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1. INTRODUCTION

The aim of this paper is to show, among other things, that, in separable
Banach spaces, the presence of the smoothness with the highest derivative
Lipschitzian implies the uniform Gateaux smoothness of degree 1 up. More
exactly:

THEOREM 4.1. Let X be a separable Banach space such that for some
nonnegative integer n its norm is n times differentiable on X\{0} and its n-th
derivative is Lipschitzian on the unit sphere. Then X admits an equivalent
norm which is, on any fixed annulus around the origin, n + 1 times uniformly
Gateaux differentiable, and whose derivatives of degree less than n + 1 are
Lipschitzian there.

The proof of this theorem uses countably many integral convolutions, an
implicit function theorem, and appropriate chain rules. Its predecessors are
papers [3] and [4].

Let p > 1 be an odd integer. Then the space L,, with a sigma finite
measure, is separable and its canonical norm is p — 1 times differentiable with
the highest derivative Lipschitzian on the unit sphere [2, Theorem V.1.1].
Thus we get, from our theorem, an equivalent norm on L, which is p times
uniformly Géateaux differentiable. This was proved, in a different way, by
Troyanski in [9]. A more general case of Orlicz spaces considered by Maleev
in [7] is also covered by our theorem.
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Our theorem cannot be extended to nonseparable spaces: Let p > 1 be
again an odd integer and let I' be an uncountable set. Then the canonical norm
¢, (T) is still p—1 times differentiable with the highest derivative Lipschitzian
on the unit sphere [2, Theorem V.1.1]. Yet this space does not admit any
p times Gateaux differentiable equivalent norm or bump function [9], [8], [5,
Section 4].

The first part of the proof (dealing with the integral convolutions) of the
above theorem yields:

THEOREM 4.2. Let X be a separable Banach space such that for some
nonnegative integer n there exists an n times differentiable bump function
on X, with its n-th derivative Lipschitzian. Then X admits an n + 1 times
uniformly Gateaux differentiable bump whose derivatives of degree less than
n + 1 are Lipschitzian.

An inspection of the process of subsequent integral convolutions used in
the proofs reveals that the constructed equivalent norm or bump can be done,
respectively, as close to the original norm or bump as we wish. Further,
if the norm or bump in the assumptions of our theorems is moreover C*)-
smooth, with k € {n+1, n+2, ...} U{oo}, then, respectively, the constructed
norm or bump is moreover C*)-smooth. Thus we cover [4], where n = 0 was
considered. There are also local versions of our theorems when “Lipschitzian”
and “uniformly” are replaced by “locally Lipschitzian” and “locally uniformly”
respectively.

The above theorems can be completed by the following reverse results (for
the notation see below):

PROPOSITION 3.10. Let (X, || -||) be a (not necessarily separable) Banach
space, with dimension at least 2, and let n € N. Then the following three
assertions are equivalent:

Q) ||- 1| € 6™ (Sx) and || - | is Lipschitzian on the unit sphere Sx.
(i) || -1l € LZP™(Sx).
(i) || - || € LZP™(A) for any annulus A around 0.
The above assertions are implied by
(iv) || [l € UG" T (Sx).

From [6] a variant of the above follows: If a bounded continuous function f on
a (not necessarily separable) Banach space is n + 1 times uniformly Gateaux
differentiable, then all the derivatives f*), k =1,...,n, are Lipschitzian.
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2. PRELIMINARIES

Throughout this paper, we will work with real Banach spaces. The to-
pological dual of X is denoted by X*. The closed unit ball in X is de-
noted by Bx. The unit sphere in X is denoted by Sx. Further we put
U(x,0) = {y € X : lly— x| < 8}, B(,6) = {y € X : |y —al < 3},
U(€,6) = Upeq U(x,0), where § > 0, z € X, and Q C X. The symbols N and
R stand for the set of positive integers and the set of real numbers respect-
ively. The symbol domf denotes the domain of the mapping f. The symbol
Lipg(f) denotes a Lipschitz constant of a mapping f with respect to the set
Q. Given n € N, the symbol £™(X,Y) denotes the (Banach) space of all
n-linear bounded operators from X to Y endowed with the norm

|L|| = sup{||L(h1,...,hn)| : h1,... hy € Bx}, LeL™(X,Y).

If n =1, we write £(X,Y) instead of £L(V(X,Y). Further we put £ (X) =
LM (X, R). Thus X* = £(X). We note that there is a canonical isometry
between L£(X, L™ D (X,Y)) and L™ (X,Y). So, in what follows, we will
identify these two spaces.

DEFINITION 2.1. Let X, Y be Banach spacesand 2 a subset of X. We say
that a mapping f from X into Y is Gdteaux differentiable at x € X if

(i) there is 0 > 0 such that U(z,d) C domf, and
(ii) there is I, € £(X,Y") such that for every h € X

Hf(x +7h) — f(z) L(h)

T

lim
T7—0

|0

We then denote f/'(z) =1,. We say that f is Gateaux differentiable on Q if f
is Gateaux differentiable at every point z € Q. Then we write f € G()(Q).
The Gateaux differentiability of the n-th order, the symbol £ (z), and the
inclusion f € G (Q) for n = 2,3,... are defined by induction.

We say that a mapping f is uniformly Gateaux differentiable on € if

(i) fegM ()
(ii) there is § > 0 such that U(2,9) C domf, and
(iii)
fle+7h) - f(z)

T

lim sup
=0 2eQ

whenever h € X.

- rwm) o
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Then we write f € UGN (). The uniform Géteaux differentiability of the

order n > 1, as well as the inclusion f € UG (Q) are defined by induction.
Finally, for Q C X we write f € .CIP(O)(Q), provided that f satisfies the

Lipschitz condition on the set Q. For n € N we write f € LIP™(Q) if

(i) feg™(Q), and
(i) f® e LzPO(Q) for k=0,...,n.

If there is no doubt what the set Q is, we write UG™, LZP™ instead of
Ug™(Q), LIP™(Q).

