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1. INTRODUCTION

In this paper we introduce and investigate the notions of the point open
order topology, compact open order topology, the order topology of quasi-
uniform pointwise convergence and the order topology of quasi-uniform con-
vergence on compacta. We consider the functorial correspondence between
function spaces in the categories of topological spaces, bitopological spaces and
ordered topological spaces. We obtain extensions to the topological ordered
case of classical topological results on function spaces. We also investigate the
property of strict complete regularity of these function spaces.

A motivation for the study of ordered spaces of continuous order-preserving
functions and quasi-uniform spaces is that a typical property on the codomain
ordered topological space is characterized in terms of the same property of the
ordered function space. The interaction between properties of ordered topo-
logical spaces and those of the ordered topological space of continuous order-
preserving functions provides the general framework for our study. We will
show how, for instance, complete regularity on the ordered topological space
of continuous order-preserving functions is characterized by the complete reg-
ularity on the corresponding codomain ordered topological space. The cele-
brated theorem of Arens in spaces of continuous functions is also generalized
to ordered topological spaces of continuous order-preserving functions.
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2. PRELIMINARIES

In this section we recall some basic definitions and well known results.

A topological space X endowed with a closed partial order < will be called
an ordered topological space. We will interchangeably use the terms ordered
space and ordered topological space. If no confusion can arise we use simply X
for the ordered topological space (X, 7,<). A mapping f: (X, 7,<) = (Y, 7/,
<’) between two ordered topological spaces (X, 7, <) and (Y, 7', <’) is said to
be order-preserving (order-reversing) if f(z) <' f(y) (f(y) <" f(z)) whenever
z,y € X and z < y, and is continuous if it is continuous with respect to
the given topologies. A one-to-one continuous order preserving function f
mapping X onto Y is called an order homeomorhism provided that f~! is
also continuous order-preserving. If f is an order homeomorphism of X onto
a subspace of Y, then f is called an order embedding of X into Y.

Given a topological ordered space X, we call a subset U of X an upper
set if £ < y and z € U imply that y € U. Similarly, we say that a subset
L of X is a lower set if y < z and z € L imply that y € L. For any subset
F of X, i(F) (d(F) respectively) will denote the intersection of all upper
(lower respectively) sets of X containing F. An ordered topological space X
is called an I-space if 1(U) and d(U) are open whenever U is an open set
in X. Similarly, an ordered topological space X is called a C-space if i(F')
and d(F) are closed whenever F' is a closed set in X. Our ordered topological
subspace is as defined in [Fetcher and Lindgren], i.e. for any subset of an
ordered topological space (X, 7, <) we have that (5, T|g, <s), where T|g is the
topology induced by T on S and <g is the order induced by < on S, is an
ordered topological space called an ordered topological subspace of (X, 7, <)
or simply an ordered subspace of (X, 7, <).

We will use R< to denote the set of real numbers with the usual topology
and the usual order. For a subset A of the set of real numbers, we use A< as
an ordered subspace of R<, e.g. I< denotes the closed unit interval with the
usual topology and the usual order. An ordered topological space (X, 7, <) is
a completely regular ordered space if it satisfies the following two conditions:
(i) Let a € X and let V' be a neighborhood of a in X. Then there exist two
continuous functions f,g : (X,7,<) — I< such that f is order-preserving,
g Is order-reversing, f(a) = 1 = g(a), and either f(z) = 0 or g(x) = 0,
whenever z € X \V. (ii) Let a,b € X such that a & b. Then there exists an
order-preserving function f on X such that f(a) > f(b) [13].

If Y is a set and U is a quasi-uniformity on Y such that (Y, T(U)) is Ty,
then (Y, T(UVU™'),NU) is an ordered space. In fact (Y, T(UVU™),NU) is a
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completely regular ordered space. An ordered space (Y, 7/, <') is said to admit
a quasi-uniformity & on Y if 7/ = T(U VU ') and <'= NU , in this case we
say the quasi-uniformity ¢ is compatible with (7', <), and (Y, 7', <’) is also
said to be quasi-uniformizable. It is well known ([3] and [13]) that an ordered
space is quasi-uniformizable iff it is a completely regular ordered space.

For ordered spaces and quasi-uniform spaces we refer the reader to P.
Fletcher and W. Lindgren [3] and L. Nachbin [13]. For bitopological spaces
we refer to [4], [8] and [21]. For Function spaces we refer the reader to [5], [12]
and [23].

We now recall some definitions on function spaces and state some of the
results that will be generalised to the ordered case.

