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1. INTRODUCTION

Dacunha-Castelle and Krivine introduced ultraproducts in Banach space
theory, inspired in model theory of Logic, in [4] in 1972. Ultraproducts be-
come a powerful tool in many applications (see for instance [6], [11], [8], [5]
and [10]). One of the more important questions is to know the structure
of the ultraproduct space, searching the permanence properties of the factor
spaces when we form the ultraproduct. For instance, it is known that given
a family {LP(Qq, Mg, 1q),d € ©}, 1 < p < oo and an ultrafilter U in D, the
ultraproduct (LP(£24))y is isometric to another LP(Q2, M, u) space (see [4]).

However, the proof (based on the classical Bonhenblust-Nakano-Kakutani
theorem of characterization of abstract LP-spaces) avoid all connection with
factor measure spaces (g, Mg, ptg). In order to circumvent this problem,
we would can use the canonical ultraproduct measure space (s, My, ps)
of the family {Q4, Mg, pq),d € D} (see [11] for details), but unfortunately
the resulting space LP($, My, p1z¢) does not represent the full ultraprod-
uct space (LP(€4))y. However, in several applications the known information
about LP (€, My, ) and its relation with factor LP(Qg, My, 11q) spaces is
very fruitful (see for instance [7]).

*The research of first and third authors is partially supported by the DGICYT, project
PB97-0333.
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In this way, in order to study the permanence properties of some type
of factor function spaces in ultraproducts of them, two problems naturally
arise: the first one is the global structure of the ultraproduct. The second one
is the connection between this ultraproduct and the space of the same type
than the factor spaces but defined over (%, My, tiz¢). There are many known
results about this second question. For instante, if we start with families
{LP(Qg, Mg, 11q),d € D}, 1 < p < oo, the space LP(Qy, My, pus) is comple-
mented in (LP(Qq))y (see [4]). Moreover, given a set {L¥(Qq, My, pa),d €
©} of Orlicz spaces such that ¢ has the Ag condition, the Orlicz space
L (S, My, puy) is also complemented in (L¥(€4))y (see [6]).

In this paper we study these problems for ultraproducts of interpolation
spaces (defined by the real interpolation method) between LP spaces. Perhaps
our results are well known by specialists, but we have not been able to find
a written explicit reference containing complete proofs. For instance, our
results in the case of order continuous spaces (1 < g < oco) can be deduced
without using interpolation theory in a more or less direct way from some
general results of Weis [12], but these ones do not cover the case of non
order continuous interpolation spaces (case ¢ = 00). On the other hand, the
implementation of methods ad hoc for this case implies almost the same work
than we need for study the general case. Hence we think it can be useful to
have in the bibliography a complete direct explicit proof for all cases.

We prove two main results:

1) Given a family of real interpolation spaces {(£7°(Qq), 7' (Q24))o,4.d € D}
of discrete spaces ¢Pi(£)y),j = 0,1 such that every atom has measure 1, 1 <
po < p1 < 00, 1 < ¢ < oo, then the interpolation space (£7°(y), P (y))o,q
is isomorphic to a complemented subspace of ((€7° (), " (2q))6.q)u4-

2) Our second result is the continuous version of 1). Given a family
{(LP(Qq, pta), LP* (g, 1d) )o,q.d € D} where every (£2g, p1q) is a probability
space, then the interpolation space (LP°(§y), L (£2y))s,q is isomorphic to a
complemented subspace of ((LP°(2q), L (24))6.q)u-

We also study the corresponding version of these results in the extreme
case ¢ = 0.

Not defined notation is standard. ¢#(I"), 1 < p < oo denotes the Lebesgue
space LP defined on a purely atomic measure space (I', ) such that p(z) =1
for every atom in I'. Elements in /P(I") are denoted by (x;);er or (x;) for short.
In such spaces, ey, k € I', denotes the family (z;);er such that x; = 0if i # k
and xp = 1.

We refer the reader to [1] and [3] for the theory of interpolation spaces
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by the real method. It is known there are several equivalent norms in such
spaces. We only explain the used ones on this paper. Given a couple (A, A7)
of Banach spaces continuouly embedded in some Hausdorff topological vector
space E, we consider on the sum space Ay + A1 the canonical norm

2]l 40+4, = inf {{laollay + llaalla, | &= a0+ a1,a0 € Ag,a1 € Ar}.

