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1. Introduction

Dacunha-Castelle and Krivine introduced ultraproducts in Banach space
theory, inspired in model theory of Logic, in [4] in 1972. Ultraproducts be-
come a powerful tool in many applications (see for instance [6], [11], [8], [5]
and [10]). One of the more important questions is to know the structure
of the ultraproduct space, searching the permanence properties of the factor
spaces when we form the ultraproduct. For instance, it is known that given
a family {Lp(Ωd,Md, µd), d ∈ D}, 1 ≤ p < ∞ and an ultrafilter U in D, the
ultraproduct (Lp(Ωd))U is isometric to another Lp(Ω,M, µ) space (see [4]).

However, the proof (based on the classical Bonhenblust-Nakano-Kakutani
theorem of characterization of abstract Lp-spaces) avoid all connection with
factor measure spaces (Ωd,Md, µd). In order to circumvent this problem,
we would can use the canonical ultraproduct measure space (ΩU ,MU , µU )
of the family {Ωd,Md, µd), d ∈ D} (see [11] for details), but unfortunately
the resulting space Lp(ΩU ,MU , µU ) does not represent the full ultraprod-
uct space (Lp(Ωd))U . However, in several applications the known information
about Lp(ΩU ,MU , µU ) and its relation with factor Lp(Ωd,Md, µd) spaces is
very fruitful (see for instance [7]).

∗The research of first and third authors is partially supported by the DGICYT, project
PB97-0333.
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In this way, in order to study the permanence properties of some type
of factor function spaces in ultraproducts of them, two problems naturally
arise: the first one is the global structure of the ultraproduct. The second one
is the connection between this ultraproduct and the space of the same type
than the factor spaces but defined over (ΩU ,MU , µU ). There are many known
results about this second question. For instante, if we start with families
{Lp(Ωd,Md, µd), d ∈ D}, 1 ≤ p < ∞, the space Lp(ΩU ,MU , µU ) is comple-
mented in (Lp(Ωd))U (see [4]). Moreover, given a set {Lϕ(Ωd,Md, µd), d ∈
D} of Orlicz spaces such that ϕ has the ∆2 condition, the Orlicz space
Lϕ(ΩU ,MU , µU ) is also complemented in (Lϕ(Ωd))U (see [6]).

In this paper we study these problems for ultraproducts of interpolation
spaces (defined by the real interpolation method) between Lp spaces. Perhaps
our results are well known by specialists, but we have not been able to find
a written explicit reference containing complete proofs. For instance, our
results in the case of order continuous spaces (1 ≤ q < ∞) can be deduced
without using interpolation theory in a more or less direct way from some
general results of Weis [12], but these ones do not cover the case of non
order continuous interpolation spaces (case q = ∞). On the other hand, the
implementation of methods ad hoc for this case implies almost the same work
than we need for study the general case. Hence we think it can be useful to
have in the bibliography a complete direct explicit proof for all cases.

We prove two main results:
1) Given a family of real interpolation spaces {(`p0(Ωd), `p1(Ωd))θ,q, d ∈ D}

of discrete spaces `pj (Ωd), j = 0, 1 such that every atom has measure 1, 1 <
p0 < p1 < ∞, 1 ≤ q < ∞, then the interpolation space (`p0(ΩU ), `p1(ΩU ))θ,q

is isomorphic to a complemented subspace of ((`p0(Ωd), `p1(Ωd))θ,q)U .

2) Our second result is the continuous version of 1). Given a family
{(Lp0(Ωd, µd), Lp1(Ωd, µd))θ,q, d ∈ D} where every (Ωd, µd) is a probability
space, then the interpolation space (Lp0(ΩU ), Lp1(ΩU ))θ,q is isomorphic to a
complemented subspace of ((Lp0(Ωd), Lp1(Ωd))θ,q)U .

We also study the corresponding version of these results in the extreme
case q = ∞.

Not defined notation is standard. `p(Γ), 1 ≤ p ≤ ∞ denotes the Lebesgue
space Lp defined on a purely atomic measure space (Γ, µ) such that µ(x) = 1
for every atom in Γ. Elements in `p(Γ) are denoted by (xi)i∈Γ or (xi) for short.
In such spaces, ek, k ∈ Γ, denotes the family (xi)i∈Γ such that xi = 0 if i 6= k
and xk = 1.

