n a
(viii) H [x] = O (lxj ) for small x, where a :> O,

p,q

q p ( bh )Z ~j - Z rJ.j :>O, a=min Re --
1 1 ~h

m,n p
(ix) H [x] = o (lxl ) for large e, where

p,q

(1 « h « m)¡ and

q p n
Z ~j - Z OI:j > O ; Z OI:j
111

p m q
Z aJ + Z ~j - Z ~j == A> O,

n+l 1 m+l

1 (a¡-l )I arg x I < - A II and p = max Re (1 < i « n).
2 OCi

In the same paper, Braaksrna has studied the behaviour of the
H-function for large x at fuIl length and also considered different seta
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of conditions tor convergence of the integral [1.1]. However we restriet
ourselves throughout this note to the aboye eonditions of validity.

In this note, the Diíferential Operators proeedure has been applied
to establish a general theorem for Fox's H-funetion in a series of the
H-funetions. We expeet that this note will prove to be use fuI in the
seareh ot a systematie development for the derivation of sorne more
general results, Due to the most general eharacter of the H-funetion,
many interesting eorollaries follow as particular cases of the theorem.

Notations used in the present work:

n

m +n-l
i)

(ü)

m m + 1
~(n,m) = - , ---, .... , -----

n n

r[a + m]
[aJm = ---- = ala + 1) ... (a + m - 1); m = 1,2,3,

real

The binomial coerñcíent:

n (n) n!(iii) Cn, k = Ck = = -----
k k!(n - k)l

d
(i) The differential operator D == -- .

dx

Results requíred in the proof:

(a) Funetional equation [4, p. 3, (3)]:

r(z)
r(z-n)

[1.2]

(b) Gauss' multiplieation formula [4, pA, (l1)J:

r[mz] = (2 1l')1/2(m-l) mmz-1/2 m II 1 r[z + ~] , m = 2,3,4,. .. [1.3J
r=O m

(e) Leibnitz' rule for the k-th derivative of a product:

k
Dk (uv) = ¿; Ck, r (Dr u) (Dk-r v)

r = O

in which u and vare to be funetions ot x.

§2. Bxsro EXPANSION THEOREM.

The theorem to be proved is as follows:

[lA]
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Assumptions:

(i) m, n, p and q are positive integers such that 1 < m < q, O < n < p;

(ii)
q p p q p

Let ~ ~l - ~ rxJ > O, when x * O; ~ ~j - ~ rxj = O;
1 1 1 1

p P rxj q ~.
and O < Ix 1< D-l where D =II (rxl) II (~j)- J;

1 1

m
(iii) Let ~ ~j

1

q n
~ ~,+ ~ rxj-

m+l 1
1 rxj == 'l" > 0, I arg al I <
n+1

1
< -'l"1t;

2

(iv) p ís a positive integer > 0, and r = 0,1,2,....

(v) Let Re [k + ¡¡. + p :J > 1, (1 < j < m),

then

[2.1]
k m, n + p [ pi A(p, - k - ¡¡. + 1), {(ap, rxp)} ]

p H zx
P+P, q+p {(bq, ~q)}, A (p, - ¡¡. + 1)

k [¡¡']k m,n+p [pIA(p,O),{(ap,rxp)}]
= ~ Ck, r-- pr H za:

r=O [/J.]r P+P, q+p {(bq, ~q)}, A (p, r) •

Proof:-

In order to derive [2.1], we begin by consideríng the function in
the form

[2.2]
k+¡¡.-1 m,n [ p ¡{(ap, rxp)} ]

!(x) = x H za:
p,q {(bq, ~q)} •

We now use the deñnítíon of the H-function in terms of Mellin
Barnes integral from [1.1 [ on the right hand side and then differentiate
each member of equation [2.2J with respect to x to obtain

[2.3] Dk [f(x)] = -1-f<I>(S) Z8 {(k + [.1. + p s -1) (k + [.1. + p s
21t i

L
[.I.+ps-1

- 2) ..•. (k + [.1. + p s - k)} X ds
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provided that

Re [k + V- + p ::] > 1 (h

k+V--1 m,n p
x H [zx ] exists.