Let (X,7) and (Y, 7') be two topological spaces. Let C'(X,Y) denote the
set of all continuous functions from X to Y. Let F = {F' C X : F is finite}. For
each F € F and G € 7'; consider the set [F,G] ={f € C(X,Y) : f(F) C G}.
The collection {[F,G] : F € F and G € 7} is a subbase for a topology T}, on
C(X,Y). The topology T}, on C(X,Y) is called the pointwise topology. The
set C'(X,Y’) with this topology is denoted by Cp(X,Y).

Let (X,7) and (Y,7') be two topological spaces. Let K = {K C X : K
is compact}. For each K € K and G € 7’ we consider the set [K,G] = {f €
C(X,Y) : f(K) C G}. The collection {[K,G] : K € K and G € 7} is a
subbase for a topology Ty on CT(X,Y). The topology T} on C(X,Y) is called
the compact open topology. The set C'(X,Y) with this topology is denoted
by Cx(X.Y).

Suppose X is a topological space and Y has a uniformity &/. Then the
topology of compact convergence on C(X,Y) is the topology induced by
the uniformity which has for a subbase sets of the form Exy = {(f,9) :
(f(z),g(z)) € U, for each z € K}, where K is a compact subset of X and
Uel.

We now state the following well known results:

THEOREM 1. Let X and Y be topological spaces. The following state-
ments are equivalent:
(a) Y is uniformizable;
(b) Cp(X,Y) is uniformizable;
(¢c) Cr(X,Y) is uniformizable.

THEOREM 2. (Arens’ theorem) For spaces of continuous functions the
topology of compact convergence is the compact-open topology.
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3. SOME REMARKS ON THE POINTWISE ORDER TOPOLOGY AND COMPACT
OPEN ORDER TOPOLOGY

Let (X, 7,<) and (Y,7/,<') be ordered topological spaces. Let CT(X,Y)
denote the set of all continuous order preserving functions from X to Y. Let
F ={F C X : F is finite}. For each F € F and G € 7" we consider the set
[F,G] ={f € C(X,Y) : f(F) C G}. The collection {[F,G]: F € F and G €
7} is a subbase for a topology T}, on CT(X,Y). Define an order on CT(X,Y) as
follows: for each f,g € CT(X,Y), f <s g < f(z) <' g(z) for all z € X (i.e.,
< is the order on C'(X,Y") defined pointwise). We refer to (CT(X,Y), T}, <;)
as the ordered space of continuous order-preserving functions with the point
open ordered space topology. The ordered space (CT(X,Y), T}, <s) will be
denoted by C’; (X,Y). We refer to T}, as the point open order topology.

Let (Y,7',<') be quasi-uniformizable and U be a quasi-uniformity com-
patible with (7/,<’). For each F € F and each U € U we consider the set
(F,U) = {(f,g9) € C1(X,Y) x CN(X,Y) : (f(x),9(x)) € U for all z € F}.
Then {(F,U) : F € F and U € U} is a base for a quasi-uniformity 4, on
CT(X,Y) called the quasi-uniformity of quasi-uniform pointwise convergence
induced by U. The topology T'(U;) is said to be the topology of quasi-uniform
pointwise convergence (CT(X,Y),NU,), where Uy =Uy VU,

It is clear that the order topology of pointwise convergence coincides with
the order topology of a subspace of the product ordered topological space. It
is easy to see that the function @ : (Y, 7', <') — C;(X, Y') given by ®(y) = fy
(where fy(z) =y for all z € X) for all y € Y is order embedding.

From [3] we know that the product ordered space of quasi-uniformizable
ordered spaces is a quasi-uniformizable ordered space. Since product ordered
space of T;-ordered (i = 1,2) and regular-ordered are Tj-ordered (i = 1,2)
and regular-ordered, respectively, we have that if (X, 7, <) and (Y, 7', <') are
ordered topological spaces then we have the following:

uniformizable.

It is also straightforward to verify that if (X, 7, <) is an ordered space and
(Y, 7', <") a quasi-uniformizable ordered space then for each quasi-uniformity
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on Y compatible with (7', <'), the order topology of quasi-uniform pointwise
convergence coincides with the point-open order topology.

Let (X,7,<) and (Y, 7', <') be two ordered topological spaces. Let K =
{K C X : K is compact}. For each K € K and G € 7' we consider the set
[K,G] = {f € CY(X,Y) : f(K) C G}. The collection {[K,G] : K € K and
G € 7} is a subbase for a topology Ty on CT(X,Y). We now define an order
on CT(X,Y) as follows: for each f,g € CT(X,Y), f <, g = f(z) <’ g(=)
for all z € X (i.e., <, is the order on CT(X,Y) defined pointwise). We refer
to Ty as the compact open order topology. An ordered topological space
(CN(X,Y), Ty, <s) will be denoted by C} (X, Y).