We refer the reader to [1] and [3] for the theory of interpolation spaces
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by the real method. It is known there are several equivalent norms in such
spaces. We only explain the used ones on this paper. Given a couple (A0, A1)
of Banach spaces continuouly embedded in some Hausdorff topological vector
space E, we consider on the sum space A0 + A1 the canonical norm

‖x‖A0+A1 = inf {‖a0‖A0 + ‖a1‖A1 | x = a0 + a1, a0 ∈ A0, a1 ∈ A1} .

Then, given 0 < θ < 1 and 1 ≤ q < ∞, the interpolation space (A0, A1)θ,q is
the set of vectors x ∈ A0+A1 for which there are sequences {xh}h∈Z ⊂ A0∩A1

such that x =
∑

h∈Z xh in the topology of A0 + A1 and moreover

‖x‖(A0,A1)θ,q
:= inf



max

j=0,1

(∑

h∈Z
e(j−θ)hq‖xh‖q

Aj

) 1
q

, x =
∑

h∈Z
xh



 < ∞,

endowed with the norm defined by the function ‖x‖(A0,A1)θ,q
. If q = ∞ the

definition is analogous but changing the symbol
∑

h∈Z by suph∈Z.
The interpolation spaces (Lp0(Ω,M, µ), Lp1(Ω,M, µ))θ,q have an alterna-

tive representation as Lorentz spaces, which we shall use as an auxiliary tech-
nical tool. Lorentz spaces are defined in the following way:

Let (Ω,M, µ) be a σ-finite measure space. Let L0(Ω,M, µ) be the set
of M-measurable real or complex functions defined in Ω and finite µ-almost
everywhere. The distribution function µf of f ∈ L0(Ω,M, µ) is defined by

µf (λ) := µ {x ∈ Ω | |f(x)| > λ} , (λ ≥ 0).

and the decreasing rearrangement of f is the function f∗µ : [0,∞[−→ [0,∞]
defined by the rule

f∗µ(t) := inf {λ ≥ 0 | µf (λ) ≤ t} , (t ≥ 0).

In particular, if f =
∑n

i=1 αiχAi , and the sets {Ai, i = 1, 2, ..., n} are
pairwise disjoint, the decreasing rearrangement f∗ can be computed as follows:
Let σ : {1, 2, ..., n} → {1, 2, ..., n} be the inyective map defined by

|ασ(1)| = max {|αk| | 1 ≤ k ≤ n} ,

and for i > 1,

|ασ(i)| = max {|αk| | k /∈ {σ(1), σ(2), ..., σ(i− 1)}} .

Then
f∗(t) = |ασ(1)| if t ∈ [0, µ(Aσ(1))[ (1)
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and

∀i > 1, f∗(t) = |ασ(i)| if t ∈



i−1∑

j=1

µ(Aσ(j)),
i∑

j=1

µ(Aσ(j))


 . (2)

Consider now real numbers 1 < p < ∞, 1 ≤ q < ∞. The Lorentz space
Lp,q(Ω,M, µ) is the set of functions f ∈ L0(Ω,M, µ) such that

‖ f‖µ,p,q :=
(∫ ∞

0

(
t1/pf∗(t)

)q dt

t

)1/q

< ∞. (3)

If q = ∞, the Lorentz space Lp,∞(Ω,M, µ) is defined as the set of functions
f ∈ L0(Ω,M, µ) such that

‖ f‖µ,p,∞ := sup
t>0

t
1
p f∗(t) < ∞ (4)

It can be shown that ‖.‖µ,p,q is a norm when 1 ≤ q ≤ p and a quasi norm
in the remaining cases. When ‖ f‖µ,p,q is not a norm it can be replaced by
another function which holds to be a norm and defines in Lp,q(Ω,M, µ) the
same topology as the initial quasi norm (see for instance chapter 4, theorem
4.3 in [2]). For our pourposes, it will be enough to compute (3) in some
instances. Hence, we refer the interested reader to the quoted book for more
detailed explanations.

Then we have

Theorem 1. (Krée, see [9] or [3], theorem 5.2.1) If 1 ≤ q ≤ ∞, the iden-
tity map makes (Lp0(Ω,M, µ), Lp1(Ω,M, µ))θ,q isomorphic to Lorentz space
Lpq(Ω,M, µ), where p is defined by the equation 1

p = 1−θ
p0

+ θ
p1

. Moreover the
equivalence constants between the corresponding norms are independent of
(Ω, µ).

From now on let D be a non void index set. Let 0 < θ < 1 and 1 ≤ q ≤ ∞
be fixed numbers. Assume we have a measure space (Ωd,Md, µd) for every
d ∈ D. We are concerned with ultraproducts of interpolation spaces of type
(Lp0(Ωd), Lp1(Ωd))θ,q. By reiteration theorem we can suppose without lost of
generality 1 < p0 < p1 < ∞.