Then, given 0 < § < 1 and 1 < ¢ < oo, the interpolation space (Ag, A1)g,q is
the set of vectors x € Ag+ A; for which there are sequences {zp, }nez C AgNA;
such that = ), -,z in the topology of Ag + A; and moreover

1

F
[l (4,415, := inf § max (Z 6(]_G)thfEh||,q4j> , =) @y <00,
I \nez heL

endowed with the norm defined by the function |[z[/(a,,4,),,- If ¢ = oo the
definition is analogous but changing the symbol ), ., by supjcy.

The interpolation spaces (LP0(2, M, p), LP* (2, M, 11))g,4 have an alterna-
tive representation as Lorentz spaces, which we shall use as an auxiliary tech-
nical tool. Lorentz spaces are defined in the following way:

Let (2, M,u) be a o-finite measure space. Let L(£2, M, 1) be the set
of M-measurable real or complex functions defined in 2 and finite p-almost
everywhere. The distribution function ps of f € L%(Q, M, ) is defined by

prA) = pfz e @ [ [f(x)] > A}, (A =0).

and the decreasing rearrangement of f is the function f; : [0, 00[— [0, o0]
defined by the rule

fi(t) = (A2 0 | up() <}, (2 0).

In particular, if f = )" | a;xa,, and the sets {A4;, i = 1,2,...,n} are
pairwise disjoint, the decreasing rearrangement f* can be computed as follows:
Let 0:{1,2,....,n} — {1,2,...,n} be the inyective map defined by

‘aa(l)’ = maX{|ak| ‘ 1<k< n}a
and for ¢ > 1,
o] = max{lax| [ k¢ {o(1),0(2),..,0(i—1)}}.

Then
() = lagl if ¢ €0, u(Asm))] (1)
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and

%

i—1
Vi> 1, f(8) = lae@ml if te | D A Y mAsp) |- (2)
j=1

J=1

Consider now real numbers 1 < p < 00,1 < ¢ < oo. The Lorentz space
LP9(Q, M, 1) is the set of functions f € L°(2, M, 11) such that

b = (/OOO (fl/pf*(t)>q ?>l/q < o0, (3)

If ¢ = oo, the Lorentz space LP*>°(2, M, u) is defined as the set of functions
f € L°(Q, M, p1) such that

I /]

1
I fllpoo o= sUPE? f*(t) < 00 (4)
t>0

It can be shown that ||.||,p,4 is @ norm when 1 < ¢ < p and a quasi norm
in the remaining cases. When || f[|, , , is not a norm it can be replaced by
another function which holds to be a norm and defines in LP9(Q2, M, uu) the
same topology as the initial quasi norm (see for instance chapter 4, theorem
4.3 in [2]). For our pourposes, it will be enough to compute (3) in some
instances. Hence, we refer the interested reader to the quoted book for more
detailed explanations.

Then we have

THEOREM 1. (Krée, see [9] or [3], theorem 5.2.1) If 1 < ¢ < oo, the iden-
tity map makes (LP°(Q, M, p), LP* (2, M, 11))g,q isomorphic to Lorentz space
LP1(Q, M, 11), where D is defined by the equation ]% =104 9 Moreover the

po | p1
equivalence constants between the corresponding norms are independent of

(€2, ).

From now on let ® be a non void index set. Let 0 <8 <land 1< g <o
be fixed numbers. Assume we have a measure space (g, Mg, pq) for every
d € ®. We are concerned with ultraproducts of interpolation spaces of type
(LPo(2q), LP1(Q24))p,q- By reiteration theorem we can suppose without lost of
generality 1 < py < p1 < o0.

Let U be an ultrafilter on ®. All basic material concerning ultraproducts of
Banach spaces can be found in [6]. The ultraproduct of the family {44, d € D}
of Banach spaces along the ultrafilter &/ will be denoted by (Ag)y, and (z4)y
will be the element in (Ag)y having (x4)4en € HienAg as a representant.
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2. DISCRETE CASE

In this Section for every d € ® we consider a discrete measure space
(Q4, ptq) such that pg(z) = 1 for every atom x € €y and the interpolation
space (£P°(Qq), 71 (Q24))a,q¢-

The set theoretic ultraproduct of the family {Q4,d € @} is the quotient
set

K =: ((Q))u =: (gena) /R

modulo the equivalence
V(za), (Ya) € Nacola  (2a)R(ya) == {d €D | x4 =ya} €U. (5)

The class in K of an element (kg)gen € gen g will be denoted by the symbol
(kq)u- If it is not necessary to specify a representant of an element in K, this
element will be denoted simply by bold letters k.