Analogously, let (Y,7',<’') be quasi-uniformizable and let U be a quasi-
uniformity compatible with (7/,<’). For each K € K and each U € U we
consider the set (K,U) = {(f,9) € CT(X,Y)xCN(X,Y) : (f(x),9(z)) € U for
allz € K}. Then {(K,U) : K € K and U € U} is a base for a quasi-uniformity
Ur on CT(X,Y) which we refer to as the quasi-uniformity of quasi-uniform
convergence on compacta. Then the ordered space (CT(X,Y),T(U), NU).
where U;; = U V U, ! is said to have the order topology of quasi-uniform
convergence on compacta.

4. FUNCTORIAL CORRESPONDENCE BETWEEN FUNCTION SPACES IN THE
CATEGORIES OF TOPOLOGICAL SPACES, BITOPOLOGICAL
SPACES AND ORDERED SPACES

In this section we look at a unifying categorical approach, where we discuss
the correspondence between function spaces in the categories of topological
spaces, bitopological spaces and ordered topological spaces.

Let Top be the category of topological spaces and continuous maps, BiTop
be the category of bitopological spaces and maps which are continuous with
respect to the corresponding topologies, TopOrd be the category of ordered
spaces and continuous order-preserving functions. Let R, be the set of real
numbers with the usual topology, let Ry be the real numbers with the upper
topology and the lower topology, where the upper topology is the topology
which has sets of the form {(—o0,a) : @ € R} as a base and the lower topology
has sets of the form {(a,00) : a € R} as a base, and let R< denote the set of
real numbers with the usual topology and the usual order.

Put C((X,7),R,) = C1 X, C((X,11,72),Rp) = C2X and C((X,7,<,R<)
=C<X

Now let C,1 X denote C1X with the point open topology and Cj1 X de-



518 K.R. NAILANA

note C1X with the compact open topology. We similarly use the nota-
tion CpoX and Cpe X in bitopological spaces, and Cp<X and Ci<X in or-
dered spaces. It is known that if f : X — Y is continuous then the map
f*:CinY = CyuX (i = p,k) given by f*(g) = go f, for all g € C;1 X is con-
tinuous ([12] and [16]). From this result we have the contravariant functors
Cp1 : Top — Top and Cy; : Top — Top assigning each topological space X, the
point open topology C,; X and the compact open topology Cj1 X respectively.

We also have the following results in bitopological spaces and ordered
spaces. The proofs are straightforward.

PROPOSITION 3. (a) If f: (X, 7, 72) — (Y,7{,74) (i = p, k) is bicontinu-
ous then f*: CypY — CippX (i = p, k) is bicontinuous.

(b) If f : (X,7,<) — (Y, 7', <") (i = p, k) is a continuous order-preserving
function then f* : C;<Y — C;j<X (i = p, k) is a continuous order-preserving
function.

From Proposition 3 we have the contravariant functors: Cpo : BiTop —
BiTop, Ck2 : BiTop — BiTop, Cp< : TopOrd — TopOrd and Cyi< : TopOrd
— TopOrd. The functors Cj2 and Cjo assign each bitopological space X the
bitopology of pointwise convergence Cp2 X and the 2compact open bitopology
CieX respectively, as defined by Romaguera and Ruiz-Gémez [18] and [19].
The functors Cy< and Cy< assigns each ordered space X, the point open
order topology and the compact open order topology respectively, as defined
in section 3.

Let C'2Top be the category of completely regular bitopological spaces and
CTopOrd be the category of completely regular ordered spaces.

Now consider the following well known functors: D : Top — BiTop given
by D(X,7) = (X,7,7) (the doubling functor), S : BiTop — Top given
by S(X,7,72) = (X,71 V 72) (D is the left adjoint right inverse of S),
M : C2Top — CTopOrd given by M(X,7,179) = (X, 71 V T9,<,), where
T <p y(z)mé@ﬁ.

Let A= {z € X : f(z) <0} where f : (X, 7,<) = Rc is continuous order-
preserving function. In [10] sets of this form are called the decreasing zero
sets and sets of the form B = {z € X : f(z) > 0} where f : (X,7,<) = Rc is
continuous order-preserving function are called the increasing zero sets. Let
Ao be a collection of the decreasing zero sets and By be the collection of the
increasing zero sets. In [22] the functor I : CTopOrd — C2Top was defined
using initiality. It was shown in [14] that I(X,7,<) = (X, 74,,75,), where
T4, is the topology having Aj as a base for closed sets and 7, is the topology
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having By as a base for closed sets.
PROPOSITION 4. SCpoD = Cy; and SCpoD = Cy; .