We can easily check that for a mapping f € UGD(Q), f e LIPD(Q), the
following equivalences hold :

freugm Q) = feug™ Q) forall n>2

fe LIP(Q) <= fe LIP™(Q) forall n>1. @1)
Also we use a standard definition of Fréchet smoothness (c.f. [1]). Let Q@ C X
be an open set and n € N. We say that the mapping f is C") —smooth on
Q if it is n—times Fréchet differentiable at every x € 2 and the mapping
z— f)(z) from Q to L*(X,Y) is continuous on . It is easy to see that f is
€™ —smooth on Q if and only if it is n—times Fréchet differentiable at every
point of Q and for every € > 0 there is 6 > 0 such that

l[f“H)(z + 7hy) (b1, hn1) — FO7V(2) (B, - .o b))

T

(2.2)

—L(hl,...,hn) <e

whenever 0 # 7 € (—6,0), 2 € Q, ||z — x| <4, and hq,...,h, € Bx. We say
that f is C(°-smooth on Q if it is C™-smooth on Q for every n € N. The
C9)-smoothness means the continuity and we put (@ = f.

Remark 2.2. Since norms are not differentiable at the origin, we say that
a norm is differentiable (in Gateaux or Fréchet sense), if it is differentiable at
all nonzero points.

DEFINITION 2.3. A real valued function f on a Banach space X is called a
bump if its support supp f := {z € X : f(x) # 0} is nonempty and bounded.
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3. BASIC FACTS ON DIFFERENTIABILITY

LEMMA 3.1. Let X be a Banach space and f : {0 — R be a function
defined on an open subset () C X satisfying the following three assumptions:

(i) f isn times Fréchet differentiable on the set €.
(ii) For all x € Q and hy,...,hp41 € X the directional derivative

Dhn+1f(n)(x)(h17 ceey hn)
= Tim 2 [FO) (@ + s 1) (b, s ) = £ (@) (B s )]

exists.

(iii) The mapping x Dhnﬂf(") (x)(h1,...,hy) is continuous on §Q for any
hl,...,hn+1 € X.

Then for every x € §) the mapping ¢, : X" — R defined by

(pm(hla . '7hn+1) = Dhn+1f(n)(x)(h1> . 7hn)

is an (n + 1)-linear and symmetric form in variables h1, ..., hyy1.

Proof. 1t is a consequence of the well known Schwarz theorem from ana-
lysis. 1

LEMMA 3.2. Let X, Y be Banach spaces, ) C X an open set, and
f:+ X — Y a mapping.

(i) Let f € LIPO(U(R,6)) for some § > 0 and f € UGV (). Then
x +— f'(x)(h) is uniformly continuous on € for every fixed h € X.

(ii) Let f € GM(Q) and z — f'(z)(h) be uniformly continuous on € for
every fixed h € X. Then f € UGV ({z : B(x,8) C Q}) whenever § > 0.

Proof. (i) Fix h € X and suppose that f € LIPO(U(Q,4)) for some
0 > 0. Then for sufficiently small 7 # 0

Lt +7h) = (@) = 2[f(= + 7h) — £(2)]

T T

‘ -0 (3.1)
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whenever z,z € Q and ||z — z|| — 0. Then (3.1) and the inequality

Hfmxm—J%@wws]f@xm—iw@+fm—fwn

+2r e - - |
|21 ) = £ - 215G+ ) - S

complete the proof.

(ii) Fix e > 0, h € X, 6 > 0. Then we can find » > 0 such that
{z: B(z,0) C Q}+rh C Q, and ||f'(z)(h) — f'(2)(h)|| < &, whenever z,z € Q
and ||z — z|| < r. Now, pick an arbitrary element y* from the dual unit ball
By-. Clearly y* o f € GM(Q) and (y* o f)(z)(h) = (y*, f'(z)(h)). Using the
mean value theorem, we have

(y", f(z +7h) — f(z)=f(z)(Th))]
=y, fle +7h)) = (" f(2)) = (" f'(2)(Th))|
= [7Il(y", f'(z + 07h)(h) — f'(x)(h))|
< I7llf'(z +0rh)(h) — f'(@)(R)|| < |7e.
whenever B(z,0) C 2 and || < r. Here 6 € (0, 1) is a constant dependent on
x,h,y*, and 7. Hence

" fa+7h) = fla) = f/@) ()] <elr]
whenever B(z,d) C Q, || <r, and y* € By«. Therefore
If (@ +7h) = f(x) = f'(@)(rh)| < e|r|
whenever B(z,d) C €, |7| < r, which completes the proof. [

Remark 3.3. By Lemma 3.2 (ii), if f : X — Y satisfies f € LIP™(Q),
then f € UG™ ({z : B(x,d) C Q}) whenever § > 0.

LEMMA 3.4. Let X, Y and Z be Banach spaces and U, V be open subsets
in X andY respectively. Further let f be a mapping from U intoY and g be a
Lipschitzian mapping from V into Z. Assume that f is Gateaux differentiable
at x € U, that y := f(x) € V, and that g is Gateaux differentiable at y. Then
the composition g o f is Gateaux differentiable at x and for all h € X

(go ) (@)(h) = g'(f(@)(f (x)(h)).
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Proof. For h € X and 7 # 0 we have

g Nl +7h) ~ (g0 @) = ~ [o(F@) + F@)(rh)) ~ g(f ()]
+ 2 [g(f() + F@)rh) +o(r) — g(f(a) + F/(@)(rh))].

Since g is Lipschitzian, the last term tends to zero when 7 — 0. Thus
1
“llgo M@ +7h) = (9o f)(@)] = ¢'(f(2))(f'(x)(R))
as 7 — 0. The linearity of the derivative is clear. [

LEMMA 3.5. Let X, Y and Z be Banach spaces, let Q C X, Q' C Y
be open sets, and let n € N. Further let f : X — Y, g : Y — Z be two
mappings such that f € LIP™(Q), g € LIP™ (V) and f(Q) C . Then
go fe LITP™(Q).

Proof. The conclusion is obviously true for n = 0. Consider n > 1 and
assume that the conclusion was verified for n — 1. Further define a mapping
0: LY, Z)xL(X,Y) — L(X, Z) by o(u,v) :=uov, u € L(Y,Z),v e L(X,Y).
It is easy to check that the composition mapping o is £LZP(*). Indeed, for
h,a € L(Y,Z) and k,b € L(X,Y) we have

o (u,v)(h,k) =hov+uok
o"(u,v)((h,k), (a,b)) =hob+aock
0" (u,v) = 0.