p,q

1,2, ... , n) and kth derivative of

In [2.3], if we employ [1.2] and [1.3], we find that

p-1 [k+¡L+i 1rr r + s
V--1 1 f j=O p S ps

[2.4] Dk [f(x)] = a: pk__ W(s) Z X ds
z «: p-1 [V-+i ]

L rrr--+s
j=O p

where the contour L in the complex s-plane runs from cr-i 00 lo a + i 00

sueh that the peles of r(bj - ¡L¡ s) (1 « j « m). líe on the right and
those of

[
k+¡L+j ]r (l - a¡ + Q(.¡ s), (1 « j « n), r p + s ,

{j = 0,1,2, ... , (p - 1)}, on the left of the contour.
Finally, making use of [1.1] on the R.H.S. of [2.4], it transforms

into

V--1 m, n + p [ PI!:>. (p,-k+¡L+1), {ap, Q(.p)}]
[2.5] Dk [f(x)] = x pk H zx

P+P, q+p {(bq, ~q)}, !:>. (p, - V- + 1) •

Next, we treat f(x) as the produet of two functions:

k+V--1 m,n p
a: and H [zx]

p,q

and the application of [1.4] in [2.2] readily yíelds

[2.6] Dk [f(x)] =

k k+V--1
= .L Ck, r Dk-r [x ]

r = O
Dr jHm,n l-' I{(ap, Q(.p)}] 1

p,q {(b q, ~q)} l.
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By performing on the same Iínes as above and the use of [1.3] in
[2.6] concludes that

[2.7]
fL-l

Dk [f(x)] = x
k [fL]k 1 f
~ Ck, r -- pr -- <I)(s) ZS

r = O [fLJr 2 1t i
L

l' - 1 [1 +i
+ s]TI r

, i = O l' ps
x ds

1'-1 [-r + 1+i
+ s]TI r

i = O l'

from which it follows that

[2.8J
fL-l

Dk [f{x)] = x
k [fL]k
~ Ck,r-- pr

r = O [fL]r

m, n + l' [ l' Ib. (p, O), {(ap, OCp ) } ]

Hp + p, q+p za: {(b q, [jq)}, b. (1', r) •

Therefore, a comparíson of Dk [f{x)] from [2.5] and [2.8] arrives at
the result [2.1]. This completes the proof of the theorem.

§3. COROLLARIES.

In [2.1], substítutíng OC] = [jh = l{l <: i <: p, 1 <: h <: q) and ad
justing the parameters, we can obtain the illustrative results associated
with Maijer's G-,MacRobert's E-and generalized hypergeometric
functions pFq etc. with the aid of the known relation [4, p. 215].

Several researchers [1,3.6-12] have contributed a large amount of
work on Fox's H-functions incorporating most of the frequently used
functions-the-so-called special functions.

Recently, in a sequence of subsequent papers [13-26], the author
has investigated various interesting properties associated wíth classical
orthogonal polynomials, integral transforms, Fourier íntsgrals-series.
expansíons, summatíon-multíplícatíon theorems, integral equations,
recurrence relatíons, derivatives and applícatíons in the applied field
of mathematics etc.

It may of interest to note that achievements on Fox's H-functions
are more general than even Meijer's G-functions. The result recorded
here ís very important sine e each expression formulated becomes master
or key formula from which a vast number of relations can be deduced
for the functions commonly utílized in the analysís of many problems
of mathematics, both pure and applied, and in mathematical physics.



-164-

REFERENCES

1. P. ANANDANI: «On the derivative of the Hvíuncttons». Reo, Rouma
nie Math. Pures Applied, 15 (1970), 189-191, MR 41 ~~ 8722.

2. B. L. J. BRAASKMA: «Asymptotic expansion and analytic continua
tions for a class of Barnes-integrals». Compositio Math, 15 (1963),
239-341.

3. S. D. BAJPAI: «On some results involving Fox's H-function and
Jacobi polynomíals». Proc. Camb Philos. Sec. 65 (1969), 697-701.