EXAMPLE 5. DCp1S # Cpo and DCy,1 S # Cia. Let (X, T) be a cofinite
topology on an infinite set X. Let T™ be the topology which has a base the
closed sets of T. Then (X,T,T*) is pairwise completely regular ([21] and
[22]). Since (X,T) is a Ti-space we have that T™ is a discrete topology.
Then S(X,Ty,T>) is a discrete space. Then CyS(X,T,T*) is the topological
product RX (see [1], Corollary I1.8.7 ). Clearly DC,p1 S(X, T, T*) is the product
in BiTop. But Cp2(X, T, T*) is a proper bitopological subspace of the product.
Hence DC,1S(X,T,T*) # Cpo(X, T, T™).

THEOREM 6. MCpol = Cy< and MCyol = Ci< .

Proof. Consider the second equality. We want to show that MCyol =
Ci<. Let (X,7,<) be a completely regular ordered space. Then I(X, T, <)
= (X,74,,78,)- We now consider the bitopological space Cka(X, T4,,75,)-
The first topology T, of Cka(X,T4,,75,) has subbase {[K, (a,00)] : K is
Ta, V T8, = T-compact} and the second topology Ty, of Cra(X, T4,,78,) has
subbase {[K, (—o0,b)] : K is 74, V 75, = T-compact} where a,b € R. Without
loss of generality we can assume that a < b. We now consider M (X, T’ 10 Lra, ).
Now [K, (a,00)]N[K, (—o0,b)] = [K, (a,b)]. Therefore T, VT, is the topol-
ogy of the ordered space Cj<(X,7, <). We now show that the order gTTBO is
the pointwise order. Let f <ty 9- Then f € clTTB0 {g}. Thus f € [z, (a,o0)]
implies g € [z, (a,00)] for all z € X and for all a € R. Hence f(z) € (a,o0)
implies g(x) € (a,00) for all z € X and for all @ € R. Then f(z) > a implies
g(z) > a. Then f(z) <, g(z) for all z € X

On the other hand suppose f ;(TTBO g implies that there exists g € X
and a € R such that f € [z, (a,00)] and g ¢ [z¢, (a,00)]. Then there exists
zo € X and a € R such that f(z¢) > a and g(z9) < a. Thus there exists
zo € X and a € R such that g(z¢) < a < f(zo). Hence f(z0) £u g(z0).
Therefore f <r,, g < f(z) &y g(z) forall z € X

This completes the proof. 1

EXAMPLE 7. ICy<M # Cpg and ICp<M # Cja. Consider the case i = p.
Let (Q,us,ls) be the rational with the upper Sorgenfrey topology and the
lower Sorgenfrey topology (i.e., us has basic open sets of the form (a, b] where
a,b € Q, a < b, and [s has basic open sets of the form [a,b) where a,b € Q,
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a < b). Then Cpo(Q,us,ls) has the bitopology of a subspace of the prod-
uct P = (quQRq,quQ(i)q,quQ(d)q). Now M(Q,us,sl) = (Q,discrete
topology, discrete order). Then every function f: Q — R is in C)<(Q,R<).

Therefore Cp<(Q,R<) is the product topological space RrQ, Applying the
functor I and using the fact that I preserves initial sources, we have that
IC,<(Q,R<) is the product bitopology P = (quQRq,quQ(i)q,quQ(d)q).
Since Cp2(Q,us,ls) is a proper bitopological subspace of P we have
IC,<M # Cpo.

Example 7 is also valid for the case of compact open bitopology and com-
pact open order topology since in a discrete topology compact sets are finite
sets and thus the bitopology of pointwise convergence coincides with the 2com-
pact open bitopology.

If we replace R, and R< by a completely regular bitopological space
(Y,71,74) and respectively by a completely regular ordered space (Y, 7', <')
then we get the following proposition which is analogously to Proposition 3.

PROPOSITION 8. (a) If f : (X,71,72) — (Y,7],74) (1 = p,k) is bicon-
tinuous and Z € C2Top then f* : Cip(Y,Z) — Cio(X,Z) (i = p,k) is bi-
continuous.

(b) If f : (X,7,<) — (Y, 7', <") (i = p, k) is a continuous order-preserving
function and Z € CTopOrd then f* : Ci<(Y,Z) = Ci<(X,Z) (i = p,k) is a
continuous order-preserving function.

From Proposition 8 we have the following contravariant functors Cjo :
C2Top — C2Top (i = p, k) and Cj< : CTopOrd — CTopOrd (i = p, k) which
assign for each X € C2Top the bitopological space Cio(X, Z) (i = p, k) and
for each X € CTopOrd the ordered topological space Ci<(X,Z) (i = p,k)
where Z € CTopOrd is fixed.