Let ~ denote the mapping z — ((¢'o f)(z), f'(z)), = € Q. By Lemma 3.4, the
derivative (g o f)’ exists and

(g0 f)(z)(h) =g (f@)f (@)h] = ([¢'(f(@)] o [f'(2)])(h)
= {o(lg'(f(2))], f'(z))} ().
Hence
(g0 f)(z) = o([g'(f(x))], f'(x)) = (007) (),

and so (g o f)) = 0o ~. By the induction assumption, v € EIP("_l)(Q).
Hence, by the induction assumption used again, oo~y € EIP(”_D(Q), ie.,
(go f) € LTP"1(Q), and, by (2.1), go f € LIP™(Q). I
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LEMMA 3.6. Let X, Y and Z be Banach spaces, @ C X, Q' C Y open
sets and n € N. Further let f : X — Y, g:Y — Z be two mappings such
that f(Q) C &, that

(i) feUg™(Q)n LzP"V(U(Q,e)) for some ¢ > 0, and that
(ii) g € LIPM™ (V).

Then for every 6 > 0, go f € UG™ ({x : B(x,8) C Q}) N LIPD(Q).

Proof. Suppose first that n = 1. Then, by Lemma 3.5, go f € LZP©) (Q),
and, by Lemma 3.6 (i), for fixed h € X we have ||f'(z)(h) — f'(z)(h)|| — 0
whenever z,z € Q and ||z — z|| — 0. By Lemma 3.4, the composition g o f is
Gateaux differentiable and (go f)'(z)(h) = ¢'(f(2))(f'(z)(h)) ifx € Q, h € X.
Fix h € X and calculate

g0 £)'(@)(h) = (g0 /) ()W)l = llg' (£ (@) (f'(z)(R) — g'(f (2)) (' (2) (W)l
<lg'(F@)) = g' (FEDI L @M+ (FEDI I @)(h) = ()]
< Lip(¢')[Lip(H)] ||l |z = 2| + Lip(g)[|f () (R) = F'(z)(R)]| = 0,

whenever z, z € Q, ||z — z|| — 0. Then, by Lemma 3.2 (ii), go f € UGV ({x :
B(z,0) C Q}) for every 6 > 0.

Now, assume that n > 2 and that we have verified the claim for n — 1.
Fix § > 0 and consider f € UG (Q) N LIPPD(U(Q,¢)), g € LIPM ().
By Lemma 3.5, go f € £I73("_1)(Q). By the induction assumption, ¢’ o f €
UGV {z : B(x,8) c Q}). Note that also f/ € UGV ({z : B(x,8) C Q}).
Then the mapping = — ((¢’ o f)(x), f'(x)) is in UGV ({z : B(z,8) C Q}).
Finally, imitating the proof of Lemma 3.5, we get that go f € Ug(")({x :
B(z,0) Cc Q}). 1

LEMMA 3.7. Let X be an at least two-dimensional Banach space, let x €

X, 2/ € X, and assume that ||z|| < ||2||. Then there exists z € X, with
|lz|l = ||z||, and such that

1
|0 =t +tz]) = Slle| forall teR, (3.2)

and )
(1 —t)z" +tz| > ngH for all t € [0,1]. (3.3)
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Proof. First of all, we prove the following
CrLAM. Let u,v € X be such that ||v]| < ||u|| and ||v]] < ||v+ su|| for every
s € R. Then for every t € R we have

1
12 = u+ o]l = Sl
Indeed, consider ¢ € R. If [|t(u — v)|| < Z||u]/, then
11—ty + toll = flu— b — )] = [lull — e — o))
2 1 1
> Jlull = 2 lull = 5 llull 2 glol.

If ||t(u —v)|| > %Hu”, then

|t|>g lull 2 1_1
3lu—v| =3 2 3
and so ) )
t—
12 =u+ o] = [t] o = ——u| = Sl

This proves the claim. [J

Now, consider a two-dimensional subspace X of X such that z, 2’ € Xs.
We find f € X3 for which f #0, f(z) =0, and f(2’) > 0. Let B={u € X»:
|lul| < ||z||}, a compact subset of X5. Find z € B such that f(z) = max f(B).
Then surely

u€ Xy and f(u) 2 f(z) = [lul| = [|lz]]. (3.4)
Since z € B is not contained in the interior of the set B, we have
121l =[] (3.5)

Now, since f(z + sz) = f(2) + sf(x) = f(z) for every s € R, the implication
(3.4) yields that
Izl < ||z + sz|| forall seR. (3.6)

By (3.5), (3.6) and by our Claim the property (3.2) is satisfied.
In order to prove the property (3.3), consider first the case when

f@') > f(2). (3.7)

Then for every ¢ € [0, 1] we have

F(A=t)a’ +tz) = (L—-t)f(2') + tf(2) > f(2).
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Using this and the implication (3.4), we have ||(1 —t)z’ 4+ tz|| > ||z||, which is
(3.3). Second, suppose that

0< f(2) < f(2). (3.8)

Find an element y lying in the line determined by the points z and z’, and
satisfying f(y) = 0. Then

r=(01-71)y+r7z (3.9)

for some 7 € [0,1). If ||y|| < ||2]|, then y is contained in the interior of the set
B and, because z € B, by (3.9) the point z’ lies in the interior of B as well.
This gives us an inequality ||2/|| < [|z||, which is in a contradiction with the
assumption of our lemma. Therefore

1z[F < {lyll (3.10)

Further for every s € R we have f(z 4 sy) = f(2) + sf(y) = f(z). Hence, by
(3.4),
llz|| < ||z + sy|| for all seR. (3.11)

Now, by (3.10), (3.11) and by our Claim, for every ¢ € R we have
1 1
10 = B+ £l = 2l = 2o,

The property (3.3) now follows from the fact that the line determined by the
points 2’ and z is identical with the line determined by the points y and 2. I

LEMMA 3.8. Let X,Y be Banach spaces, X be at least two-dimensional,
n € N, and 0 < a < 1. Further assume that f : X\{0} — Y isn times Gateaux
differentiable mapping with f(") Lipschitzian on the annulus Bx \ 3w Bx. Then
fof's..., f®V are all Lipschitzian on the annulus Bx \ aBx.

