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Let G be a locally compact group. Let ¢ be a continuous involution of
G and let p be a complex bounded measure. In this paper we study the
generalized d’Alembert functional equation

D(y) /G f(aty)du(t) + /G flato(w)dult) = 2f @) f(y),  wy€G,

where f : G — C to be determined is a measurable and essentially bounded
function.
We give some conditions under which all solutions are of the form

< m(x)€,( =+ <m(o(x))E, ¢ =
2 )

where (7, H) is a continuous unitary representation of G such that m(u) is of
rank one and &, ( € ‘H. Furthermore, we also consider the case when f is an
integrable solution. In the particular case where G is a connected Lie group,
we reduce the solution of D(u) to a certain problem in operator theory. We
prove that the solutions of D(u) are exactly the common eigenfunctions of
some operators associated to a left invariant differential operators on G.

Key words: Functional equation, Gelfand measure, p-spherical function, positive deni-
nite function, representation theory, Lie group, invariant differential operator.
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1. INTRODUCTION

The classical d’Alembert’s functional equation has the form

(1) flay) + flay™) =2f(2)f(y),

where  and y run over a group G and f : G — C is the unknown function.

At present the theory of d’Alembert functional equation is extensively
developed. The monographs by Aczél and Dhombres [1] have references and
detailed discussions.

The basic result for the study of equation (1) is a result obtained by Kan-
nappan [9]. It says that every nonzero continuous solution f of d’Alembert’s
functional equation (1) which satisfies the condition f(zyz) = f(yzz) for all
x,y € G has the form

-1
2 flay = M)
where x : G — C is a nongzero continuous multiplicative function of G. In
particular, all nonzero bounded and continuous solution of equation (1) on
a locally compact abelian group G are represented by the formula f(z) =
Re(x(z)) with some continuous character x of the group G (see Ger [7]).

As a continuation of these investigations, in the present paper we are going
to study the following functional equation

(3) /G f(aty) dpu(t) + /G fato(w)dult) = 2/ @) f(y),  zy€eG,

xeqG,

where g is a complex bounded measure and ¢ is an involution of G. The
equation (3) is our generalization of d’Alembert’s functional equation (1) in
which p = d.: the Dirac measure concentrated at the identity element of G.

2. NOTATION AND PRELIMINARIES

Throughout this paper, G will be a Hausdorff topological locally compact
group; M (G) denotes the Banach algebra of complex bounded measures, it is
the dual of Cy(G) the Banach space of continuous functions vanishing at infin-
ity; C(G) (resp. Cy(G)) designates the space of continuous (resp. continuous
and bounded) complex valued functions; o denotes a continuous involution of
G (ie., o(zy) = o(y)o(z) and o(o(z)) = x for all z,y € G).

Given p € M(G), we say that p is o-invariant, and we write u = o(u), if

<p,foo-==<pu,f> for all f € Cy(G),
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where

<, f-= /Gf(x)du(fc)-

For all u,v € M(G), we recall that the convolution p* v is the measure given
by

<u*u,f>:—/G/Gf(ts)d,u(t)du(s), Feay@),

and the involution is defined in M(G) by

*

H:

S

Y

where < [, f == < f= < fi,f === p f =, with f(z) = f(z~') and
f(z) = f(x) for all z € G.
For every pn € M(G) and every continuous and bounded function f : G —

C we set
_ /G /G F(tws)du(t)du(s),

and we say that f is p-biinvariant if f, = f. Noting that if p * p = p, then
f is p-biinvariant if and only if f is right p-invariant ( Jo flat)du(t) = f (:1:))

and f is left y-invariant (fG ftz)du(t) f(a:))

For every x € G, 6, designates the Dirac measure concentrated at x. If
f € Cy(G) we say that f satisfies the condition K(u) if

//fysa;tz dp(s)dpu(t) //fxsytz du(s)du(t) for all z,y,z € G.

DEFINITION 2.1. Let u € M(G); p is called a generalized Gelfand mea-
sure if g g = p and the Banach algebra px M(G) * p is commutative (under
the convolution).

For the notion of Gelfand measure see [3].

DEFINITION 2.2. Let u € M(G). A non zero function ® € Cp(G) is a
p-spherical function if it satisfies the functional equation [, ®(zty)du(t) =
O(x)@(y) for all z,y € G.

In a previous paper see [6], the continuous and bounded solutions of (3)
are completely determined under the condition that f satisfies the Kannappan
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type condition K(x) and in the particular case where p is a generalized Gelfand
measure. In both cases the solutions are expressed in the formula

" fo) - 20+ Plo()

5 ;
where ® is a p-spherical function.