The proof of the following proposition follows as in the proof of Theorem 5.

PRrROPOSITION 9. Let X be any ordered topological space and Y be a fixed
completely regular ordered space. Then MCi(IX,1Y) = Ci<(X,Y) where
1=p,k.
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5. THE COMPACT OPEN ORDER TOPOLOGY AND THE ORDER TOPOLOGY
OF QUASI-UNIFORM CONVERGENCE ON O-COMPACTA

In this section we study the quasi-uniformizability of the ordered topolog-
ical space of continuous order-preserving functions. We also generalize Arens’
Theorem.

THEOREM 10. Let (X,7,<) and (Y,7',<') be two ordered topological
spaces. Then (Y, 7', <) is quasi-uniformizable if and only if C,I(X ,Y') is quasi-
uniformizable.

Proof. Suppose (Y,7',<') is quasi-uniformizable. Then IY is a quasi-
uniformizable bitopological space. By theorem 1 in [18], Cko(IX, 1Y) is quasi-
uniformizable. By applying the functor M and using proposition 9, we have
that MCpo(IX,1Y) = Ci<(X,Y) is quasi-uniformizable.

Conversely suppose C,I(X ,Y) is quasi-uniformizable. Let U be a quasi-
uniformity on CT(X,Y’) compatible with (T}, <), i.e., T), = T(U*) and <,=
NU. Now for each y € Y define f, : X =Y by fy(z) =y for all z € X. For
each U € U put

U={(y,2) €Y xY :(fy. f.) eU}.

We claim that {U : U € U} is a base for a quasi-uniformity u on Y
compatible with (7', <'), i.e., T(U*) = 7" and <'= NU. Let y € H € T(U*).
There is U € U such that (UNU 1) (y) C H. Since (UNU 1) (f,) € Tk, there
are sets K1,..., K, € K and Gy, ..., G, € 7' such that

fy € MK Gi] C (UNUT)(fy) -

Put G =N}, G;. We have f,(K;) C G; for i =1,...,n. Thus y € G; for all 4.
Then y € G. We now show that G C H. Let z € G. Then z € G; fori =1, ...n.
Then f, € N [K;,G;] € (UNUY)(f,). This implies (fy, f,) € UNU L
Thus (y,z) € UNU™" and hence z € (UNU')(y) C H. Therefore H is
open in 7/ and thus T(U*) C 7. On the other hand if y € G € 7/. Then
for each z € X, f, € [z,G] € T, = T(U*). There exists U € U such that

(UNUY(fy) C[z,G]. We now show that (UNU Y(y) C G. We have that

ze(UNU Y (y) = (y,2) eUNU"
— (fy,f)eunu™!
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— f. € (UNUT)(fy) C [z, G
= f.(z) G
—ze(G.

Therefore G € T(U*). Hence 7/ = T(U*). We now show that <'=Nif:

(y,2) €ENU = (y,2) €U for all U € U
= (fy, f.) eUforallU el
= (fy, f.) eNU
=1, <t
— fy(z) <' f.(z) for all z € X
=y < 2.

Therefore (Y, 7', <') is quasi-uniformizable. |

COROLLARY 11. Let (X, 7,<) be an ordered space. Then the folllowing
statements are equivalent:

(i) (Y,7',<") is quasi-uniformizable;
(i) C’,I(X ,Y') is quasi-uniformizable;

(iii) Cg (X,Y) is quasi-uniformizable.

Proof. Follows from Section 3(d) and Theorem 10. [

We now generalize Arens’ theorem.

THEOREM 12. Let (X, 7, <) be an ordered topological space and (Y, 7', <')
a quasi-uniformizable ordered space. Then for each quasi-uniformity on Y
compatible with (7', <') the order topology of quasi-uniform convergence on
compacta coincides with the compact open order topology.

Proof. Let U be a quasi-uniformity on Y compatible with (7', <), i.e.,
T(U*) = 7" and <'= NU. The topology T}, is the restriction to CT(X,Y) of
the compact open topology on the space of continuous functions. Therefore
the topology of uniform convergence on compacta (of U*) coincides with the
compact open topology on the spaces of continuous functions. Hence T} =
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T(U;) on CT(X,Y). It remains to show that <,= NUj:

f<sg< f(z) < g(z) forallz € X

(z)) enNU for all z € X

(x)) €U forallU eU, for all z € X
(K,U)foral K e K, UelU
N{(K,U): KeK, UelUu}

m Mo <

Let C*T(X ,R<) denotes the set of bounded continuous order-preserving
functions. Then we have the following:

PROPOSITION 13. C''(X,R<) is dense in C] (X, R<).