Let U be an ultrafilter on D. All basic material concerning ultraproducts of
Banach spaces can be found in [6]. The ultraproduct of the family {Ad, d ∈ D}
of Banach spaces along the ultrafilter U will be denoted by (Ad)U , and (xd)U
will be the element in (Ad)U having (xd)d∈D ∈ Πd∈DAd as a representant.
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2. Discrete case

In this Section for every d ∈ D we consider a discrete measure space
(Ωd, µd) such that µd(x) = 1 for every atom x ∈ Ωd and the interpolation
space (`p0(Ωd), `p1(Ωd))θ,q.

The set theoretic ultraproduct of the family {Ωd, d ∈ D} is the quotient
set

K =: ((Ωd))U =: (Πd∈DΩd) /R
modulo the equivalence

∀(xd), (yd) ∈ Πd∈DΩd (xd)R(yd) ⇐⇒ {d ∈ D | xd = yd} ∈ U . (5)

The class in K of an element (kd)d∈D ∈ Πd∈DΩd will be denoted by the symbol
(kd)U . If it is not necessary to specify a representant of an element in K, this
element will be denoted simply by bold letters k.

As an immediate consequence of this definition and the finite intersection
property of members of filters we get next fact which will be freely used
without explicit reference: given a finite set {kj}n

j=1 ⊂ K of different elements,
kj = (kj

d)U , j = 1, 2, ..., n, there is a set D ∈ U such that

∀ j, h = 1, 2, ..., n j 6= h =⇒ ∀ d ∈ D, kj
d 6= kh

d .

Lemma 2. 1) Let 1 ≤ q < ∞. The linear mapping

Jq
p0p1

: (`p0(K), `p1(K))θ,q −→ ((`p0(Ωd), `p1(Ωd))θ,q)U ,

defined by

∀ (ηk)k∈K ∈ (`p0(K), `p1(K))θ,q Jq
p0p1

((ηk)) =
∑

k∈K

(ηkekd
)U (6)

is continuous.
2) Let X∞

p0p1
be the closure of `p0(K) in (`p0(K), `p1(K))θ,∞. The linear

map
J∞p0p1

: X∞
p0p1

−→ ((`p0(Ωd), `p1(Ωd))θ,∞)U
defined by (6) is continuous.

Proof. 1) First suppose (ηk) ∈ `p0(K) = `p0(K) ∩ `p1(K). There is a se-
quence {kj}∞j=1 ⊂ K such that ηk = 0 if k 6= kj for every j ∈ N and

(ηk) =
∞∑

j=1

ηkjekj
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in (`p0(K), `p1(K))θ,q. The inclusion map `p0(K) ⊂ (`p0(K), `p1(K))θ,q is con-
tinuous. Hence, given ε > 0 there is n0 ∈ N such that

∀ m ≥ n ≥ n0

∥∥∥∥∥∥

m∑

j=n

ηkjekj

∥∥∥∥∥∥
(`p0(K),`p1(K))θ,q

≤
∥∥∥∥∥∥

m∑

j=n

ηkjekj

∥∥∥∥∥∥
`p0(K)

≤ ε. (7)

By definition of the norm in an interpolated space there is a representation

m∑

j=n

ηkjekj =
∑

h∈Z

m∑

j=n

ηh
kjekj (8)

which converges in `p0(K) + `p1(K) and

sup
r=0,1




∑

h∈Z

∥∥∥∥∥∥
e(r−θ)h

m∑

j=n

ηh
kjekj

∥∥∥∥∥∥

q

`pr (K)




1
q

≤
∥∥∥∥∥∥

m∑

j=n

ηkjekj

∥∥∥∥∥∥
(`p0 (K),`p1 (K))θ,q

+ ε.

(9)

In particular, (8) implies the convergence of every numerical series
∑

h∈Z
ηh
kj = ηkj , n ≤ j ≤ m. (10)

By definition of K there exists a set Dε ∈ U such that

∀d ∈ Dε ∀ i 6= j, i, j = n, n + 1, ..., m =⇒ ki
d 6= kj

d.