As an immediate consequence of this definition and the finite intersection
property of members of filters we get next fact which will be freely used
without explicit reference: given a finite set {kj }?:1 C K of different elements,

k/ = (kzé)u, j=1,2,....n, there is a set D € U such that
Vi h=1,2,..n j#h = YdeD, Kk, £k
LEMMA 2. 1) Let 1 < g < oo. The linear mapping
Tpopr + (€70 (K), 71 (K))g g — ((£7°(Qa), 71 (2a))0,q)ut>
defined by
V (Mokek € (7 (K), 7 (K))ag T (0m)) = D (et u (6)

keK

is continuous.
2) Let X0, be the closure of (7°(K) in ({7°(K), P (K))g oo. The linear
map

J;(?Pl :XZ?OOPI - ((gpo (Qd)vgpl (Qd))G,oo)le

defined by (6) is continuous.

Proof. 1) First suppose (nx) € ¢/°(K) = £7°(K) N (7' (K). There is a se-
quence {k’ }J"’;l C K such that n = 0 if k # k? for every j € N and

o0
(me) = Z T €xi
j=1
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in (7 (K), "1 (K))g,q- The inclusion map ¢7°(K) C (/7°(K), "' (K))g,q is con-
tinuous. Hence, given € > 0 there is ng € N such that

m m
Vm>n>ng anjekj < anjekj <e. (7)
j=n (0 (K),0m (K))g, 11777 0 (K)

By definition of the norm in an interpolated space there is a representation

Z ThiCgi = Z Z nﬁj €y (8)
j=n

heZ j=n

which converges in /7°(K) + (%1 (K) and

g .
m
O
r=0.1\ hez j=n
! e () (9)
m
< anjekj +e.
j=n

(ZPO (K) NZg: (K))G,q

In particular, (8) implies the convergence of every numerical series

donl=ma, n<j<m. (10)
heZ

By definition of K there exists a set D, € U such that
Vie D, Yi#j, i,j=nn+1,..m = kij#k,
Let us see that for every d € D, we have
m m
Smeey =3 (St )
j=n heZ \j=n

in 0P (Qq) + (P1(Qy). In fact, using (8), given § > 0 there is ro € N such that
for every r € Z, |r| > 19, we can find (ax) € #°(K) and (fk) € ' (K) in such

a way that
m m m
Z Z nﬁj € = Z i€y + Z By €yi
j=n Jj=n

[h|=|r| j=n
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and

m
Z |ty [P0
j=n

From (12) and (10) we obtain for every d € D,

m m m
h
Vr e Z, |r| > ro, E E M © = E i + E 5kjekzl
Jj=n Jj=n

+ (DBl <4 (12)
j=n

|R|>|r] 5=n
and
h ) _|Po |P1
E § nkjekfl < E ‘Ozk]| + E ‘ﬂkj‘ <.
[RIZlr| \g=n moQa)+em (@) N =

As a consequence, by definition of each norm in the respective space, by
(11), (9) and (7) we have

m m
e ; = lim Z e ;
Z:(nkﬂ ké)[/{ du - nkﬂ ki
= = (£P0(224),£P1(R24))6,q
1
g\ L
m pr a
] _Q)hq h 1pr
<lim sup | Se |
EZ j=n
1
q q
m
=lim sup Z e(r=0hg Znﬁjekj
diU r=0,1 heZ —
€ J=n £pr (K)
m
< anjekj + e < 2e.
j=n

(£P0 (K),£P1(K))g,q
Hence o
> (moey), (13)
j=1

must be a convergent series in ((¢7°(Qq), P2 (Q4))o.q)u and Jilp, is well defined
in ¢P0(K). Using the convergence of (13), an argumentation similar to the
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previous one shows that for every € > 0, there is n. € N such that

Ym > n, i (nkjek]> i (nkJek]) +e

j=1
and as a consequence
oo m
Z <"7kf ekﬂ) S Z "he? €10 2
- = (470 ()71 (K) ) q
o0
Zﬁkﬂ'eki +2e = H(Uk)H(epo(K),ZM(K))g,q +2e

(70 (K),£P1(K))g,q
and hence
[T () || < N gvo (5 1 (K))o.q °
and we obtain the continuity of the restriction to the subspace ¢79(K) of
(0P (K), P (K))g,q Of Jiop, - As £P0(K) is dense (¢7°(K), 7 (K))g,, (since g <
00, see for instance proposition 3, chapter 2 in [1]), Ji,,, can be continuously
extended to the whole space.