Proof. Let B be a basic open set in C,I(X, R<) and let f € B. Then there
exist K1, ..., K, € K and Vi, ..., V,, open in R< such that f € B =N, [K;, V;].
Put K = U}" | K;. Then K is compact. Since f € C,z(X, R<), we have that the
restriction fx : K — R< is a bounded (because K is compact) continuous
order preserving function. Let ¢ be such that | f(z) |[< e for all z € K. Then
g=fAe isin C'"(X,R<) and g[K;] = f[K;] CV;,1 <i < n, as required. 1

COROLLARY 14. C"1(X,R<) is dense in Cj (X, R<).

Proof. Follows from CJ(X,RS) C C,I(X, R<). 1

6. MORE PROPERTIES OF C;(X,Y) , C,I(X,Y) INHERITED
FROM THE CODOMAIN ORDERED SPACE Y

The notion of a strictly completely ordered space was introduced by J. D.
Lawson [9]. We investigate how this notion, and the notions of an I-space
and a C-space interact between the codomain ordered space (Y,7',<’) and
the ordered function spaces Cg (X,Y) and C,I(X ,Y). In [9] Lawson gave the
following definition:

DEFINITION 1. Let (X, 7,<) be an ordered topological space. Then X
is said to be strictly completely regular ordered space if: (a) the order on
X is semiclosed; (b) X is strongly order convex, i.e., the open upper sets
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and open lower sets form a subbasis for the topology; (c) given a closed lower
(upper, respectively) set A and a point x ¢ A, there exists a continuous order-
preserving function f : (X,7,<) — I< such that f(A) = 0 and f(z) =1
(f(A) =1 and f(z) = 0, respectively).

Remark 1. Condition (c) in Definition 1 is equivalent to: given an open

upper set U and =z € U there exists a continuous order-preserving function
f:(X,7,<) = I< such that f(X\U) =0 and f(z) = 1.

The straightforward proof of the following lemma will be omitted.

LeEmMA 15. Let (X,7,<) and (Y,7',<') be ordered topological spaces.
Then for any subset A of X and any subset B of Y we have i([A, B]) =
[A,i(B)] and d([A, B]) = [A, d(B)]

THEOREM 16. Let (X, 7,<) and (Y,7',<’) be ordered topological spaces.

(a) The following are equivalent:

(i) (Y,7',<') is an I-space;
(i) C’;(X,Y) is an I-space;
(iii) C}(X,Y) is an I-space.

(b) The following are equivalent:

(i) (Y,7',<') is a C-space;
(i) C)(X,Y) is a C-space;
(iii) C,I(X,Y) is a C-space.

Proof. We will only prove (a), the proof of (b) is similar.

(i) = (iii) Let (Y,7',<') be an I-space. Let F be an open subset of
C]I(X,Y) and f € F Then there are compact subsets Ki,...K, of X and
open subsets Vi,...V, of Y such that f € NJ_,[K;,Vj] C F. Then F =
UfeF(ﬂ?zl[Kja Vil)s. Then

i(F) = i(Uper(Mj=1[Kj, Vi) £) = Uper (M= [K;,i(V))]) s

since i preserves unions and intersections. Since (Y, 7', <') is an I-space each
[K;,i(V})] is open in C,I(X, Y') and thus i(F') is open. The proof that d(F') is
open is analogous. Therefore C'(X,Y) is an I-space.
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(iii) = (i) Suppose CZ(X,Y) is an I-space. Let U be open in (Y, 7/, <’
). Let z € X. Then [z,U] is a subbasic open set in C,I(X,Y). Therefore
i([z,U]) = [z,i(U)] is open in C,I(X,Y). We now show that for any subset
B of Y, if [z, B] is open in C,I(X,Y) then B is open in Y. Let y € B. Then
¢y : X — Y defined by ¢y(z) = yforallz € X, isin C,I(X,Y). Since ¢, € [z, B]
and [z, B] is open in C,I(X,Y), there exist compact subsets Ky, ...K,, of X
and open subsets Vi,..V,, of Y such that ¢, € NJ_[K},V;] C [z, B]. Put
V = n;_,Vj. Then y € V. We now show that V' C B. Let z € V. Then
z € Vj for all j. Then ¢, € NJ_,[Kj, V] and thus z € B. Therefore B is open.
From this we have that i(U) is open. Similarly d(U) is open. Therefore
Y is an I-space.