4. A. ERDÉLYI: Higher transcendental [unciions. Vol. J, McGraw-Hill,
New York, 1953.

5. C. Fox: «G and H-functions as symmetrical Fourier kernels».
Trans. Amer. Math. Soco 93 (1962), 395-429. MR 24 ~~ A 1427.

6. K. C. GUPTA: «On the H-functiom, Ann. Soco Sci, Bruxelles, J, 79
(1965), 97-106.

7. U. C. JAIN: «On an integral involving the H-functiom. Journ,
Australian Math. Soc., 8 (1968), 373-376.

8. P. C. MUNO-T and S. L. KALLA: «On an extension of generalized
function of two variables». Unrversídad Nac. de Tuc. Rev. Ser. A.
21 (1971), 67-84.

9. G. S. OLKHA and P. N. RATHIE: «On some new generalized Bessel
functions and integral transforms 11». Unív. Nac. Tucumán.
Rev. Ser. A., 19 (1969), 45-53.

10. R. K. SAXENA: «Integrals of products of H-functions». Univ. Nac,
Tucumán. Reo, Ser. A., 21 (1971), 185-191.

11. R. K. SAXENA: «A formal solution of certain dual integral equa
tions involving H-functions» Proc. Cambo Philos. Soc., 63 (1967),
171-178.

12. RATTAN SINGH: «Two theorems on H-function of Fox», Proc. Nat.
Acad. Sci. India, Sect A, 38 (1968), 155-160, MR 40 ~~ 5923.

13. MANILAL SHAH: «Some results on the H-function involving the
generalized Laguerre polynornial». Proc. Cambo Philos. Soc., 65
(1969), 713-720, MR 39 ~~ 497.

14. MANILAL SHAH: «On applications of Mellin's and Laplace's ínver
síon formulae to H-functions». Labdev J. Sci. Tech. Part A, '7
(1969). 10-17, MR 39 ~=;f 4457.

15. MANILAL SHAH: «Sorne results on Fourier series for Hvíunctions».
J. Natur. Sci. and Math., 9 (1969), 121-131, MR 40 ~~ 2924.

16. MANILAL SHAH: «On some results of the H-functions involving
Hermite polynomíals». J. Natur. Sci. and Math, 9 (1969), 223-233,
MR 41 ~~ 8725.

17. MANILAL SHAH: «Sorne integrals ínvolvíng H-functions 1». Math.
Education, 3 (1969), 82-88, MR 42 r-r 552.

18. MANILAL SHAH: «On some relations of Fox's H-functions and
Techebicheff polynomials of the second kínd» (Arabic Summary),
Bull. College, Sci. (Baghdad), 1:1. (1970), 34-43. MR 42 lE 2057.



- 165-

19. MANILAL SHAH: «On sorne resu1ts invo1ving H-functions and as
socíated Legendre functíons». Proc, Nai. Acad. Sci, India, 39
(1969), 504-507, MR 43 =?=? 7680.

20. MANILAL SI-IAH: «On sorne relation of H-functions and Cebysev
polynomíals of the first kind», Vijnana Porishad Anusandhan
Palrtka, 12 (1969), 61-67, MR 43 ~~ 7681.

21. MANILAL SHAH: «Two integral transform pairs involving H-func
tíon», Glasnik Matematicki, '1 (27) (1972), 57-65.

22. MANILAL SHAH: «On sorne relations on H-functions associated
with orthogonal polynomials». Maihemalica Scandinavica, 30
(1972), 331-336.

23. MANILAL SHAH: «Sorne results on Fox's H-functiom. Mat. Vesnik
(Belgrade) (1972) (In-press).

24. MANILAL SHAH: «On sorne relations involving H-functiofiB to ortho
gonal polynomíals». Vikram Science Jour., lG (1972) (In press).

25. MANILAL SHAI-I: «Expansion formulae for H-functions in series
of trigonometrical functions with their applications». The Maihe
matics Student (1972) (In press).

26. MANILAL SHAH: «On sorne results involving Hvíunctions». The
Society o/ Mathematics Sciences, Delhi (In press), Vol. 4 No. 2
(1969).