Proof. Assume first n = 1. We have to show that f is Lipschitzian on
Bx\aBx. Since f’ is Lipschitzian on Bx\(«/3)Bx, we have that the number

O =sup{|l/ Wl v € Bx\5Bx}

is finite. Take any z, 2’ € Bx\aBx. If [z,2'] C Bx\(«/3)Bx, then the mean
value theorem guarantees that

1f(x) = f@)I] < sup{lIf' ()l = € € [w,2T}H|z —2'|| < Clla — 2.
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Second, assume that [z, 2'|N(«/3)Bx # 0, say ||tx+(1—t)z'|| < (/3) for some
t € (0,1). By Lemma 3.7, there is z € Bx\aByx so that [z, z] N («/3)Bx =0
and [z,2'] N (a/3)Bx = 0. Thus

1f (2) = fF @) < 1 (@) = fI+11f(2) = f@)]] < C(lle— 2l + [l —2[]) < 4C.

But o
3 2tz + (1~ t)a'|| > 2’| =tz — 2’| > a — [lz — 2],

and so ||z — 2| > (2a/3). Therefore

3 2a 6C
() = f@) <40 =40+ - T < 2o — o],

For n > 1 we proceed by induction, using what we have just proved. 1

LEMMA 3.9. Let X,Y be Banach spaces, n € {0} UN, let f : X — Y be
positively homogeneous mapping bounded on Sx. If f € Z/IQ(”+1)(SX), then
f™ is Lipschitzian on every annulus around 0.

Proof. Note that the homogeneity of the mapping implies that it is bounded
on any annulus around 0 and that for every a > 0, x € Sx, k€ {1,...,n+1},
%) (az) exists and

¥ (az) = =¥ (@),

We will proceed by induction on n. Let first n = 0 and f € L{g(l)(SX). By the
Baire category argument from [8, Remark 2.1] f’ is bounded on Sx. Again by
the homogeneity of f the derivative f’ is bounded on every annulus around
0. Now from the proof of the Lemma 3.8 it is clear that f is Lipschitzian
on every annulus around 0. Further, assume that the assertion is true for
n =k, k> 0. Then according our assumption f*~1) is Lipschitzian on every
annulus around 0. Consequently f*) is bounded on every annulus around 0.
To finish the proof, we will apply the first part of the proof to g := f*).

PROPOSITION 3.10. Let (X, ||-]|) be a (not necessarily separable) Banach
space, with dimension, at least 2, and let n € N. Then the following three
assertions are equivalent.

Q) |-l € 6™ (Sx) and || - || is Lipschitzian on the unit sphere Sy.
(i) || -1l € LZP™(Sx).
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(i) || - || € LZP™(A) for any annulus A around 0.
The above assertions are implied by
(iv) |- | € UG (Sx).

Proof. To prove the equivalence of the first three assertions, it is enough
to show the implication (i)=-(iii). Fix any 0 < a < 1. We will show that the
n-th derivative || - ||(™ is Lipschitzian on By \ aBx. So fix such an a. Let C
be a Lipschitz constant of || - | on Sy, and fix 2y € Sx. Take any z,y € Sx
and any a < t < 1. Then, using the homogeneity of the norm, we have :

11 1 = 1™l < )— I H(”)( )H
[ 1) = 11 17 () |
<Cllz =yl + [l 1™ ()] (" = 1).
Now,
e =yl < llz —tyll + Ity — yll = [lo = tyll + llz]l = lltyl] < 2|z — tyl,

- 17 @) < Cllzo — gl + |11 17 G@o)| < 2 + [ 1% @o)|| =: €,

and
+i4 "2 n—1

1
—”—1:1—15( <z —ty| -
(1-1) < o — tyl| - S

tn—l

Thus
1 10 @) = |- 19 () || < Coalle — tyll,

where we have put Co = 2C 4 Ci(n — 1)a!~
Now, take any x,y € Sx and any a <t < s < 1. Then é > « and so, by
the first paragraph,

[1-19@ = 110G < eaffe = S|
Hence,
16~ 11 1) )|

t
G|z~ “y| = s Callse —
S

-1 (sz) = [ [ ty) || = '

< a "Cf[sz —ty].
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Therefore || - || is Lipschitzian on the annulus By\aByx. Now, applying
Lemma 3.8, we get (iii).
(iv)=(i). This implication is a direct consequence of Lemma 3.9. 1

Remark 3.11. It is easy to check that a norm || - || on a Banach spaceX
belongs to UG™ with respect to any annulus around 0, provided that || - || €
UG™ (Sx).

4. EXISTENCE OF UNIFORM GATEAUX DIFFERENTIABLE RENORMING

THEOREM 4.1. Let X be a separable Banach space such that for some
nonnegative integer n its norm is n times differentiable on X \ {0} and its n-
th derivative is Lipschitzian on the unit sphere. Then X admits an equivalent
norm which is, on any fixed annulus around the origin, n + 1 times uniformly
Gateaux differentiable and whose derivatives of degree less than n + 1 are
Lipschitzian there.

Proof. In our proof we will freely follow the constructions from [4] and [3].

Also note that, by Proposition 3.10, we can suppose that the derivatives of
our norm || -|| are Lipschitzian on every annulus around 0. So we may not care
about a concrete annulus.
STEP 1. Basic construction. Consider a C(®*)-smooth function ¢g : R — R
such that ¢g > 0, supp ¢o C [—1/2,1/2] and [ ¢9 = 1. Then define the
functions ¢;(t) = 27¢¢(27t),j € N,t € R. Since X is separable, there is a
countable set S = {z; € Bx : j € N}, such that S = Bx. Now, we will define
a sequence of functions {fn, : X — R}>°_; by

fm(x) = /]Rm Hx - i;tjxj“jﬁ¢j(tj)dtl codty, zeX. (4.1)

Note that the functions f,, are well defined since the integrand is continuous
on R™ and zero outside the compact space

11 11 1 1
Tl STy X | T omrr gme |
It is easy to see that

[fm(z) = fm(y)] < [l =y (4.2)
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for all m € N, z,y € X. Hence f,, are 1-Lipschitzian functions for each m € N.
Now, assume n < m and x € X. Then, using the fact that [ ¢; =1, we get

|fn(z) = fu(2)] g/Rm H f: tjxjHﬁgbj(tj)dtl...dtm
j=n+1 j=1

m
< Z 2_j_1 - 07

j=n+1

as n — oo and m — oo, uniformly for 2 € X. Thus, we can put f(z) :=
lim,, o0 frn(x), © € X. It is easy to see that f is convex, 1-Lipschitzian, and

Izl - 5 < £(a) < llall + 5 (43)

N =

for all z € X.

