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1. INTRODUCTION

Let L£L(H) be the algebra of all bounded linear operators acting on a
complex separable and infinite dimensional Hilbert space H. For operators
A, B € L(H) we define the generalized derivation 04 g associated with (A, B)
by

dap(X)=AX - XB for X € L(H).

If A = B, then 44 = 04 is called the inner derivation. The theory of
derivations has been extensively dealt with in the literature (see for example
[1,2,3,5,6,7,8,9, 10, 16, 17, 18, 20] and [21]).

For a linear operator T acting on a Banach space X, we denote by T™,
KerT and R(T) respectively the adjoint, the kernel and the range of 7. Also
we denote by R(T) and R(T)" respectively the closure of the range of T
respect to the norm topology and the weak operator topology.

In this work we give the extension of the results showed by Williams [21, p.
301] and Ho [13, p. 511] to 4 p. We will give some conditions for A, B € L(H)
under which

R(6ap) NKerda- g = {0},

where R(5A7B)T denotes closure of R(d4 ) respect to the norm topology or
the weak operator topology.

In section 1, we prove that if A and B are isometries (resp. co-isometries)
or if P(A) and P(B) are normal for some non-trivial polynomial P with
degree < 2, then

R((SAB) N Ker 5,4*’3* = {O}
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Recall [12] that A € L(H) is bloc-diagonal if there exists an increasing
sequence {P,}, of self-adjoint projectors of finite rank in £(H) such that
lin? P, =1 and P,A = AP, for all n € IN, where lin? is the limit respect to
SO SO

the strong operator topology in L(H).
In section 2, we prove that if A is bloc-diagonal then every positive operator

in R(6 A)w vanishes. As a consequence of this we obtain that if A is bloc-
diagonal then R(64,8) N Kerda« g« = {0} for every B € L(H).

2. CONDITIONS UNDER WHICH R(d4 g) N Kerda- p- = {0}

Let C1(H) be the ideal of trace class operators, that is, the set of all
compact operators T € L(H) for which the eigenvalues of (T*T )% counted
according to their multiplicity are summable. The trace function is defined by
Tr(T) =5, < Ten,e, >, where (ey,) is any complete orthonormal sequence
in H. Recall that the ultraweak continuous linear functionals on L£(H) are
those of the form fr for some T € C;(H) and the weak continuous linear
functionals on L(H) are those of the form fr, where T is of finite rank.

0 B
we have the following assertions :

i) If R(d7)" N Kerdr- = {0}, then R(da,5) NKerda- p- = {0};
ii) If R(67) N Kerdp« = {0}, then R(645) N Kerda« g+ = {0}.

LEMMA 2.1. Let T = ( 40 > on H® H, where A,B € L(H). Then

Proof. i) Let C € R(6a,B) N Kerda- p+. Then there exists a sequence
{Xa}, of elements of L(H) such that lim AX, — X,B = C and A*C = CB*.

A 0 0 X (0 C
LetT—<O B)’YO‘_<O 0 )andS—<O O>0nHEBH.Then

) . A 0 0 X, 0 Xa A0
hngYa—YaT—hPl<o B)<0 0>_<0 0>(OB>
= lim 0 AXo—XabB
= g O 0 ’

. 0 AXo—XoB '\ ([ Lu L2
Ifhfp(o 0 >(L21 L22>onHEBH.Then

G =) (2)-(0))
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converges to 0, hence | < [Li12 — (AX,y — XoB)]z,y > | converges to 0 for all
x,y € H, which implies that

ligl AXy — XoB = Lys.
As the same we prove that
Lyy = Loy = Lao = 0.
This implies that

i (0 AXa—XaB\ _ (0 limy AXy - XoB
0 0 0 0

If]im<8 AXO‘BXO‘B > = < éi é;z ) on H @ H, then

w

H < Liy Lis—[AX, — X, B]

converges to 0,
Loy Lo > H &

hence
|Li2 — [AXs — XoB|| converges to 0 and Li; = Loy = Loy = 0.
This implies that

lim 0 AX,—X.B _ 0 limAX, - X.B
0 0 N 0 0

B 0 C

N 0 0 )"
0 C =T o . . T
00 )= S € R(6r) . Since ST* = T*S, then S € R(dr) N
Kerér« = {0}. So C = 0. This completes the proof of i). To prove ii) it
suffices to replace R(d7) with R(d7).