In the first part of this paper (Section 3) we are going to study the general
properties of (3). In Theorem 3.1 we give necessary and sufficient conditions
for measurable and essentially bounded function f to satisfy equation (3).
One of these condition is

(5) fixhsf+(ixhxfloc=2=<h,f>=f forallhe L (G),

which explains why we restrict our selves to solutions f € Cy(G).

In Theorem 3.2 and Theorem 3.3 we prove that if f € Cp(G) and p
is a generalized Gelfand measure on G which is o-invariant, then the map
h — [, h(z)f(z)dz is a character of the commutative Banach subalgebra
(P(LI(G)))“ if and only if f is a solution of the functional equation (3),
where P(h)(z) = w and (P(L1(G)))" = p* P(L1(G)) * p.

The purpose of Section 4 is to give some conditions under which all solu-
tions of the functional equation (3) are of the form

<7m(x)§, ¢ =+ <m(o(x))§, ¢ =
5 )
where (7, H) is a continuous unitary representation of G' such that 7(u) is of
rank one and &, € H.
We prove in Theorem 4.1 that if p = & = [ is a generalized Gelfand
measure, then the positive definite solution of (3) with o(x) = 27! are of the
form

< m(x)§,§ -+ =< m(x)€, & >

5 )
where (7,H) is an irreducible representation of G' such that m(u) is of rank
one. In Theorem 4.2 we give the some similar general result under the condi-
tion that p is o-invariant and the solutions satisfies the condition K(u). We
treat also the case of the integrable solutions. As a consequence we obtain a
characterization of the solutions which satisfies the Kannappan type condition
K(u) in compact groups.

In Section 5 we consider the case when G is a connected Lie group. We
prove that the solutions are the common eigenfunctions of some operators
associated to a left invariant differential operators on G. The result is given
in Theorem 5.1.
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3. GENERAL THEORY

In Theorem 3.1 below we present the necessary and sufficient conditions
for a measurable and essentially bounded function to be a solution of
equation (3).

THEOREM 3.1. Let f be a measurable and essentially bounded function
on G. Then the following statements are equivalent:

(1) Jq flaty)du(t) + [ f(xto(y))du(t) = 2f(z) f(y) for almost all z,y € G;

(2) ixh*f+ (axhxfloo=2=<h,f> f forall h € Li(G);

(3) pxOxf+(pxdxflooc=2<0,f = f forall 9 € M(G);

(4) ixbpx f+ (%0 % f)oo =2f(x)f for all x € G;

(5) <0/’*u*z9,f>+<19/*u*a(19),f>:2<19,f><19/,f>fora11
9,9 € M(G).

Proof. (1)=-(2) For all h € K(G) (functions with compact support) and
for almost all y € G, we get

2<mf>f@%:/2ﬂw1M@M@Nx=z;éf@1@%@&M®®r

//f U (y))h(z) dp(t) d

iﬂMﬂ&@MUgﬂmﬂ@WW@@
a G

= (axhx f)(y) + (axhxf)lo(y),

which proves (2).

(2)=(3) Follows immediately from the fact that L;(G) is weakly dense
in M(G).

(4)=(1) First note that (*d, = f)(y) = [ f(z~ty)du(t), hence we have
that

/ fz™ y)dp(t) / f(z™ o (y)du(t) = 2f(x) f(y) for all z,y € G.
This proves (1).

(3)=(5) If 0,9 € M(G), then < ¥ s px 9 = + < O * pxo(V),f »
=<0 ax9 xf =4+ <0, (ax0 xflooc===<0,2=<9,f=f>==
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2 <9, f>=<9,f . By a small computation we proves the other point of
the theorem. |1

Consequently we shall assume throughout the paper that the solutions of
equation (3) are bounded and continuous functions on G.

The connection between continuous characters of the commutative Ba-
nach algebra (P(L1(G)))" = P(L1(G)") is illustrated by the following two
theorems.

THEOREM 3.2. Let G be unimodular, let ;1 be a generalized Gelfand mea-
sure on G which is o-invariant. Let f € Cy(G) be a solution of equation (3).
Then the mapping h +— < h, f == [, h(z)f(x)dz is a continuous character
of the commutative Banach algebra (P(L(G)))".