STEP 2. The functions f,, are C(™-smooth on X \ %BX, andfork=1,...,n
we have

FB (@) (..., hy)

- /R 110 =St (b, i) [ 65y dt Y
" j=1 j=1

Where$€X\%BX and hy,...,hy € X.

For k = 0 the claim is trivial. Assume that the claim was verified for £ —1
where k € {1,...,n}. Fix any # € X\1Bx and any ¢ > 0. Since the k-th

derivative || - [|®) is Lipschitzian, there is § € (0, l|lz|l — 1) such that
m m
1196 = Y ) - 119 = S| < @)
j=1 j=1
whenever z € X, ||z —z| <26, m € Nand t; € [—#,ﬁ], j=1,...,m.

Then, if 0 # 7 € (=4,9),y € X, |ly — x| < 9, h1,...,hx € Bx, m € N, using
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(2.2), (4.4), (4.5), and the Newton-Leibniz formula, we have

]%[fﬁf*)(y + rhi) (B hemn) = £5D () (s - i)

—/m x—Ztm] (hi,...,h )H¢'(tj)dt1---dtm

J=1

/m{%[H AN E (y + hy, — tha:j)(hl,...,hk,l)

J=1

k 1) Zt]xj hl,...,hk_l)]
) (& — thzz,‘j)(hl, L ,hk)} H ¢o;(ti)dty ... dtm’
/ / y—i—OThk—Zt:cj Y(hi,- .. hy)

7j=1

¥ @ = > tjm) (b, del'[qu )ty .. ’<5.
=1

Thus, by (2.2) and by the induction assumption, f,, is C™-smooth on X\ 1By
for every n € N.

STEP 3. The function f defined in STEP 1 is C(™-smooth on X \ 1By and
1f9 (@) = fP @) -0 as m — oo,

fork::O,...,nand:L‘EX\%BX.

The claim for £ = 0 was proved in STEP 1. Let k£ € {1,...,n} and assume
that the claim was verified for k—1. Fix € X\ 1 Bx. Since ||-|®) is Lipschitz,

Hn N0 =3 ty) — [ 1B (=S tyzy)
j=1 j=1

[ 1 1

as m,n — oo uniformly for {t;}32, where t; € |—57, 577)- Then, using

STEP 2, we get that

£ (@) = P (@) = 0 as m,n — oo,
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Thus, when we put Ly = lim,,_ fff) (x), then Lj belongs to L) (X). Fix
e > 0 and let ¢ be that chosen in STEP 2. Take 0 # 7 € (=4,9), h1,...,h; €
By, and y € X such that ||y — z|| < d. Then

H[féf‘”(y +rhe) (b, hea) = £V @) (s )]

— (@) (R, )| < e
for all m € N. Now, let m — oco. By our induction assumption, we get
%[f(k_l)(y +7hi) (R, hier) = FEO () (B hge)]
— Li(h1,...,hg)| <e.

By (2.2), f is C%®)-smooth, f*)(z) = L; and Hf#f)(:v) — fB @) — 0 as
m — oo whenever € X \ 1 Bx.

STEP 4. Let xz € X\%BX, hi,...,hy, € X, 7 € N, m > i. Then the directional
derivative Dy, fgL) (x)(hi,...,hy) exists.
Indeed, by STEP 2, we can calculate

Do, £ (2)(hy, ... hy)
= lim L0 @4 )y ) — £ @) (B, B

0T

ZPL%F[/M - ¢ )(x+7xi—thxj)(hl,...,hn)Hqﬁj(tj)dtl...dtm

Jj=1 j=1
_/ l H(")(x—zt]xj)(hl,. ahn)H¢J(tJ)dtl dtm}
=l J 0@ =3 ) )
J:

- ilti +7) — 0ilti
H¢J(tj>¢( 7) — ¢i( )dt1 dt,
j=1 4
J#i

/mH 1@ = tja;)(ha, o ) [ 65t Gt dt - i

J=1 Jj=
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Here we used the substitution ¢; — 7 — t;, the fact that ¢g is C(Y-smooth, and
the Lebesgue’s dominated convergence theorem. Thus, we have

Dy, f\(z) (R, ..., hy)

= /Rm | - ||(n)(33 - thCUj)(hl, ceoshy) H ¢;(t; NoL(t;)dty ... dty, (4.6)
Jj=1 j=1
J#i

STEP 5. The directional derivative Dy, £ (z)(h1, ..., hy) exists for all z €
X\iBx,i€N, and hy,..., h, € X.

Fix z € X\ %BX, 1 € Nand hy,...,h, € X. Let Q) denote a suitable
annulus around 0 and containing the point . Since || - || is Lipschitzian on
2 (see Proposition 3.10), there is 6 > 0 such that

0 47

ma2
HH 1™ (& + 75 — thxj 1™ @+ Tz =Y tag)

J=1

as mp, mg — oo uniformly for 7 € (=4, ), and

11 1 1
(tl,...,tm,...)e —Z,Z X e X —W,W X

Define the functions

(1) = f (2 +123)(ha, . .., hy)
and

om(T) = fr(r?)(x +71xi)(h1, ... ha)
where 7 € (—9,d). We calculate

@' (1) = Dy, [ (& + 723) (R, ... hy), T € (=6,6).
By (4.6) and (4.7), we have that
|6y (T) = @y (T)] — 0 as my,mg — oo

uniformly for 7 € (=4, ). Moreover, ¢,,(0) — ¢(0) as m — oo by STEP 3.
Thus, according to a well known theorem from mathematical analysis, we
know that for all 7 € (—¢,0) the derivative ¢’(7) exists and

¢'(1) = lim ¢, (7), 7€ (=4,9).

m—0o0
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In particular

Dy f™ (y) (b1, ..., hy) = ¢'(0) = lim ¢}, (0)

m—00

(4.8)
= lim Dy ) (y) (hu - ).

STEP 6. The directional derivative Dy, ,, f™(z)(hi,...,h,) exists for all
T € X\%BX and all hy,..., hy, hptt € X.