Hence,

In the following theorem we give an extension of the result of [21, p. 301]
and [13, p. 511] to d4 p.



152 M. AMOUCH

THEOREM 2.1. Let A,B € L(H). If A and B are isometries (resp. co-
isometries) or P(A) and P(B) are normal for some non-trivial polynomial P
with degree < 2 then

R((SA,B) N KeréA*,B* = {O}

Proof. i) If A and B are isometries (resp. co-isometries), then

A 0
(5 5)
is also an isometry (resp. co-isometry) on L(H @ H). By [21, p. 301], we have
R(67) N Kerdr- = {0}. Hence from Lemma 2.1, we conclude that R(d4,5) N
Kerda- p- = {0}.
ii) The result of [13, Theorem 3 (1)] asserts that if 7' € L(H) is such
that P(T) is normal for some non-trivial polynomial P with degree < 2, then

R(67) N Kerdps = {0}. Indeed, suppose that 72 — 2aT — 3 = N is a normal
operator. Let limTX,, — X,,T = S* € R(é7) N Kerdp«. Then

Hm(N + 2aT) X, — Xp(N + 2aT) = im T2X,, — X, T = TS* + S*T.

This implies that T'S* + S*T — 2aS* € R(0n) N Kerdy« so that T'S* 4+ S*T —
2aS5* =0 by [4, Theorem 1.7]. Hence

(S+S)NT —-a)=(T—-a)(S—5) and (T —a)S* = -S*(T — «).
The Putnam-Fuglede theorem then gives
(S*+ ST —a)=(T—-a)(S*=8) and (T —a)S = —-S(T — ).
Combining these equations we get

(T — a)(S* + ) = 0 and (S* + S)(T — a) = 0.

Hence S*T = T'S*. Therefore S*S € R(6r) N Kerdr- so that S = 0 by [13,
Lemma 3]. Now, if P(A) and P(B) are normal for some non-trivial polynomial

A 0
0 B ) , hence from

the previous result R(d7) N Kerdp- = {0}. From Lemma 2.1, we conclude that

P with degree < 2, then P(T) is also normal for T' = <

R(éA,B) N KeT(sA*’B* = {O}
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LEMMA 2.2. Let A, Be€ L(H). If T € R(5A7B)TﬂKer5A*7B*, then T*T €
R(6g)" and TT* € R(64) .

Proof. f T € R((SA,B)T N Kerda« p-, then there exists a sequence {X, }q
of elements of L(H) such that T'=lim; AX, — Xo,A =0and A*T —TB* = 0.
Hence
T = liinT*AXa —T*X,B = liln BT*X, - T*X.,B,

and
TT* =lim AX,T* — X, BT* =lim AX,T* — X, T*A,

since right multiplication and left multiplication are continuous with respect
to the topology 7.

The following lemma is proved in [19], we need it to prove the next theorem.

LEMMA 2.3. Let B € L(H) be a normal operator and X € Co(H) such
that BX — XB € Cy(H), then Tr(BX — XB) = 0.

For the unilateral right shift with a non null weight, we have the following
result.

THEOREM 2.2. Let S € L(H) be the unilateral right shift with a non null
weight (aup)n; an # 0 for all n € IN and let B € L(H) be normal. Then

R((SS’B) N Ke?”(ss*’B* = {0}

Proof. Let T € R(ds,p) N Kerdg« p-. By the same argument as in the
proof of Lemma 2.2, we get that TT* € R(dg), hence from [13] TT* € C;(H).
Which is equivalent to T' € Co(H ). On the other hand T*T = BT*X —T*XB
with T*T € C1(H), T*X € Co(H) and B is normal. Hence by Lemma 2.3, we
conclude that Tr(T*T") = 0. Since T*T is positive, then T' = 0.

w
3. POSITIVE OPERATORS IN R(d4)

DEFINITION 3.1. [12] An operator A € L(H) is bloc-diagonal if there
exists an increasing sequence { P, },, of self-adjoint projectors of finite rank in
L(H) such that lingl P, =1 and P,A = AP, for all n € IN, where lir? is the

SO SO

limit with respect to the strong operator topology in L(H).
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EXAMPLE 1. [12] Let H = @OHn If A= @OAn where A, = < Lo )
on C?, then A is bloc-diagonal.

For bloc-diagonal operators we have the following result.