Proof. Assume that f € Cy(G) is a solution of (3). Then, in view of [6,
Lemma 2.3|, f is p-biinvariant and f(o(z)) = f(z) for all x € G. Therefore,
for all h,g € L1(G) we have

<(75)  (R) =i L e

+g(x)(hoo)(y) + (goa(x)h(y)

+wmmmwwmmémmmmmekm%

Since p* p=p, f, = f, foo = f and G is unimodular, then we get

oo \* oo \*
_<<g+g ) *<h+§ > ,f>'

= ;LLQ( [/ f(xty)du(t) /f (zto(y))du(t )] dzdy
=/&mmmm/f@mww
/f /f )+ o),

:_<<g+éqoa> ’f>__<<h+;100> e

which concludes the proof of the theorem. 1
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THEOREM 3.3. Let G be unimodular. Let p be a generalized Gelfand
measure which is o-invariant on G. If x : P(L1(G))* — C* is a continu-
ous character of (P(L1(G)))", then there exists f € Cy,(G) solution of the
functional equation (3) such that x(g) =< g, f = for all g € (P(L1(G)))".

Proof. Let x be a nonzero continuous character of the Banach algebra
(P(L1(G)))". The map Li(G) — C, g — x((£4°2)"), is continuous and
linear. Consequently, there exists f € Lo(G) such that y((ZH2)H) =
< ¢,f =. In addition, f may be chosen continuous: let f; € K(G) such
that f; = f1 0 (o) and x((P(f1))*) = 1; for all h € K(G) we have

“s (P(f))F) = X ((P(P(h) = f1))
1f > =< P(h), f*(fl") >

Consequently f = P(f x ( f;“ )) and hence f is a continuous function.
On the other hand

g+goo\" B gt +gtoo) gt +gtoa\"
X 2 =X 2 —X 2
=<9 f===gfu>

It follows that f is p-biinvariant.
On the other hand

gp, 4 gu oo g”—l—g”oo + g“—l-gﬂoo 12
S R

- LRIOT g et ueTy

=< LT
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Then we get f = ng, ie., foo=f. Now, for all g,h € L1(G) we have

~ (g—i—goa)”* <h+§oa>“jf>_

=5 | [o@n]| [ s+ [ statotan|asay

__<(9+goa>“’f>_ _<<h+;zoo)“7f>_

— [ [ st @) sw)dsdy,
GJG

hence it follows that
[ Fatan®) + [ fatow)au® =2@f@)  forallay e G,
G G

which proves our theorem. |

4. SOLUTIONS OF EQUATION (3) AND REPRESENTATIONS OF G

An ambitious project is to obtain the general solution f of the functional
equation (3), where u € M(G). In this section we produce the explicit solution
formulas for the functional equation (3) in question by means of coefficients
of irreducibles and continuous unitary representation of G.

We start by the following theorem which extend some results which have
been obtained in [5].

THEOREM 4.1. Let 4 = i = i be a generalized Gelfand measure. Let
f € Cy(G) be a positive definite function satisfying equation (3) with o(x) =
x~1. Then, there exists an irreducible, continuous and unitary representation
(m,H) of G and & € H, such that w(u) is of rank one and

flx) = <7r(a;)§,§>—2|—<7r(x)§,§> for allz € G .

Noting that in this case ®(x) =< 7(x), & > is a positive definite u-spherical
function on G.

Proof. Tt is elementary to check that the function

< m(x)§,& = +=<7(x)§, € -
2
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is a solution of equation (3) with o(z) = =, where (7, H) is a continuous and
unitary representation of G such that 7(u)(n) ==<n,§ = £ for all n € H. Thus
what is left is to show that each positive definite, continuous and bounded
solution f occurs in the formula of Theorem 4.1.

Let f € Cp(G) be a nonzero positive definite solution of equation

(6) /G f(ety)dp(t) + /G Flaty™)du(t) = 2/ (2)1(y).

By [6, Lemma 2.3], f is u-invariant; hence, in view of [3, Theorem 5.3], there
exists a bounded positive Radon measure g7 on €2;: the set of positive definite
u-spherical functions on G such that

(7) f(z) = / w(z)doyr(w) for all z € G.

n

Using this expression for f and the fact that f satisfies equation (6) gives us

/Qu (@) [ /Q w(y)do - Re<w><y>} dos(w) = 0.

It follows from the injection map M (Q,) — Cyp(G), i(V)(z) = fQu w(z)dd(w)
(see [2]), that
Re(w)(y) = / @(y)des(w) = f(y)
n

on the support of gy.

Using the linear independence of the p-spherical functions (see [6, Lemma
2.2]), we get

Supp(¢y) = {w, w},  weQ,,

and

05 = ady, + bog where a,b € R™.
This implies that

f(z) = (a+b) Re(w)(2) +i(a = b) Im(w)(),

since f(e) = 1 and f(z) = f(z7!), hence there exists w € , such that
f(x) = Re(w)(z) for all x € G.