Let us fix e > 0, x € X \ %BX, hi,...,hn, hny1 € Bx. Since the set S is
dense in the unit ball, we can find a sequence {z;}32; C S such that z; — hp 41

as j — oo. Let C' > 0 be a Lipschitz constant of f( with respect to some
suitable annulus  around 0, containing x. Note that, by Proposition 3.10,
f € LIP™(Q). Find j € N such that

€
A1 — 2| < Yok
Using this and the Lipschitzness of (™, we have

LU0 @ 4 )ty o ) — £ (@) (s )]

T

lim sup
7,7/ —0

- %[f(”)(:v + 7o) (b1, h) = (@) (B, b)) ‘

%[f(")(a:jLsz)(hl,...,hn) @) (s )]

— S @+ 7 2) (hes o ha) — £ (@) (B, - .,hn)]‘

+2C | hpt1 — zjl| = 2C||hnt1 — 25| < €.

Hence Dhn+1f(") (z)(hq,...,hy) exists. Moreover, we have
Dppi ™ (@) (R, ) = lim D, F (@) (b, ) (4.9)

for all z € X \ $Bx, h1,...,hy, hpt1 € X. Also, the limit (4.9) exists uni-
formly for hq,...,h, from any bounded subset of X and locally uniformly
in the sense that for each x € X \ %B x and any annulus {2 around 0 such
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that O C X \ %BX, x € Q, the limit (4.9) exists uniformly with respect to Q.
Indeed, if y € Q, r > 0, and hq,...,h, € rBx, then

|Dhn+1f(n)(y)(h1a .. 7hn) - Dzjf(n)(y)(h17 . ;hn)|

- 1im\1[f<">(y + Thns1) (B, b)) — FP () (e, .. )]

T—0'T

Ly k) o) — FO@) )
< P"Lipa(F) s — 51

STEP 7. For any fixed ¢ € N and any hy,...,h, € X the mapping x —
D,.f™(x)(hi,...,hy) is Lipschitzian on any annulus Q around 0 such that
QcC X\ 3Bx.

Fix o, € R, a > 3> % h,...,h, € X, and =i € N. Let C > 0
be a Lipschitz constant of the n-th derivative || - || with respect to the set

(a+ %)BX \ (6 — %)BX, see Proposition 3.10. If z,y € aBx \ fBx, then we
have

Dy f @) (1, ) = D f(2) (s - )|

/m [H N (- itjxj)(hl, o hy)
j=1

11 = 3 ) k)] T] o)k
j:l j:l
i
scm%AQ%@nwux—mummuwmu«

= lim
m—00

Thus

o; , (4.10)
< (2 A [¢o(s)lds [lz = yll 1hall - - [|nl]-
STEP 8. For any hq, ..., hn, hpyr1 € X the function
x> Dy, f™ (@) (... )

is uniformly continuous on an arbitrary annulus 2 around 0 such that Q C
X\ %BX, (even uniformly with respect to hy, ..., h, € Bx).
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Fix such an annulus Q, ¢ > 0, and h,41 € Bx. As in STEP 6, we can find
a sequence {z;}32; C S such that z; — hny1. By (4.9), there is k € N such
that

|Dp, o f () (s ) = Dy f (@) (B hi)| < /3

whenever x € Q and hq,...,h, € Bx. Further, by STEP 7, there is § > 0
such that

1D, f™ (@) (has. .. he) = Doy f™ @) (i )| < /3

whenever z,y € Q, ||z — y|| < 6, and hy,...,h, € Bx. Thus, if z,y € Q,
|z —yl <9, hi,...,h, € Bx, then

|Dp, o f™ (@) (s ) = Dy F™ (W) (has - By
< |Dppyy ™M (@) (s hy) = Doy f™ (@) (has - By

+ Doy F (@) (hay - - hn) = Doy f () (B - )|
Do S ) (M- ) = D f™ @) (B - )|
< 3 E _
3 =ec.

STEP 9. f is n + 1 times Gateaux differentiable on X \ %BX. Moreover
f e UGt (Q) for any annulus Q around 0 such that Q C X\ I1Bx.

From the assumptions of our Theorem, using Proposition 3.10, and the
construction of f and its derivatives, we get that f € LZP™(Q) on any
annulus  around 0 and such that Q C X \ %BX. Then, by Lemma 3.2
(ii), f € UGM(Q) for any annulus Q, with Q@ C X \ $Bx. If x € X \ }Bx,
then by STEP 6 and 8, and by Lemma 3.1, the mapping (h1, ..., hy, hpy1) —
D, o1 f™(2)(h1,..., hy) is bounded, (n + 1)-linear, and symmetric. Hence f
is n 4+ 1 times Gateaux differentiable on X \ %B x. Now, it remains to show
that f € UGTD(Q), i.e., thatf™ e UGM(Q) for any annulus Q around 0
and such that Q C X\ %BX. Fix such an annulus €2, € > 0, and k£ € Bx. By
STEP 8, for sufficiently small § > 0, we have

sup ‘Dk’f(n)(x + Tk)(hlv R hn) - Dkf(n)(x)(hlv s 7hn)‘ <eg
hi,....,hn€Bx



UNIFORM GATEAUX SMOOTHNESS 89

whenever x €  and |7| < §. Then, using the mean value theorem, we obtain
1" (@ +7k) — f™)(2) = Dt f " (2) (..., 0)||

= sup |f™ @+ TE) (b1, he) — F (@) (B, )
h1,...;hn€Bx

— Do () (b1, .., )|
<l|r|  sup |DpfT(x+07k)(ha, ... k) — Def"(2) (b, ..., )
hl,--.,hnEBX
0€[0,1]
<|rle,
whenever 2 € Q and |7| < 8. Therefore f € UG ().

STEP 10. Using the construction from [4, Theorem 1, Step 6] we “improve”
the function f by defining a new function g : X — R as follows

g(z) = /Rf(saz)n(s)ds, z € X, (4.11)

where  : R — [0, 00) is a fixed C(*)-smooth function, with support in [1,2],
and such that fR n = 1. It is clear that g is well defined on all of X, that it is
convex, 2-Lipschitzian, and that it satisfies (see (4.3))

1 1
|z|| — 5 < g(x) <2|z| + 3 for all z € X. (4.12)

STEP 11. Similarly, as in STEP 2, it can be shown that ¢ is a C("-smooth
function on X \ 3Bx. Moreover

0D @) (ha, . ) = / FO (52)(ha, . ha)s™n(s)ds,  (4.13)
R

for all z € X\ %BX, hi,...,h, € X. From (4.13) it even follows that g €

LIP™(Q) for any annulus Q around 0 such that @ C X \ 1Bx. See also
[4, Theorem 1, Step 12].