Let us see that for every d ∈ Dε we have

m∑

j=n

ηkjekj
d

=
∑

h∈Z




m∑

j=n

ηh
kjekj

d


 (11)

in `p0(Ωd) + `p1(Ωd). In fact, using (8), given δ > 0 there is r0 ∈ N such that
for every r ∈ Z, |r| ≥ r0, we can find (αk) ∈ `p0(K) and (βk) ∈ `p1(K) in such
a way that

∑

|h|≥|r|

m∑

j=n

ηh
kjekj =

m∑

j=n

αkjekj +
m∑

j=n

βkjekj
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and 


m∑

j=n

|αkj |p0




1
p0

+




m∑

j=n

|βkj |p1




1
p1

≤ δ. (12)

From (12) and (10) we obtain for every d ∈ Dε

∀r ∈ Z, |r| ≥ r0,
∑

|h|≥|r|

m∑

j=n

ηh
kjekj

d
=

m∑

j=n

αkjekj
d
+

m∑

j=n

βkjekj
d

and
∥∥∥∥∥∥

∑

|h|≥|r|




m∑

j=n

ηh
kjekj

d




∥∥∥∥∥∥
`p0 (Ωd)+`p1 (Ωd)

≤



m∑

j=n

|αkj |p0




1
p0

+




m∑

j=n

|βkj |p1




1
p1

≤ δ.

As a consequence, by definition of each norm in the respective space, by
(11), (9) and (7) we have

∥∥∥∥∥∥

m∑

j=n

(ηkjekj
d
)U

∥∥∥∥∥∥
= lim

d,U

∥∥∥∥∥∥

m∑

j=n

ηkjekj
d

∥∥∥∥∥∥
(`p0(Ωd),`p1 (Ωd))θ,q

≤ lim
d,U

sup
r=0,1




∑

h∈Z
e(r−θ)hq




m∑

j=n

|ηh
kj |pr




q
pr




1
q

= lim
d,U

sup
r=0,1




∑

h∈Z
e(r−θ)hq

∥∥∥∥∥∥

m∑

j=n

ηh
kjekj

∥∥∥∥∥∥

q

`pr (K)




1
q

≤
∥∥∥∥∥∥

m∑

j=n

ηkjekj

∥∥∥∥∥∥
(`p0 (K),`p1 (K))θ,q

+ ε ≤ 2ε.

Hence ∞∑

j=1

(
ηkjekj

d

)
U

(13)

must be a convergent series in ((`p0(Ωd), `p1(Ωd))θ,q)U and Jq
p0p1 is well defined

in `p0(K). Using the convergence of (13), an argumentation similar to the
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previous one shows that for every ε > 0, there is nε ∈ N such that

∀m ≥ nε

∥∥∥∥∥∥

m∑

j=1

(
ηkjekj

d

)
U

∥∥∥∥∥∥
≤

∥∥∥∥∥∥

m∑

j=1

(
ηkjekj

d

)
U

∥∥∥∥∥∥
+ ε

and as a consequence

∥∥∥∥∥∥

∞∑

j=1

(
ηkjekj

d

)
U

∥∥∥∥∥∥
≤ lim

m→∞




∥∥∥∥∥∥

m∑

j=1

ηkjekj

∥∥∥∥∥∥
(`p0(K),`p1 (K))θ,q

+ 2ε




=

∥∥∥∥∥∥

∞∑

j=1

ηkjekj

∥∥∥∥∥∥
(`p0 (K),`p1 (K))θ,q

+ 2ε = ‖(ηk)‖(`p0 (K),`p1 (K))θ,q
+ 2ε

and hence ∥∥Jq
p0p1

((ηk)
∥∥ ≤ ‖(ηk)‖(`p0 (K),`p1 (K))θ,q

.

and we obtain the continuity of the restriction to the subspace `p0(K) of
(`p0(K), `p1(K))θ,q of Jq

p0p1 . As `p0(K) is dense (`p0(K), `p1(K))θ,q (since q <
∞, see for instance proposition 3, chapter 2 in [1]), Jq

p0p1 can be continuously
extended to the whole space.

2) The proof is analogous because X∞
p0p1

⊂ `p1(K) and every element in
X∞

p0p1
is the limit of its sections in the topology of the space.

Lemma 3. Let 1 ≤ q ≤ ∞. The linear mapping

Qq
p0p1

: ((`p0(Ωd), `p1(Ωd))θ,q)U −→ (`p0(K), `p1(K))θ,q

defined by

∀((xd
i ))U ∈ ((`p0(Ωd), `p1(Ωd))θ,q)U Qq

p0p1
(((xd

i ))U ) =
∑

k=(kd)U∈K

(lim
d,U

xd
kd

)ek

is continuous and surjective.