(i) <= (ii) The proof is similar to the above. 1

EXAMPLE 17. (a) Since R< is both an I-space and a C-space, we have
that C,I(X, R<) and C;(X, R<) are both an I-space and a C-space.

(b) Consider the following ordered space. Let Y = {a,b,c}, 7 =
{0,{a},{a,b},{a,c},Y}, and order Y by a < b < c¢. We have that {b} is
closed but neither 7(b) nor d(b) is closed. Therefore Y is not a C-space. By
Proposition 13, C;(X,Y) and C’,I(X,Y) are not C-spaces.

The proof of the following lemma is straightforward.

LeEmMMA 18. Let (X,7,<) and (Y,7',<') be ordered topological spaces.
Then the set [K,V] in C1(X,Y) is an upper set if and only if V is an
upper set.

LEMMA 19. Let (X, 7,<) be a strictly completely regular ordered space
and A C X be compact. If V an upper (lower) neighborhood of A then
there is a continuous order-preserving function f : (X,7,<) — I< such that

F(A)=1and f(X V) =0 (f(A) = 0 and f(X\V) = 1).

Proof. Let a € A and let V be an increasing neighborhood of A. By remark
1, there is a continuous order-preserving function f, : (X, 7, <) — I< such that
f(X\V)=0and f,(a) = 1. Then {f;'(3.1] : a € A} is an open cover of A.
Since A is compact there is a finite subset A" C A such that A C {f,1(3,1]:

a€ A} Let f =min{f, : a € A'}. Since ffl([o,%) = UaeA/fgl([O,%)) 7
f_l((%, 1)) = ﬁaeA:fa_l((%, 1]), we have that f is continuous. Since each of
the functions f, is order-preserving, we have that f is order-preserving. It is

easy to see that f(A) =1 and f(X\V) = 0. The dual case is analogous. I
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THEOREM 20. Let (X,7,<) and (Y,7',<') be two ordered topological
spaces. Then

(i) (v, 7, <
CH(X,Y
(i) (v, 7', <’
Clx,y

is a strictly completely regular ordered space if and only if
is a strictly completely regular ordered space;

is a strictly completely regular ordered space if and only if

is a strictly completely regular ordered space.

Proof. We will prove (ii), the proof of (i) is similar. Suppose (Y, 7/, <) is
a strictly completely regular ordered space. We verify that C’,I(X ,Y) satisfies
the three conditions in Definition 1.

(a) To show that <, is semiclosed is equivalent to showing that for all

fe C,I(X,Y), the sets i(f) and d(f) are closed. Let g € C,I(X,Y)\i(f).
Then

g¢ilf)=f%ryg
— f(0) £ g(x,) for some z, € X
= 9(z0) ¢ i(f(2,))
= 9(z0) ¢ Y \ilf(20)) .-

Since <’ is semiclosed, the set Y \i(f(z,)) is open in 7. We now show that
g € [20, Y \i(f(2,))] € CL(X,Y)Ni(f), which will show that C} (X, Y)\i(f)
is open. The function g is obviously in [z,, Y \i(f(z,))]. Now

h € [0, Y \i(f(7,))] = h(z,) € Y \i(f ()
= h(z,) ¢ i(f(20))
= f(mo) ﬁl h(fvo)
= f£sh
— h ¢ i(f)

— he CH (X, Y)Na(f).

Therefore Cg(X ,Y)N\i(f) is open and hence i(f) is closed. Similarly d(f) is
closed. Therefore <, is semiclosed.

(b) Let B be open in C,I(X, Y) and f € B. Then there exist K1, ..., K, € K
and Vi,...,V, € 7’ such that f € N_,[K;,V;] C B. Then f(K;) C V; for all
1 =1,...,n. For each x; € K; there exists an open upper set O; and an open
lower set U; such that f(z;) € O; NU; CV;, since Y is strongly order convex.
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We claim that [K;, O;] is an open upper set in C,I(X, Y) and [K;, U;] is an open
lower set such that f € (N}, [K;, O;]) N (N7, [K;,U;]) € B. Since f(K;) C O;
and f(K;) C U; for all 4, we have that f € (N_,[K;, O;]) N (N, [K;,U;]). By
Remark 1 it follows that each [K;, O;] is an upper set and so is N}, [K;, O;].
Similarly N}, [K;, U;] is a lower set. Now if g € (N7, [K;, O;]) N (N7, [K;, Uil)
then g(z;) € O; NU; C V; for all i. Therefore ¢ € B. Hence C,I(X,Y) is
strongly order convex.