STEP 12. We claim that:
(i) For z € X\ %BX, hi,...,hp,hpt1 € X the directional derivative
Dhnﬂg(”) (x)(h1,...,hy) exists and
Dhn+1g(n)(x)(h1? SERE) hn)

= / Dhn+1f(n)(3:c)(h1, e h”)3n+177(8)d8. (4.14)
R
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(11) The mapplng Xn+1 > (hla RN hnv hn+1) = Dhn+1g(n) (x)(hb e hn) is
bounded, (n + 1)-linear, and symmetric for every z € X \ 3 Bx.

(iii) The function g is n + 1 times Gateaux differentiable on X \ By and

moreover g € ug("“)(m for any annulus  around 0 such that Q C
X\ iBx.

(i) The integral in (4.14) exists by STEP 8. Fix € X \ Bx, h1,...,hn,
hnt1 € X and € > 0. Then, using STEP 8, we can find 6 > 0 and an annulus
Q around 0 such that Q C X \ £Bx, [1,2]z 4+ 26Bx C €2, and

sup ‘Dhn+1f(”)(sx + 07shpi1)(hiy ... hy)
0€[0,1]

= D S (52) (1, . )| < g/27H

whenever 0 # |7| < § and s € [1,2]. Suppose that 0 # |7| < J, then, using the
Newton-Leibniz integral formula, we have

1
20t i) B ) = 5 )

- /RDhan(")(s:c)(hl, o hy)s"Mn(s)ds

/R 1[f<">(sx + 75hni1)(his ..o hn) — F (sz)(ha, . .. hy)]s™n(s)ds

T

_ / Dio s f™ (52) (s .., )™ (5)ds
R

1
< / / | Doy [0 (52 + 07 8hppi1) (1 .., )
R Jo
- Dhnﬂf(")(s:c)(hl, ceoyhy) }d@s"“n(s)ds
< /(e/?”“)s"“n(s)ds <e.
R
This proves (i). (ii) follows directly from (i) and because we already know
that the mapping (hi,...,hp, hny1) — Dhn+1f(”) (x)(h1,...,hy) is bounded,

(n+1)-linear, and symmetric for all € X\ 3Bx. (iii) can be shown similarly
as in STEP 9, using this step and (4.14).

STEP 13. Consider the set

U={zeX:g(x)<T}
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From the properties of g it directly follows that U is convex, closed, and
bounded. Since ¢g(0) < 1/2 (see (4.12)), the interior of U contains 0. Let p
denote Minkowski functional of U. It is easy to check that p satisfies all the
properties of an equivalent norm on X but the symmetry. Thus, we can find
a,b > 0 such that

allzl < p(a) < bllall, @ € X. (4.15)

STEP 14. The functional p is C(™-smooth on X \ {0} and

= i) G i) e

Fix any « € X such that g(z) = 7. First, let us verify that ¢'(x)(z) # 0.
Define the function o : R — R by o(7) = g(7z), 7 € R. It is easy to see that
o is a convex function, and ¢’(1) = ¢'(x)(x). Since o(0) = g(0) < o(1), from
the convexity of o it follows that 0 # ¢/(1) = ¢'(x)(z). Now, from the implicit
function theorem we can derive (4.16). This formula together with STEP 11
and [1, Theorem 4.7.1. or Corollary 5.4.5.], guarantees that p is C (")_smooth

on X \ {0}.

STEP 15. If || - || € LIP™(Sx), then p € UGV (Q) N LIP™ (Q) whenever
ne{0}UN, Q={z:a<plz)<pf},0<a<p.

The case n = 0 was proved in [4]. Let n > 1. Assume that our claim

is true for n — 1, and assume that || - | € LZP™(Sx). Define the auxillary
mappings
1
a(t)zz, 0#teR; B(t,z)=t-z, teR, zelX;
V() = ((@op)(z),z), 0#z€X; o(t,)=t-¢ teR, {ea™
x
r(x)=——, 0#ux¢€eX; ) =4 (x)(x), zecX.
(@) =~ 07 ¥(@) = ¢'(x)(a)

Integration by parts gives
vla) = d(@)(@) = = [ flsa)lsn/()ds, 7€ X.
Thus ¢ € LIP™(Q) for any annulus Q around 0 such that & C X \ +Bx.

Further it is easy to see that (X \ {0}) C 8By \ 3By and that ¢ > 13 on the
annulus 8Bx \ 3Bx.
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Since ||-|| € LZP™ D (Sx), then by our induction assumption we have that
p € UG (QNLIP™D(Q) whenever Q = {z: o < p(z) < f} and 0 < o < S.
As a € LIP)(Q) on any closed bounded set © C (0, +00), by Lemma 3.6
we have a op € UGM(Q) N LTP"V(Q) whenever Q = {z : a < p(z) <
B} and 0 < a < 3. Thus v € UG™ (Q) N LIZP" D (Q) whenever Q = {z : a <
p(z) < B} and 0 < a < B. Now, as r = fo~yand f§ € EIP(OO)(Q’) whenever
Q' C R x X is bounded, by Lemma 3.6 we have r € UG (Q) N LIP"~D(Q)
whenever ) = {z : @ < p(z) < f} and 0 < a < . Again, by Lemma 3.10,
aopor € UGM(Q)NLIP D (Q) whenever Q = {z : o < p(z) < §} and 0 <
o < . Finally, we define w(z) = ((aotor)(z), (¢ or)(z)), 0 # z € X. Then
we can write p' = d ow.

Now, it remains to show that ¢’ o r € UGM™ (Q) N LTP"~1(Q), whenever
Q={r:a<plx) < p}and 0 < o < . Once having this shown, then
Lemma 3.6 guarantees that p’ € UG™ (Q) N LTP" () whenever Q = {z :
a < plx) < Bland 0 < a < B as§ € LIP)(Q) for every bounded set
Q' C R x X*. Thus, by (2.1), p € UG"TV(Q) N LZP™(Q).