Proof. 1) First suppose 1 < q ≤ ∞. By theorem 3.7.1 in [3] and by [6] we
have the isometric inclusion

((`p0(Ωd), `p1(Ωd))θ,q)U ⊂ ((`p′0(Ωd), `p′1(Ωd))θ,q′)′U .
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Hence the transposed map (Jq′
p′0p′1

)′ of the map Jq′
p′0p′1

(lemma 2), is well defined

and continuous. Let ((xd
i ))U ∈ ((`p0(Ωd), `p1(Ωd))θ,q)U and put (ηk)k∈K :=

(Jq′
p′0p′1

)′(((xd
i ))U ). Then, for every k = (kd)U ∈ K we have

ηk = 〈(Jq′
p′0p′1

)′(((xd
i ))U ), ek〉 = 〈(((xd

i ))U ), (ekd
)U 〉 = lim

d,U
〈(xd

i ), ekd
〉 = lim

d,U
xd

kd

and Qq
p0p1 turns out to be the restriction to ((`p0(Ωd), (`p1(Ωd))θ,q)U of (Jq′

p′0p′1
)′q.

Hence Qq
p0p1 is continuous.

To finish, we check that Qq
p0p1 is surjective. Given (ηk) ∈ (`p0(K),

(`p1(K))θ,q, there is a sequence of different elements {kn}∞n=1 ⊂ K such that
(ηk) =

∑∞
n=1 ηknekn . Since

Qq
p0p1

(
Jq

p0p1

( ∞∑

n=1

ηknekn

))
= Qq

p0p1

( ∞∑

n=1

(ηkned
kn

d
)U

)
(14)

=
∞∑

n=1

ηknekn = (ηk), (15)

we get the surjectivity of Qq
p0p1 .

2) Let q = 1. For every d ∈ D let Xd
p′0p′1

be the closure of `p′1(Ωd) in

(`p′0(Ωd), `p′1(Ωd))θ,∞. We remark that the proof given in lemma 2.2 implies
J∞p′0p′1

(X∞
p′0,p′1

) ⊂ (Xd
p′0p′1

)U and by continuity, the range of J∞p′0p′1
is actually

included in (Xd
p′0p′1

)U . By theorem 3.7.1 in [3] and the theorem about duality

of ultraproducts we get ((`p0(Ωd), `p1(Ωd))θ,1)U ⊂ (Xd
p′0p′1

)′U . From now on the
proof is analogous to that used in case 1).

Theorem 4. 1) If 1 ≤ q < ∞, (`p0(K), `p1(K))θ,q is isomorphic to a
complemented subspace of ((`p0(Ωd), `p1(Ωd))θ,q)U .

2) The closure of `p0(K) in (`p0(K), `p1(K))θ,∞ is isomorphic to a comple-
mented subspace of ((`p0(Ωd), `p1(Ωd))θ,∞)U .

Proof. 1) Let 1 ≤ q < ∞. By lemma 2.1, Jq
p0p1 is continuous in (`p0(K),

`p1(K))θ,q. By (15) we get

∀(ηk) ∈ (`p0(K), `p1(K))θ,q ‖(ηk)‖ ≤ ‖Qq
p0p1

‖‖Jq
p0p1

((ηk))‖
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and Jq
p0p1 becomes an isomorphism from (`p0(K), `p1(K))θ,q onto its image.

Now let (ηk) ∈ (`p0(K), `p1(K))θ,q. There is a sequence of different elements
{kj}∞j=1 ⊂ K such that ηk = 0 if k 6= kj for every j ∈ N and

(ηk) =
∞∑

j=1

ηkjekj .

Then, by definition of K, by (14) and (15) we have

Jq
p0p1

Qq
p0p1


Jq

p0p1




∞∑

j=1

ηkjekj





 = Jq

p0p1
Qq

p0p1




∞∑

j=1

(ηkjekj
d
)U




= Jq
p0p1




∞∑

j=1

ηkjekj




and hence, having in mind lemma 3, the map Jq
p0p1Q

q
p0p1 is a continuous

projection from ((`p0(Ωd), `p1(Ωd))θ,q)U onto Jq
p0p1((`p0(K), `p1(K))θ,q.

2) When q = ∞ the proof is analogous by lemma 2.2.

3. Continuous case

In order to study our main problem in the “continuous” case we need an
additional hypothesis which will be used in the sequel in an essential way. In
this Section, for every d ∈ D we consider a measure space (Ωd,Md, µd) such
that µd is a probability measure i.e. µd(Ωd) = 1. We also consider the cor-
responding spaces Lp0(Ωd,Md, µd) and Lp1(Ωd,Md, µd) and the interpolated
space Λq

d := (Lp0(Ωd,Md, µd), Lp1(Ωd,Md, µd))θ,q. If there is no risk of confu-
sion, these spaces will denoted by Lp0(Ωd), Lp1(Ωd) and (Lp0(Ωd), Lp1(Ωd))θ,q

respectively. Our method actually can be applied if supd∈D µd(Ωd) < ∞, but,
in order to simplify, we shall deal only with the quoted case.