2) The proof is analogous because X7°, C (P1(K) and every element in

Xpopy 1s the limit of its sections in the topology of the space. 1

LEMMA 3. Let 1 < ¢ < o0. The linear mapping

popr + ((72(Q2a), €7 (Qa) )0, Ju — (€7 (K), £ (K)o 4

defined by

V(@) € (7 (), ()0t Qhopn (D) = D (gg}xﬁd)ek

k=(kq)u€K

is continuous and surjective.

Proof. 1) First suppose 1 < ¢ < co. By theorem 3.7.1 in [3] and by [6] we
have the isometric inclusion

(7 (), 7 (2a))o.q)u C ((€0(Qa), ()09 )iy
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Hence the transposed map (J] @ », )’ of the map Jg/l . (lemma 2), is well defined
Do 01
and continuous. Let ((z&))y € ((€7°(Qu), P2 (Q4))o.¢)u and put (M)kek =
(JZ{;p’ ) ((z2))2). Then, for every k = (kz)y € K we have
1

e = <(J§épfl)'(((w?))u),ek> = (D)) (ex)u) = gg<($?),ekd> = 1irg}xﬁd

and Q}p, turns out to be the restriction to ((£F°(Qy), (1 (Q4))o,q)u of (Jp o, Dy
Hence Qp,p, is continuous.

To finish, we check that Qf,p, is surjective. Given (nx) € (¢P°(K),
(/P (K))g,q, there is a sequence of different elements {k"}7°; C K such that

(k) = Zzozl Nr e . Since

ngm <Jgom (Z nknekn)) = ngpl (Z(nk"egg)u> (14)
n=1

n=1

Z Mkr ek = (15)

we get the surjectivity of Qfp, -

2) Let ¢ = 1. For every d € D let X, ! be the closure of 1() in
(70 (Q4), €71 (24))g.00- We remark that the proof given in lemma 2.2 implies
J;’é’p, (X °,° ,) - (Xd, /)u and by continuity, the range of JI?E?P& is actually
1ncluded in (X ﬁg u- By theorem 3.7.1 in [3] and the theorem about duality
of ultraproducts we get ((€7°(Qq), P (4))o.1)u C (Xg6p’1 )y~ From now on the

proof is analogous to that used in case 1). i

THEOREM 4. 1) If 1 < ¢ < oo, (P°(K), 1 (K))g,4 is isomorphic to a
complemented subspace of ((£7°(2q), P (Qq))e.q)u-

2) The closure of 7°(K) in (/7°(K), P'(K))g oo is isomorphic to a comple-
mented subspace of ((€7°(2q), 0" (24)),00 )u4-

Proof. 1) Let 1 < ¢ < oco. By lemma 2.1, Ji,, is continuous in (£ (K),
P (K))gq- By (15) we get

V(me) € (07 (K), 71 (K)o [[(mll < 1Q50p: T, ()
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and J)p, becomes an isomorphism from (¢7°(K), "*(K))g,, onto its image.
Now let (k) € (¢7°(K), £ (K))g,4 There is a sequence of different elements
{k?}32, C K such that n = 0 if k # k? for every j € N and

o0
(nk) = Z i€y -
j=1

Then, by definition of K, by (14) and (15) we have

[e.e]

[ee]
q q q . . — 749 q . .
‘]Popl PoP1 ‘]Popl Z Thei € - Jpom PoP1 Z(nk] ekfi Ju
j=1 =1

o0
— 749 . .
- JPOPI Z Thei €
j=1

and hence, having in mind lemma 3, the map JZ, Qfp is a continuous
projection from ((¢7°(Qq), 71 (Q4))a.q)u onto Jpop, (P (K), P (K))g.q-
2) When ¢ = oo the proof is analogous by lemma 2.2. |}

3. CONTINUOUS CASE

In order to study our main problem in the “continuous” case we need an
additional hypothesis which will be used in the sequel in an essential way. In
this Section, for every d € © we consider a measure space (24, Mg, 11q) such
that pg is a probability measure i.e. pg(€q) = 1. We also consider the cor-
responding spaces LP0(Qg, My, 1) and LP1(Qg, My, pg) and the interpolated
space AY := (LP°(Qq, Mg, pa), LP* (R4, Mg, pua))o,q- If there is no risk of confu-
sion, these spaces will denoted by LP0(§;), LP* (Qq) and  (LP°(Qq), LP*(2q)).q
respectively. Our method actually can be applied if supgcg 114(24) < 00, but,
in order to simplify, we shall deal only with the quoted case.