By [3, Theorem 4.5.2], there exits an irreducible, continuous and unitary
representation (m,H) of G and ¢ € H, such that m(u) is of rank one and
w(z) =< m(x)€, £ . This completes the proof of Theorem 4.1. |
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Now we are going to give some conditions under which the solutions of
equation (3) are expressed in terms of coefficients of irreducible, continuous
and unitary representations of G, we also consider the integrable solutions,
in particular if G is compact the complete solutions formulas are determined
under the condition that f satisfies K(u).

THEOREM 4.2. Let p be a o-invariant measure. Let f € Cy(G) be a
solution of the functional equation (3) satisfying K(u).

(1)
(2)

There exists a p-spherical function ® such that f(x) = w for

allz € G.
If ®(x) =<m(z)&,( > and

< m(@)§, ¢ = + < m(o(x))E, ¢ =
2 )

fz) =

then 7 admits an irreducible subrepresentation © such that « (1) is of
rank one,
< (@€, (- + <m(o(@)E, ¢ -

2

fz) =

for all z € G, and 7 (u)n =<1, = €.

If ® is a positive definite function and f(x) = w, then there

exists an irreducible, continuous and unitary representation (7, H) of G
such that 7(u) is of rank one and

tr(m(w)m()) + tr((o(a))m(p)
! .

fz) =

If f is integrable, then there exists an irreducible, unitary and integrable
representation (w,’H) of G such that 7w(u) is of rank one and

flz) = < m(x)E, ¢ > —&-; m(o(x))E, ¢ -

for all x € G, where £,( € H are such that m(u)(n) ==<mn,{ > &.

If GG is compact then, there exists an irreducible, continuous and unitary
representation (w,’H) of G such that 7w(u) is of rank one and

<m(x)§,( =+ < 7(o(x))E, ¢ -

) = ;

for all x € G.
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Proof. See [6, Theorem 2.2] for (1), and [4, Theorem 2.2] for (2) and (3).
(4) According to the proof of [6, Theorem 2.1], the u-spherical functions
® in (1) are written in the form

O(x) = —l—k[/fﬂ:ta dp(t) /fxta )dp( )} forallz € G

for some k € C and a € G such that
/fatadu /fata Ydu(t) #0 or d=f.

It follows directly from these formulas that f is integrable if and only
® is integrable. Now, by applying [4, Theorem 2.5] we derive the rest of
the proof. |

5. GENERALIZED D’ALEMBERT FUNCTIONAL EQUATION ON LIE GROUPS

In the present section G stands for connected Lie group and o designate
a continuous automorphism of G which satisfies c oo = 1.

A form of the continuous solutions of equation (3) we shall characterize
in terms of eigenfunctions of some operators. At this place we recall some
definitions used in the sequel.

For each fixed a € GG, we define the translation operator as follows: if
g € O(G) then (L,g)(z) = g(a™'z). We will say that a operator T : C(G) —
C(G) is left-invariant if (L,T)(g) = T'(Lag) for all g € C(G).

The following result will be used later.

PROPOSITION 5.1. For any operator T' : C(G) — C(G), the operator T,
defined by

T.(9)(2) *T{ e=19)u + (Ly-19) 0 0} (e) geC(@), zeq,

satisfies the following properties:

(i) T} is left invariant;
(ii) Tu(g)(e) = %T{gu + g, 0o}(e); in particular, if g, = g and goo = g we
have T, (g)(e) = T(g)(e);
(iii) if f is a right p-invariant solution of equation (3), then f is a common
eigenfunction of the operator T),; more precisely T,,(f) =T(f)(e)f.
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Proof. (i) Let g € Cy(G) and let a € G; for all z € G we have

La(Tug)(#) = Tugla™'2) = 5 T{ (L9 + (Lomra9) 0 0}
= 3 T{(Lar (Lag))u+ (Lot (Lag)) 0 7} (€) = TulLag) (),
which proves (i).

(ii) Is evident.
(iii) Let f be a right p-invariant solution of equation (3); this means that

/ F(aty)du(t) / F(ato(y)du(t) = 2f(2)£(y)

and

/ f(at)du(t) = f(z)
G

for all x,y € G. We conclude that

(Ly s F)u(@) + (Lys / / ) (st dpu(s) dp(t)

+ [ / (Ly+ ) (so(@)t)du(s)dp(?)
//fyswt dp(s)dp(t) //fysa t)du(s)du(t)

/fysx dp(s /fysa Jdu(s) = 2f(x)f(y).