Under the above assumption, for every d ∈ D we have the continuous
inclusions

Id : Lp1(Ωd) −→ (Lp0(Ωd), Lp1(Ωd))θ,q

and
Jd : (Lp0(Ωd), Lp1(Ωd))θ,q −→ Lp0(Ωd)

with ‖Id‖ ≤ 1 and ‖Jd‖ ≤ 1.
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Let U be an ultrafilter on D. In this section we want to study the struc-
ture of the ultraproduct Λq

U := ((Lp0(Ωd), Lp1(Ωd))θ,q)U . We consider the set
theoretic ultraproduct

ΩU := (Ωd)U = Πd∈DΩd/R

where R is the equivalente relation defined in (5). Given a family {Ad, d ∈ D}
we define

(Ad)U := {(xd)U ∈ ΩU | xd ∈ Ad ∀ d ∈ D} .

and we consider the family of subsets of ΩU

F := {(Ad)U | Ad ∈Md ∀ d ∈ D}

and the set function defined in F by

∀ (Ad)U ∈ F µU ((Ad)U ) := lim
d,U

µd(Ad).

It is shown in [11] that F is an algebra of sets and µU is a measure in F .
By the standard Carathéodory procedure, µU can be extended to a measure
(which will also be denoted by µU ) defined in the σ−algebra MU generated
by F in ΩU . Clearly we have µU (ΩU ) = 1.

Let Sq
p0p1 ⊂ (Lp0(ΩU ), Lp1(ΩU ))θ,q be the linear space generated by the

characteristic functions of the elements in F endowed with the induced topol-
ogy by (Lp0(ΩU ), Lp1(ΩU ))θ,q.

Lemma 5. 1) Let 1 ≤ q < ∞. There is a continuous linear map

Ψq
p0p1

: (Lp0(ΩU ), Lp1(ΩU ))θ,q −→ Λq
U

such that

∀ f =
n∑

k=1

αkχ(Ak
d)U ∈ Sq

p0p1
, Ψq

p0p1
(f) =

n∑

k=1

αk

(
χAk

d

)
U

(16)

2) The map Ψ∞
p0p1

: S∞p0p1
−→ Λ∞U can be continuously extended to the

closure of Lp1(ΩU ) in (Lp0(ΩU ), Lp1(ΩU ))θ,∞

Proof. 1) Let 1 ≤ q < ∞. By theorem 1, (Lp0(ΩU ), Lp1(ΩU ))θ,q is isomor-
phic to the Lorentz space Lp,q(ΩU ), where 1/p = (1− θ)/p0 + θ/p1. Define

Ψq
p0p1

: Sq
p0p1

−→ ΛU



378 j.a. lópez molina, m.e. puerta, m.j. rivera

by

∀f :=
n∑

k=1

αkχ(Ak
d)U ∈ Sq

p0p1
, Ψq

p0p1
(f) =

n∑

k=1

αk(χAk
d
)U .

Assume the sets {(Ak
d)U k = 1, 2, ..., n} are pairwise disjoint. Let σ :

{1, 2, ..., n} −→ {1, 2, ..., n} be a permutation defining the decresing rearrange-
ment of {αk}n

k=1. There is C > 0 (independent of the involved measure spaces)
such that, using (1), (2) and (3)

‖Ψq
p0p1

(f)‖ΛU = lim
d,U

∥∥∥∥∥
n∑

k=1

αkχAk
d

∥∥∥∥∥
Λd

≤ C lim
d,U

∥∥∥∥∥
n∑

k=1

αkχAk
d

∥∥∥∥∥
Lpq(Ωd)

= C

(
q

p

) 1
q

lim
d,U




n∑

k=1

ασ(k)





∑

j≤k

µd(A
σ(j)
d )




q
p

−

 ∑

j≤k−1

µd(A
σ(j)
d )




q
p







1
q

= C

(
q

p

) 1
q




n∑

k=1

ασ(k)




∑

j≤k

µU ((Aσ(j))U )




q
p

−

 ∑

j≤k−1

µU ((Aσ(j))U )




q
p







1
q

= C

(∫

ΩU
t

q
p
−1

f∗(t)qdt

) 1
q

.

