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The long standing automatic continuity problems for homomorphisms of
Banach algebras are:

QUESTION 1. If T : A — B is a homomorphism from a Banach algebra
A, such that T'(A) is dense in a semi-simple Banach algebra B, is T' necessarily
continuous?

QUESTION 2. Is every epimorphism from a Banach algebra onto a semi-
prime Banach algebra necessarily continuous?

(See [1, Open questions (16) and (18), p. 463,464]).
Partial positive answers to both questions have been obtained by several
authors. (See [1, p. 312-470] and [6]).

DEFINITION. A linear mapping T : A — B between two algebras A and
B is called a Jordan homomorphism if T'(zy + yz) = T(2)T(y) + T'(y)T(z),
for all z and y in A.

It is obvious that every ordinary homomorphism is a Jordan homomorphism.
Also, it is well-known that the class of semi-simple algebras contains all semi-
simple algebras.
We consider a more general form of the Question 1, as follows:
QUESTION 1’. Let A be a Banach algebra, and let B be a semi-prime
Banach algebra. Is every Jordan homomorphism T : A — B with dense
range continuous?

Next we give some recently obtained results.
Let £(Socl A) denote the left annihilator of the socle of a semi-prime algebra
A. Firstly we have:
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THEOREM 1. Let T : A — B be a homomorphism from a Banach alge-
bra A into semi-simple Banach algebra B such that T(A) is dense in B. If
¢(Socl B) = {0}, then T is continuous.

More general results can be stated:

THEOREM 2. Let A and B be Banach algebras, where B is semi-prime
such that ¢(Socl B) = {0}. If T : A — B is a homomorphism with dense
range, then T is continuous.

THEOREM 3. Every Jordan homomorphism from a Banach algebra onto
semi-simple Banach algebra is continuous.

Detailed proofs, and other results may be found in the author’s papers
(2],03],[4] and [5]. In general, the automatic continuity problems still await
solution.
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