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One of the classical boundary value problems for analytic functions (see
(3], [5]) and for the solutions of more general elliptic systems in the plane
(see [1]) is the Riemann conjugation problem (the simplest particular case of
this problem is the so-called jump problem); it consists of finding a function
analytic in the interior and exterior of a given smooth closed Jordan curve,
such that the solution has a prescribed condition across the curve.

In order to solve the Riemann linear conjugation problem one of the most
important method that can be found in the literature is the Kats’ method
(see [6], [7], [8]) that does not use contour integration and can thus be used
on fractal curves.

The purpose of this note is to establish a three dimensional extension of
Kats’ technique.

Let S be a simple closed surface bounding a domain Q% in R?® and let
Q= =R¥\ QF. Let D denote the homogeneous operator Z;Ll e;0/0z;, where
e; are the generators of the real quaternionic algebra.

The jump problem for quaternionic functions is the problem of finding a
function u(z) such that Du = 0 in R® \ S satisfying the boundary condition
wt) —um () = g(t), tes,

_ (1)
where g is a given function on S and u*(¢) are the limit values of the desired
function u at a point ¢ as this point is approached from Q% and from -
respectively.

'This note is part of R. Abreu’s doctoral dissertation and was presented at the ”VI
National Symposium of the Cuban Mathematical Society” held in Cienfuegos, Cuba, in
November, 1997.
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DEFINITION 1. A function u € C*(R3\ S) is called a quasi-solution of the
problem (1) if there exist the limit values of the function u and they satisfy
the condition (1).

For example, if g € C(S) then a quasi-solution of the jump problem can be
obtained from the formula:

uo(z) = g (2) = Xa+(2)Vog(2), (2)

where Xq+ is the characteristic function of the set Q* and ¥, is the Whitney
extension operator.
Concerning solvability of the problem (1), we have the next theorem.

THEOREM 1. The jump problem (1) is solvable if and only if there exists
a quasi-solution u such that the support of Du is compact and Du € LP(IR®)
for p > 3.

The proof of this theorem is based on the fact that the function
uo(a) = u(e) ~ | e(w~y)Duly)dy, 3)

where e(z) = — 5 s a solution of (1).

z

4r|z|
Let H,(S) denote the set of functions that satisfy a Holder condition on

S with exponent v and let a(S) be the cell dimension of S (see [2]). The next

result easily follows from the construction of the Whitney partition.

LEMMA 1. Suppose that 0 <v <1 and a = «a(S) <3. If g € H,(S) then
Dgv e L? forp < (3 —a)/(1 —v).

An immediate consequence of Lemma 1 and the Borel-Pompei’s formula
(see [4, p. 28]) is the following theorem.

THEOREM 2. If g € H,(S) with 1 > v > «/3 then the problem (1) is
solvable.

The following theorem is the main result of the paper.

THEOREM 3. Suppose that o = a(S) < 3, g € H,(S) and that the Haus-
dorff dimension ay (S) of the set S is such that

an(S) —2 < p< =2

3—a
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Then, the function (3), with u = ¢, is the unique solution of the jump
problem (1) of class

H, = {u(a:) : Du=00onR®\ S, and u* € Hy(ﬁi)}.

Proof. Having into account a three dimensional extension of E.P. Dolzhen-
ko’s theorem and in virtue of Theorem 2, the proof is an easy traslation of
the one given in [7, Theorem 2]. N
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