As a consequence, Ψq
p0p1 is continuous from Sq

p0p1 into ΛU . But Sq
p0p1 being

dense in Lp1(ΩU ) and this also being dense in (Lp0(ΩU ), Lp1(ΩU ))θ,q = Lpq(ΩU ,
MU , µU ), Ψq

p0p1 can be continuously extended to a continuous linear map
(again denoted by Ψq

p0p1) from (Lp0(ΩU ), Lp1(ΩU ))θ,q into Λq
U .

2) If q = ∞ the proof is very similar with exception of the computation of
‖Ψ∞

p0p1
(f)‖ΛU . There is now h ≤ n such that

‖f‖
L

p
1−θ

,∞
(ΩU )

= αh


∑

j≤h

µU ((Aσ(j)
d )U )




1−θ
p

= lim
d,U

αh


∑

j≤h

µd(A
σ(j)
d )




1−θ
p

.

(17)



ultraproducts of real interpolation spaces 379

On the other hand, since µd, d ∈ D, are probability measures, for every
d ∈ D there is kd ∈ {1, 2, ..., n} such that

∥∥∥∥∥
n∑

k=1

αkχAk
d

∥∥∥∥∥
L

p
1−θ

,∞
(Ωd)

= αkd


∑

j≤kd

µd(A
σ(j)
d )




1−θ
p

≤ n max
j≤n

|αj |.

Hence the limit along the ultrafilter U

lim
d,U

αkd


∑

j≤kd

µd(A
σ(j)
d )




1−θ
p

exists and must be equal to (17). Then we obtain

‖Ψq
p0p1

(f)‖ΛU = lim
d,U

∥∥∥∥∥
n∑

k=1

αkχAk
d

∥∥∥∥∥
Λd

≤ C lim
d,U

∥∥∥∥∥
n∑

k=1

αkχAk
d

∥∥∥∥∥
L

p
1−θ

,∞
(Ωd)

= lim
d,U

αkd


∑

j≤kd

µd(A
σ(j)
d )




1−θ
p

= αh


∑

j≤h

µU ((Aσ(j)
d )U )




1−θ
p

≤ C‖f‖
L

p
1−θ

,∞
(ΩU )

.

We arrive at the main theorem of this section.

Theorem 6. 1) If 1 ≤ q < ∞, Ψq
p0p1 is an isomorphism from (Lp0(ΩU ),

Lp1(ΩU ))θ,q onto a complemented subspace of Λq
U .

2) Ψ∞
p0p1

is an isomorphism from the closure of Lp1(ΩU ) in (Lp0(ΩU ),
Lp1(ΩU ))θ,∞ onto a complemented subspace of Λ∞U .

Proof. 1) First suppose 1 < q < ∞. By lemma 5, Ψq
p0p1 is continuous

from (Lp0(ΩU ), Lp1(ΩU ))θ,q into Λq
U . We shall prove that Ψq

p0p1 is an isomor-
phism onto its image by checking there is M > 0 such that ‖Ψq

p0p1(f)‖ ≥ ‖f‖
whatever be f ∈ (Lp0(ΩU ), Lp1(ΩU ))θ,q.

We consider the simple function f =
∑n

k=1 αkχ(Ak
d)U ∈ (Lp0(ΩU ),

Lp1(ΩU ))θ,q. By the duality theorem 3.7.1. in [3], there is g ∈ (Lp′0(ΩU ),
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Lp′1(ΩU ))θ,q′ = (Lp0(ΩU ), Lp1(ΩU ))′θ,q such that ‖f‖ = 〈f, g〉. By density, we
find a bounded sequence of simple functions

{Sm}∞m=1 :=





rm∑

j=1

βjmχ
(Bj

d)U





∞

m=1

⊂ (Lp′0(ΩU ), Lp′1(ΩU ))θ,q′

such that
‖f‖ = 〈f, g〉 = lim

m→∞〈f, Sm〉. (18)

By lemma 5, we have

∀ m ∈ N, Ψq′
p′0p′1

(Sm) ∈ ((Lp′0(Ωd, µd), Lp′1(Ωd, µd))θ,q′)U

and there is M > 0 such that ‖Ψq′
p′0p′1

(Sm)‖ ≤ M. Moreover (Lp′0(Ωd),

Lp′1(Ωd))θ,q′)U is a weak∗ dense subspace of (Λq
U )′ (see [6]). Then, for every

m ∈ N

‖Ψq
p0p1

(f)‖ = lim
d,U

∥∥∥∥∥
n∑

k=1

αkχAk
d

∥∥∥∥∥
Λq

d

≥ lim
d,U

M

∣∣∣∣∣∣

〈
n∑

k=1

αhχAk
d
,

rm∑

j=1

βjmχ
Bj

d

〉∣∣∣∣∣∣

= lim
d,U

M

∣∣∣∣∣∣

n∑

k=1

rm∑

j=1

αkβjmµd(Ak
d ∩Bj

d)