Under the above assumption, for every d € © we have the continuous
inclusions

Iq: LP(Q2a) — (LP°(Qa), L7 (Qa))oq

and
Ja + (L7(Qq), L (Q4))e,q — L ()

with ||Zy]) < 1 and ||J|| < 1.
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Let U be an ultrafilter on ®. In this section we want to study the struc-
ture of the ultraproduct A}, := ((LP°(Qq), LP* (Q4q))o,)u- We consider the set
theoretic ultraproduct

Wy = (Q)u = MgenQa/R

where R is the equivalente relation defined in (5). Given a family {A4,d € D}
we define

(Ad)u = {(Id)u € Qu | xqg € AgV de @}

and we consider the family of subsets of
F = {(Ad)u | Age My VdE@}
and the set function defined in F by

V(Adu € F u((Adu) == lim pa(Ad)-

It is shown in [11] that F is an algebra of sets and yy, is a measure in F.
By the standard Carathéodory procedure, py; can be extended to a measure
(which will also be denoted by s ) defined in the o—algebra My, generated
by F in . Clearly we have pg () = 1.

Let Sfop, C (LP(Qu), LP* (4))g,4 be the linear space generated by the
characteristic functions of the elements in F endowed with the induced topol-
ogy by (L7 (), L ())o g

LEMMA 5. 1) Let 1 < g < oo. There is a continuous linear map

W oy (LP(Qu), P (Qu4))o.g — Ay

Ppop1
such that
n n
VI =Y X, € Stops Yo (=D aw (xug),,  (16)
k=1 k=1
2) The map Woon  Spopr — A can be continuously extended to the

closure of LP' () in (LP° (), LP* (1) ),00

Proof. 1) Let 1 < g < co. By theorem 1, (LP(€), LP' ($44))g,q is isomor-
phic to the Lorentz space LP4()y), where 1/p = (1 — 6)/po + 0/p1. Define

¢ .Qq
\IIPOPI : Spopl Ay
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n

Vf = Z akX(AS)M < Sgopl’ \IIZZOpl (f) - Z Oék(XAS )M.
1 k=1

Assume the sets {(AX)y k = 1,2,..,n} are pairwise disjoint. Let o :
{1,2,...,n} — {1,2,...,n} be a permutation defining the decresing rearrange-
ment of {ay}}_;. There is C' > 0 (independent of the involved measure spaces)
such that, using (1), (2) and (3)

1950, (F)llaeg =l || > x| < Clim |y awxag|
k=1 Ay k=1 LPa(Qy)
a q 1
1 n P P 1
q\e,. ol ol
=o(2) i | e | (Srata ) — [ 3 watag)

k=1 j<k j<k—1

Q=

I
Q
N\
LS
N—
Q|
3
Q
By
Z
sl
|
SIS

D (A7) > (A7)

k=1 j<k j<k—1

e </QM tzlf*(t)th> ‘)

As a consequence, W}, is continuous from S}, into Ay. But S, being
dense in LP* () and this also being dense in (LF (), LP* () )g,q = LP1(Qy,
My, i), Vhop can be continuously extended to a continuous linear map
(again denoted by W3 ,,) from (LPO(€y), L' (Qy))g,q into Af,.

2) If ¢ = oo the proof is very similar with exception of the computation of
[Woen, (f)lla,- There is now h < n such that

1-6
P
111 25 e g = O | Do ra((A500)
J<h
o (17)
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On the other hand, since pg, d € ©, are probability measures, for every
d € © there is kg € {1,2,...,n} such that

1-6

=g, | D ma(A77) | < nmax oy,
LT-0°(Qy,) J<kq B

n
§ OkaAI;
k=1

Hence the limit along the ultrafilter

1—-6

- o)
by ke | 2 mal A7)
J<kq

exists and must be equal to (17). Then we obtain

n n
||\IJ1%0P1 (f)HAu = 1;715{1 ZakXAZ < Olé}g{l ZakXAZ .
k=1 Ay k=1 Lm"’o(gd)
1-0 1-0
P p
T o(j) _ a(j)
=limay, | a(Ag"") = ap Zuu((Ad Ju)
J<kq j<h

< CIl 2y 0 g

We arrive at the main theorem of this section.