THEOREM 3.1. Let A € L(H). If A is bloc-diagonal then every positive
- e W .
operator in R(04) vanishes.

Proof. Suppose that A is bloc-diagonal. Then there exists an increasing
sequence {P,}, of self-adjoint projectors of finite rank in £(H) such that

lim P, =TI and P,A = AP, for all n € IN.

sot

Let T a positive operator in R(d4)" , then there exists a sequence {Xg}q in
L(H) such that T'=lim AX, — X,A. By multiplication right and left by P,,
w

we obtain
P, TP, =lim P,AX,P, — P,X,AP,,
w

since AP, = P, A, then

(x) P,TP, =1lim P,AP,P,X,P, — P,X.P,P,AP,.
w

Since AP, = P, A and A*P,, = P, A*, then R(P,) = H,, reduces A. Hence A
has the decomposition

A:(A“ O) on H=H,®H:.

0 Ay
(T Tr2 _ Xél X(}? (1T 0 _

H, @ H;-. Tt follow from (*) that

T 0 _ .o Apn XM — XA 0
0 0) w 0 0 /)"

Hence for all z,y € H,,

T11—A11X0111—X01[1A11 0 X Y
0 0 0/’\0
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converges to 0. This implies that lim AHXolé1 — XolélAn =1T11, that is Ty €
w

R(64,,)". Since dimension of H, is finite, then T1; € R(84,,), hence there
exists Y € L(H,) such that Th; = A11Y — Y Aq1, which implies that

TT(TH) = TT(AHY) — TT’(YAH) =0.

T

0 O
Ty, is positive. Since T'r(T11) = 0, then T1; = 0, and hence P, TP, = 0 for all
n € IN. On the other hand, since

Since P, is auto-adjoint, then P, TP, = is positive, and hence

lim P, = I, lim||P,TP,x — TP,z|| =0
sot sot

and
lim | TPz — Tx| < lim IT||| Pz — x|l = 0,

then hm P, TP, = hm TP, and hIItl TP, = T. This implies that hm P,TP, =T
for all n € IN. Flnally, = 0.

As an immediate consequence we have the following corollary:
COROLLARY 3.1. Let A € L(H). If A is bloc-diagonal, then
mw N Kerda« p- = {0}
for every B € L(H).

Proof. If A € L(H) is bloc-diagonal and T € R(5A7B)w N Kerda« g+, then
by Lemma 2.2, TT* € R(&A)w. By Theorem 3.1, we conclude that T7T™ = 0,
and hence T' = 0.

Recall [12] that A € L(H) is quasi-diagonal if there exists an increasing
sequence {P,}, of self-adjoint projectors of finite rank in £(H) such that
lslgl P, =1 and lim|P,A — AP,|| = 0 for all n € IN. Every bloc-diagonal
operator is quasi-diagonal and the converse is false, see [12]. The following
example show that in general Theorem 3.1 does not hold for quasi-diagonal
operators.

ExaMPLE 2. Let A = S + 5" where S is the unilateral shift defined by
Sen, = ept1 where {e,}, is any complete orthonormal sequence in H. Since
A is self-adjoint, then A is quasi diagonal [12]. Let T' = I — SS*, then
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T=(S+5%)S-S(S+5%)=AS—SA. Hence T € R(d4). On the other hand,

we have
< Tx,x>=< (I — 88"z, >=||z|*> — ||S*z|*>, forall z € H.

Since [|S*|| < 1, then < T'z,z >> 0 for all x € H. Thus T is positive. Finally,
T is a non null positive operator in R(d4).

4. A COMMENT

In [1] (see also [15]) it is shown that every finite rank operator in R(64.5) N
Kerd s« g+ vanishes and every trace class operator in R(éA,B)w N Kerda« g«

vanishes, where R(5A73)w is the closure of R(d4,p) with respect to the ultra-
weak topology w*.

However in [11](see also [14]) the author ask; if every compact operator in
R(64)" N {A*} is quasinilpotent? A partial answer is given in [1] (see also
[14]) if A or A* is dominant and in [10] if A or A* lies in Up.

Recall that A € L£(H) is dominant if for all A\ € C, there exists a real
number My > 1 such that ||[(A — X\)*z| < M)||[(A— N)z| and A lie in Uy if A
satisfies the absolute value condition |A|? < |A2%| and every normal subspaces
of A are reducing (An invariant subspace M of A is said to be a normal
subspace of A if A |5/ is normal).
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