(c) Consider a fixed subbase {[K,V] : K € K and V € 7'} of Ty.
Let f € [K,V], where [K,V] is an open upper set. We want to show that
there is a continuous order preserving function ¥ : CT(X,Y) — I< such that
T(CTH(X,Y)\JK,V]) = 0 and ¥(f) = 1. Then f(K) C V, and by Remark
1, V is an open upper set. Since f(K) is compact, there is a continuous
order-preseving function g : (¥,7',<') — I< such that g(f(K)) = 1 and
g(Y\V) = 0. Define ¥ : C1(X,Y) — I< by ¥(h) = supg(h(K)) for all
h € CT(X,Y). The function ¥ is continuous and order-preserving. (see The-
orem 7). Furthermore ¥(CT(X,Y)\[K,V]) = 0 and U(f) = 1 as required.
Therefore C’,I(X ,Y) is a strictly completely regular ordered space.

Conversely suppose C,I(X,Y) is a strictly completely regular ordered
space. Consider the function ® : ¥ — CT(X,Y) given by ®(y) = fy where
fy(z) =y for all z € Y. Then ® is an order embedding. Therefore Y is an
order subspace of CT(X,Y). Hence Y is a strictly completely regular ordered
space. |1

COROLLARY 21. Let (X,7,<) and (Y,7',<") be two ordered topological
spaces. The following are equivalent:

(i) (Y,7',<') is a strictly completely regular ordered space;
(i) C’; (X,Y) is a strictly completely regular ordered space;
(iii) C’,I(X ,Y') is a strictly completely regular ordered space.

EXAMPLE 22. (a) Since Rc< is a strictly completely regular ordered space,
C,I(X . R<) and C’; (X,R<) are strictly completely regular ordered spaces.

(b) ([6], Example 6) On the set Y = [0,w1] x [0,wq] equipped with
the product topology of the interval topologies on the factor sets, define
a partial order by (a,b) < (e,d) if and only if @ > ¢ and b < d when-
ever (a,b),(c,d) € Y. Then (Y,T,<) is a compact Ty-ordered space. Let
V be a unique quasi-uniformity on X compatible with (Y,7T,<). For each
Ve Vset Hy = V\{(z,y) € Y XY : 2z = (wi,wo) and y # (w1,wp)}.
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Then {Hy : V € V} generates a quasi-uniformity 4. The completely regu-
lar ordered space (Y, T(U*),NU) is not a strictly completely regular ordered
space. Then by Theorem 20, the ordered spaces C,I(X, (Y, T(U*),nU)) and
CH(X, (Y, T(U*),NU)) are not strictly completely regular ordered spaces.

For every ordered space (X, 7, <) there is a bitopological space (X, 7%, 7°)
associated with it where 7# denotes the collection of open upper sets of 7 and
7% denotes the collection of open lower sets of 7.

PROPOSITION 23. ([6], Proposition 1) Let (Y, 7', <') be a completely reg-
ular ordered space. Then the bitopological space (Y, 7'#,7'%) is a pairwise
completely regular if and only if (Y,7',<') is a strictly completely regular
ordered space.

COROLLARY 24. Let (X,7,<) be an ordered space and (Y,7',<') be a
quasi-uniformizable ordered space. Then the following are equivalent:

(a) (Y, 7', <) is a strictly completely regular ordered space;

(b C; (X,Y) is a strictly completely regular ordered space;

d

(e (CT(X,Y),TP#,TZ?) is quasi-uniformizable;

)
)
(c) C,I(X ,Y) is a strictly completely regular ordered space;
(d) (Y,7'#, 1'% is quasi-uniformizable;

)

)

(f) (CT(X, Y),T]f&,T]f) is quasi-uniformizable.

Proof. (a) <= (b) <= (c) follows from Corallary 21.
(a) <= (d) follows from Proposition 23.
(d) <= (e) < (f) follows from [18] and [19]. 1

EXAMPLE 25. Let us consider Example 22(b). From Proposition 23 we
have that (Y, T(U*)#, TU*)"), (CN(X,Y), T . T?) and (CT(X,Y), T}, TP) are
not quasi-uniformizable.

Remark 2. In section 3, a general collection A could replace F and K.
This will mean that for this collection of subsets of X we can generate the
topology and the order in the same way we did with F and K. In this way we
can study the interaction between the properties of an ordered space (Y, 7/, <')
and the properties of such an ordered space (CT(X,Y), Ty, <;). Work is in
progress in this direction. We also conjecture that this could also be done in
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the context of bitopological spaces as in [18] and [19], where in the place of
a collection consisting of finite subsets or a collection consisting of compact
subsets, a general collection A, or the collection A with a specific property
could be considered and generate the bitopology on the function space. This
approach will be in line with the one used in [12] where the notion of networks
was used.

[10]
[11]
[12]
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[14]
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