To prove this, let us define

Ti(x) ::g(’“)<pi)>, 0£zeX, k=1,2,...,n

(z

We will now proceed by an induction in descending order. First put £k = n
and let us show that 7, € UG (Q) N LZPO(Q) whenever Q = {z : a <
p(z) < B} and 0 < o < B. Obviously J, = g™ or € GW(Q) whenever
Q={z:a<p(r)<pf}and 0 < a < (. Let us show that for any fixed h € X
x — J)(z)(h) is uniformly continuous on Q whenever Q = {z : a < p(z) <
B} and 0 < a < (. Using Lemma 3.4, we calculate

T = g" ) (r(@) (¢ (@) (h))

o) (e

-5 (i) 0= 5 () ()

Since ¢ e UGH () N LIZPO (V) whenever Q' is any annulus around 0
such that ' C X \ 1By, by Lemma 3.6 for each fixed h € X we have
gD (2)(h) — gtV (2)(h)|| — 0 as z,z € 8Bx \ 3Bx and ||z — z|| — 0. If
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x, z € §, then we have

) = (2l =

<56 [

‘ p(2) — p(z)]
p(z)

1 b
—|le = 2]l + —|lz — 2|
o} ao

IN

Using this and the fact that sup{||g""*V(z)|| : = € 8Bx \ 3Bx} < oo,
resulting from the Lipschitzness of ¢(™, we get

e (e )0 =™ ()]

whenever Q = {z:a <p(x)<pfland 0<a < f, x,z2€Q, [z —z|| — 0.
By STEP 12, using the integration by parts we get for z € X \ %BX,
hl,...,hn € Bx

$ D@ @) ) = [ S (50)(a) ) )
= —/Rf(”)(sa:)(hl, ooy hy)[8™n(s)] ds.
Let C' > 0 be the Lipschitz constant of £ with respect to 16Bx \ 3Bx. Then
9"+ @)(a) =g " D@ < 2C0a =] [ I5"n(s)ds., w2 € 8Bx\3Bx.

Using this, and the fact that ¢ e LZP©)(8Bx \ 3Bx), we get

e ) () -5 () ()l

whenever z,z2 € Q, [x —z|]| = 0, 2 ={z:a <px) < B} and 0 < a < .
Consequently for every fixed h € X ||J.(z)(h) — T, (2)(h)|| — 0 whenever
z,z€Q|lz—2]| —-0,Q2={z:a<p(x)<pf}and 0 < o < . By Lemma 3.2,
Tn € UG Q)N LIPO(Q) whenever Q = {2 : o < p(x) < } and 0 < a < S.
Now, assume that for some k € {n,n—1,...,3,2} we have already showed that
T € UGR) 0 LZP=F)(Q) whenever Q = {z : a < p(z) < B} and 0 <
a < 3. We will show that Jj,_; € UG F+2(Q) N LZP=F+D(Q), whenever
Q={r:a<p)<p}and 0 < a < S Since Jy_1 = g* Y or, then by
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Lemma 3.4 Jx—1 € GW(Q) whenever Q = {z:a < p(z) < 8} and 0 < a < 3.
Moreover

Tizi(@) = 9P (r(@)] o [F'(2)] = [T(@)] o [ (2)], €.

Here v € UG Q) N LZP2(Q) c ug"*@Q)n = £prh(Q)
whenever Q@ = {z : a < p(z) < f} and 0 < a < . Clearly also =
(Ti(x), 7' (2)) is in UG HTD(Q) N LITP™F)(Q) whenever @ = {z : a <
p(z) < B} and 0 < o < (. Then, using the properties of the composition
mapping “o” (used in the proof of Lemma 3.5), we can conclude by Lemma 3.6
that 7, , € UG D (Q) N LZP"~F)(Q) and consequently, by (2.1), Ji—1 €
UGm=k+2)(Q)y N LZP () whenever Q = {z : o < p(z) < §} and 0 <
o < 3. Thus, we proved that ¢’or (= J1) € UG™ (Q)NLTP" V() whenever
Q={z:a<p(r) <p}and 0 < a < (. Finally putting |||z|| := p(z) +p(—z),
r € X we get an equivalent norm satisfying the conclusion of our Theorem. [

An inspection of the first nine steps of the proof of Theorem 4.1 yields the
following

THEOREM 4.2. Let X be a separable Banach space such that for some
nonnegative integer n there exists an n times differentiable bump on X, with
its n-th derivative Lipschitzian. Then X admits an n + 1 times uniformly
Gateaux differentiable bump whose derivatives of degree less than n + 1 are
Lipschitzian.

From our Theorem 4.1 we can also derive the following two propositions.

PROPOSITION 4.3. Let X be a separable Banach space which admits a
bounded UG® -smooth bump. Then X admits an equivalent norm, UG-
smooth on any annulus around 0 and whose first derivative is Lipschitzian on
the unit sphere.

Proof. Let b denote a bounded #G®-smooth bump on X. By [6] we
know that b is Fréchet smooth with Lipschitzian derivative on X. Then, by
[2, Theorem V.3.2], X admits a norm whose first derivative is Lipschitzian on
the unit sphere. Finally, our Theorem 4.1 gives an equivalent UG _smooth
norm with first derivative Lipschitzian on the unit sphere. |1

PROBLEM. Let X be a nonseparable Banach space which admits a bounded
UG@ -smooth bump. Does then X admit an equivalent UG@-smooth norm?
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ProroOSITION 4.4. Let X be a separable Banach spacecontaining no iso-
morphic copy of ¢y, and assume that X admits a C®-smooth bump. Then X
admits an equivalent norm which is UG® smooth on each annulus around 0
and whose first derivative is Lipschitzian on the unit sphere.

Proof. First note that if X admits a C®?-smooth bump, then its first de-
rivative must be locally Lipschitzian on X. By [2, Theorem V.3.1], X then
admits a smooth bump whose first derivative is Lipschitzian on X. Then, by
[2, Theorem V.3.2], X admits a norm whose first derivative is Lipschitzian on
the unit sphere Sx. Consequently, Theorem 4.1 completes the proof. |

Let us mention that it is unknown whether a separable Banach spaceadmits
a C®-smooth norm if it admits a C@-smooth bump.
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