∣∣∣∣∣∣

= M

∣∣∣∣∣∣

n∑

k=1

rm∑

j=1

αkβjm lim
d,U

µd(Ak
d ∩Bj

d)

∣∣∣∣∣∣
(19)

= M

∣∣∣∣∣∣

n∑

k=1

rm∑

j=1

αkβjmµU
(
(Ak

d)U ∩ (Bj
d)U

)
∣∣∣∣∣∣

= M

∣∣∣∣∣∣

〈
n∑

k=1

αkχ(Ak
d)U ,

rm∑

j=1

βjmχ
(Bj

d)U

〉∣∣∣∣∣∣
(20)

= M |〈f, Sm〉| (21)

and by letting m →∞, we get by (18)

‖Ψ(f)‖ ≥ M‖f‖.
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Finally, by density of Sq
p0p1 , we obtain the desired inequality for every f ∈

(Lp0(ΩU ), Lp1(ΩU ))θ,q.
To finish let us see that Ψq

p0p1((Lp0(ΩU ), Lp1(ΩU ))θ,q) is complemented in
Λq
U . Since Λq

U is a subspace of (Lp′0(Ωd), Lp′1(Ωd))′θ,q′ (see [6]) we can consider

the restriction S to Λq
U of the adjoint map (Ψq′

p′0p′1
)′ of Ψq′

p′0p′1
. We check that the

composition Ψq
p0p1S is a projection from Λq

U onto Ψq
p0p1((Lp0(ΩU ), Lp1(ΩU )θ,q).

It is enough to see that

∀ f ∈ (Lp0(ΩU ), Lp1(ΩU )θ,q, Ψq
p0p1

S(Ψq
p0p1

(f)) = Ψq
p0p1

(f).

Once again by density, it suffices to see that

∀ f =
n∑

i=1

αiχ(Ai
d)U ∈ Sq

p0p1
(ΩU ), SΨq

p0p1
(f) = f.

If g =
∑r

j=1 βjχ(Bj
d)U

∈ Sq′
p′0,p′1

(ΩU ) we have

〈SΨq
p0p1

(f), g〉 = 〈Ψq
p0p1

(f),Ψq′
p′0p′1

(g)〉

=

〈
n∑

i=1

αi

(
χ(Ai

d)U

)
,

r∑

j=1

βj

(
χ

(Bj
d)U

)〉
= 〈f, g〉

(with the same computation that (19), (20) and (21)). By density of Sq′
p′0p′1

(ΩU )
we obtain SΨq

p0p1(f) = f .
2) Let now q = ∞. If X∞ denotes the closure of Lp1(ΩU ) in (Lp0(ΩU ),

Lp1(ΩU ))θ,∞, we have that S∞p0p1
is dense in X∞. By lemma 5.2 Ψ∞

p0p1
:

X∞ −→ Λ∞U is continuous. By theorem 3.7.1 in [3], the topological dual
X ′∞ is isomorphic to (Lp′0(ΩU ), Lp′1(ΩU ))θ,1. This theorem with Heinrich’s
duality theorem ([6]) also yields that Λ∞U is isomorphic to a subspace of
((Lp′0(Ωd), Lp′1(Ωd))θ,1)′U . Then the proof given in part 1) can be repeated.

3) Finally, let q = 1. For every d ∈ D, let Y ∞
d be the closure of Lp′0(Ωd) in

(Lp′0(Ωd), Lp′1(Ωd))θ,∞. It is clear that Ψ∞
p′0p′1

(S∞p′0p′1
) ⊂ (Y ∞

d )U and hence the
range of the map

Ψ∞
p′0p′1

: (Lp′0(ΩU ), Lp′1(ΩU ))θ,∞ −→ Λ∞U

is a subset of (Y ∞
d )U . Once again by theorem 3.7.1 in [3] and the theorem on

duality of ultraproducts, Λ1
U is isomorphic to a subspace of (Y ∞

d )′U and it can
be made a similar argumentation to that given in part 1).

Remark. Of course, by theorem 1 our theorems 4 and 6 can be reformu-
lated in terms of Lorentz spaces, but we omit the details.
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