For x = e, we get

TNW) = Ly D+ (Lyr Do he) = T W),

Hence it follows that T),(f) = T'(f)(e) f. This completes the proof. 1

Let C,*(G) = i * C* * Afi denote the space of C*° and p-biinvariant
functions on G, where A denotes the modular function on G. The subspace
of C,*°(G) of functions g which satisfies goo = g, will be denoted by C,,*°(G).
Finally D(G) denote the algebra of left invariant differential operators on G.
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PROPOSITION 5.2. Let p be a o-invariant measure with compact support
and let T € D(G). For all g € C,*°(G) we have

1
T.9 = i{Tg*A/l—l-(Tg*A/:L)OO'}.
Furthermore T, € C,,°(G).

Proof. Let T € D(G) and let g € C,°°(G). For all z,y € G we have

Ly19)u // (ztys)du(t)du(s) .

Since g is right p-invariant, then we get

(Lo-19)u(y) = /G o(ety)du(t) = /G (L1 0) () du(t)
it follows that

T(Ly-1g)u(c) = /G (TLiuor-19)(€) du(t)

~ [ W Toedntt) = [ (To)atidutt) = Ty« .
G G
On the other hand
(Ly19)n / / (wto(y)s)du(t)dp(s) = /G o(ato(y))du(t).
Since go o = g and o(u) = p, then we have
(Lo 9)u(o () = /G 9o (2)ty)du(t) = /G (Lioayy-10) () du(t)
This implies that

T(Lxlg)u(e)_/G(TL(a(x)t)19)(€)dﬂ(t) = /G(L(a(x)t)ng)(e)dﬂ(t)

_ /G (Tg)(o(x)t)dpu(t) = (Tg* Af)(o(x)).

Consequently

(Tug)(w) = 3 {Tg* Ai)(a) + (T « ) (o (x)}.
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This proves the first point of Proposition 5.2.

It’s clear that (T,g)(c(x)) = (Tug)(x) for all z € G.

Now we are going to prove that T),g is p-biinvariant. In virtue of the
fact that g € Cy(G) is p-biinvariant (with o(u) = p) if and only if g o o is
p-biinvarint and according to expression of T),g, it’s sufficient to prove that
T,,g * Afi is p-biinvariant. So

pax (Tgx Ap)« Ap = gxTgx App = T(ixg)« AN = TgxAf.
This shows that T},g is p-biinvariant.

On the other hand, by using the fact that p is a compactly supported
measure, it’s easy to prove that 7,,g € C*°(G). This completes the proof. 1

The main result of the present section is the following theorem.

THEOREM 5.3. Let G be a connected Lie group. Let p be a complex
measure with compact support such that o(u) = p = p* u. Let f € C(G).
Then, the following statements are equivalent:

(1) f is a solution of the functional equation (3);
(2) (i) f is p-biinvariant, foo = f,
(ii) f is analytic, and
(iii) f is the common eigenfunction of the operators T), for all T € ID(G).
Proof. (1)=-(2) Follows directly from [6, Proposition 5.1, Lemma 2.3].
(2)=(1) Suppose that (2) holds, with T,,f = A(T')f for any operator
T € D(G). By Proposition 5.1 (4), A(T) = T(f)(e). For a fixed element x in

G, we define the new function

o =3{ [ et + [ saowymn}.  vee.

Since p * g = p, o(p) = p and f is p-biinvariant, then also g is p-biinvariant.
In virtue of o(pu) = p and foo = f we get

o) = 3{ [ L Da® + [ Lo D0}

Consequently for all T' € D(G) we have

(Tpu(9)(y) = 5 Tu(Ligy— ) dp®) + | Tu(Lig@n-1)(y)du(t) ¢
2 lJa G



D’ALEMBERT FUNCTIONAL EQUATION 81

Since T}, is left invariant (see Proposition 5.1), then we obtain

(T0)(w) =§{ /G 7@ttt + [ Tf(o@man |

{/fxtydu /f tydu)}
{/fxtydu /f y)t)du( )}

=T(f)(e)g

In particular
(Tug)(e) = T(f)(e)g(e) .
By Proposition 5.1 (ii) we have
(Thg)(e) = T(g)(e),
and hence it follows that

T(g—gle)f)(e)=0 for all T € D(G)

since g — g(e)f is analytic function on the connected Lie group G. Then, in
view of [8, Chapter II] we obtain

We conclude that

{/fxtydu /fa:ta Y )}

for all x,y € G. This ends the proof of Theorem 5.3. 1

COROLLARY 5.4. Let G be a connected Lie group, let ;i be a complex
measure with compact support such that o(u) = u = p*u, and let f € C(G).
If f is a solution of the functional equation (3), then f is the unique solution

of {g€C,>(G) : Tu(g) =T(f)(e)g for all T € D(G)}.
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