THEOREM 6. 1) If 1 < ¢ < oo, Wp, is an isomorphism from (LF°($Yy),
LP1(4))g,q onto a complemented subspace of Af,.

2) Wpe,, is an isomorphism from the closure of LP*(y) in (LP°(SYy),
LP'(4))9,00 onto a complemented subspace of A} .

Proof. 1) First suppose 1 < ¢ < oo. By lemma 5, ¥} ,, is continuous
from (LPo(€y), L' (Q4))g,q into Af,. We shall prove that Wi, is an isomor-
phism onto its image by checking there is M > 0 such that || ¥}, ()|l = |/l
whatever be f € (LP(y), LP* (Q4))o,q-

We consider the simple function f = "}, kX (k) € (LPo (),

LPY(Q))o,q- By the duality theorem 3.7.1. in [3], there is g € (LP0(Qy),
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L Qo = (L7 (Qu0), L (Q00))y., such that [|f]] = (f,g). By density, we
find a bounded sequence of simple functions

{Smdvs =3 Bmxga ¢ © (LP0(%), L% ()o g
g=1 m=1
such that
1Fl = (fg) = lim {£.S,). (18)

By lemma 5, we have

VmeN, W (Sm) € (LP(Qa, pa) LM (U, 110))o.g s

oP1

and there is M > 0 such that H\Ilgép,l(Sm)H < M. Moreover (LPo(y),

LM (24))o,¢ )u is a weak* dense subspace of (A},)" (see [6]). Then, for every
m e N

14, (£)] = Timn

n n Tm
kZak:XAg Zlirzrle <kZath§,25ijB§>
=1 =1 ji=

Ag

=M\ zm: aBjmbu ((Afz)u n (Bé)u)

k=1j=1
=M <Z OkX (AR)y Zﬂij(Bé)u> (20)
k=1 j=1

= M|(f, Sm)| (21)
and by letting m — oo, we get by (18)

eI = M-
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Finally, by density of Sf,p,, we obtain the desired inequality for every f €
(L2 (Quq), LP* (4)) 0,4

To finish let us see that Wiy, ((LP°(Qy), LP* (Qur))e,q) is complemented in
A}, Since A}, is a subspace of (LPo(Qq), L7 (Q4))g,, (see [6]) we can consider
the restriction S to A, of the adjoint map (\I]Z;p’l ) of \I}Z;)pll . We check that the
composition W, S is a projection from Af, onto W, ((LP0(Qy), LP* (Q4)6,q)-
It is enough to see that

Ve (L), L (Qi)o,gr Whop, S(Viop, (F) = W, (f)-
Once again by density, it suffices to see that

V= ZaiX(Afi)u < Sgom(Qu)’ S\Ijgom(f) =/
=1

If g = Z;:l /BJX(B;)M S 8267p/1 (QL{) we have

(ST, (), 9) = (T, (), 00, (9))

= <ia (xeagn) i}ﬁj <X<B§>u)> = {h9)

=1
(with the same computation that (19), (20) and (21)). By density of Sz,/p, ()
o1

we obtain SUF, (f) = f.

2) Let now ¢ = oo. If X denotes the closure of LP'({,) in (LPO(Qy),
LP(y)),00, We have that Spe) is dense in Xo. By lemma 5.2 W7o
Xo — AJ is continuous. By theorem 3.7.1 in [3], the topological dual
X! is isomorphic to (LPo(Qy), LP1(y))e.1. This theorem with Heinrich’s
duality theorem ([6]) also yields that A7y is isomorphic to a subspace of
((LP0(Qq), L (24))0,1)y;- Then the proof given in part 1) can be repeated.

3) Finally, let ¢ = 1. For every d € ©, let Y be the closure of LPo (Qq) in
(LPo(Q4), LP1(924))g.00- It is clear that \I/;zp,l (S;g’p,l) C (Y;°)u and hence the
range of the map

2 (D (), P () oo — AP

is a subset of (Y°)y. Once again by theorem 3.7.1 in [3] and the theorem on
duality of ultraproducts, A}, is isomorphic to a subspace of (Y, ®);, and it can
be made a similar argumentation to that given in part 1). |

Remark. Of course, by theorem 1 our theorems 4 and 6 can be reformu-
lated in terms of Lorentz spaces, but we omit the details.
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