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1. INTRODUCTION

Let (H;(-, -)) be an inner product space over the real or complex number
field K and {z1,...,z,} a system of vectors in H. Consider the Gram matrix
G(z1,...,%n) = [(2i,7;)]; j=1» and the Gram determinant

L(zy,...,z,) := det G(zq,...,2,) .

The following inequality is well known in the literature as Gram’s inequality
(see, e.g., [4, p. 595)):

(1.1) [(zy,...,2,) > 0.

Note that equality holds in (1.1) iff the system of vectors {z,, ..., z,} is linearly
dependent.
A well known converse of this inequality is the following:

(1.2) D(z1,. .5 %,) ST lasl?, € H (6 =T1,n)
known as Hadamard’s inequality. Equality holds in (1.2) if and only if (z;, z;)
= §; l|lzil|l|z;] for all 4,5 € {1,...,n} (see [3]).

Some special but very interesting inequalities which involve Gram deter-
minants are the following (see [4, p. 597]):
F(xla cee 7xn) < F($2a s 7$n)
C(zy,...,zx) — D(z2,...,z41)
(14) F(a;lv s axn) S P(mla s 7$k)F("I"k+17 s vmn)

(1.3) S tee SF(.’Ek_l_l,...,.'L'n)
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(15) [F(il)l +y1,.’L'2,...,.’Bn)]l/2

< [M(z1,z2, .- ,:z:n)]l/2 + [(y1, T2, .. ,:1:,1)]1/2 )

2. RESULTS

For a fixed inner product (-, -) on linear space H over K, consider the
Gram determinant

D((-5 )i @1y @) = det [(24,2,)], 1 -

1,n

We now state and prove our main result.

THEOREM 2.1. Let (-, )1, (-, )2 be two inner products on the linear
space H. Then one has the inequality:

(2.1) [ ),

1/2

+

(" ')2;3717'-'73:71)]

Z [F(( ) ° )1;:1;11 s 71:71)]1/2 + [F((v : )2;$17' .. 71:71)]1/2 Z 0
forallz; € H (i =1,n) and n > 2.
Proof. If {z,...,z,} is a system of linearly dependent vectors in H, the

inequality becomes an identity.
Suppose that {z;,...,z,} is linearly independent. With this assumption
we can consider the map:

F((a ');mla"wxn)
F((a ');$2a-"7$n)’

where (-, -)is an inner product on H.
It is well known that (see also [3] or [4]) we have the representation

’Y(('a');xl"'-axn):: n>2,

7((7 ');xh"'awn) = d2($17H2,_n) = 161%f—||x1 - -THZ

where Hz is the linear space spanned by the linearly independent system of

vectors {z2,...,%,}.
Let us prove the inequality:
(22) 7(("')1+('1')2;*7:17'”75571)

27((': ')1;~'Ela-~7$n)+7(('7 ')Q;xl,"'7$n)7
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where (-, -); is as above, which is interesting in itself (see also [1]). We have:
Y5 )+ Gy )z ma) = inf [llz = zfl] + (|21 — 23]
z€H2—;
> M —_ 2 M _ 2
> Elgg_n”ml zlly + zelgt;_nllwl |3
:7((7 ')1;$1a"'7$n) +’Y((a ')2;371,...,1}”),

i.e., the inequality (2.2).
We now prove another inequality which is also interesting in itself [1]:

(2.3) NS M D P P
>T((- )z zn) F0((, )o@, -0, Z0)

forall (-, -); (: =1, 2) two inner products on H and {zi,...,z,} C H,n > 2.
Of course, we must only prove the result in the case when {zi,...,z,} is
linearly independent. We give a proof based on mathematical induction.
Let n = 2. Then we have:

(-5 )y + ()2 a2) = (lzalF + Nz (22l + llz213)
— (21, %2)1 + (21, T2) |
> |zl lI? + Nz 5 lz2ll3 + Nzl 23 + [z 5] |F
— (1, 221" = 2[(z1, 22)1 (21, T2)| = (21, 22)2
=T((-, -)321,22) +T((+, +)ys 21, 22) + [l 1]l 3
+ e [I3llz2l1? = 2(z1, z2)1] |21, 22)o]
>T((, ) z,22) +T((-5 - )35 %1, 2)
+ (lz1 lulleallz — Nz flollzalli)”
>T((+ ) z,22) +T((, )y 71, T2)

since, by Schwarz’s inequality,
lzillillzalle = (@1, 22)ils  lzill2llzallz > (21, 22)s]

for all z,, z, € H and (-, -); (i =1,2) as above.
Now, suppose that the inequality (2.3) is true for all (n — 1) linearly inde-
pendent vectors in H. If {z,,...,z,} C H is linearly independent, then by
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the inequality (2.2) we have:

-y )y + oy )gi @1y o0, Zn)
=55 ), + (5 )@y z)T((5 ) +F (05 1 )gi Boy e - T0)
Z (5 )z z)D(C )+ (s )22y T)
+((5 )gs Ty )T, )+ (0 )93 T2y -5 T0)
(2.4) _r D((, )y + () )y @2y, Tn)

But, by the inductive hypothesis we have

F((a ')1+('7 ')2;$2’---7$n) ZF((, ')1;$2a---a$n)+r(('7 ')2;w2a--->$n)
which shows us that

F((a ')1+('a ')2;!E2,...,IEn)
F((v ')i;$2""axn)

and thus, by the inequality (2.4), we obtain the superadditivity of I'( - ; 4, ...,
Z,), 1.e., the inequality (2.3).

Now, by the inequality (2.4) and by this superadditivity we can prove more,
i.e.

F((a ')1+('a ')2;.’111,...,.’13n)

>T((-, )%y Zn)

>1, i=1,2

(-5 )@y xa) (05 < )gs T2y -, Z0)
T+, )p5z2,-0 5 Tn)
L((-, )@y @n) (00, * )y T2y -+, T0)
F((a ')2;-'1;27---73771)

(2.5) +T((- )ps T1y e v, Tn)

:F(("')1;$17"'a$n)+F(('a')z;mla---,wn)
T

. F((a ')1;‘7"2,"'?'7"71)

EE L (O e
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But a simple inequality for real numbers shows us:

NS NS 2T
(s )22,y )

+T((-, )31, -5 Tn)

L((-, - )5521,--05,%n)

IN(EED S ST
L((-, )y @2y, Zn)

> 2[0((-, Vi3T5 2) D, )gi 21y mn)]

which gives, from inequality (2.5), that
F(() ')1 +('a ')2;-7:1""7111)

1/2 1/2,2
> ([0((C-, Disone o m)] 7+ DG gz ooea)])
i.e., the desired inequality (2.1).

Remark 2.2. If the system {zi,...,z,} is linearly independent and
()2 > (-, )y, ie. |lzlla > |lz1|| for all z € H\{0}, we have the mono-
tonicity property [1]:

(26) 7((7 )27$1’7xn) Z’Y((a )1a$177$n) > 0.
Indeed, by the inequality (2.2), we have:
7((7 ')z;mh---axn) 27(('7 ')2,1 +('7 ')1;$17---7xn)
27(('7 ')2,1§$1a~'1$n) +7(('a ')133;17-'-73771)

where (-, -),, = (-, ), — (-, -), is an inner product on H.

Remark 2.3. If (-, ), > (-, -),, i.e,, |lz]]2 > ||z||; for all z € H, and
{z1,...,z,} C H, then

(2.7) (- )y s zn) 2 T((-, ) 520,. ., 20) >0
i.e. the monotonocity of Gram’s determinant [1].

For other related results, see the papers [1] and [2] where further applica-
tions and consequences are given.
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