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In this paper we present some of the results of [3],[4] concerning the
existence of nontrivial and nonnegative solutions of integral equations of the type

(1) o(t)= [ g(tsz(t-s-1) ds
where the following set of assumptions is supposed in the whole paper:

(H) g¢:RxRx[0,+00)— R, (ts,y)— g(t,s,y) is a continuous function,
w—periodic (w>0) in the variable ¢, g(ts,y)>0, VY(¢sy)eRxRx[0,+00),
9(t,5,0)=0, Y(¢s)eRxR, [ is a nonnegative constant and 7:R— R* is a
continuous and A—periodic function (A>0) such that w/A =p/q, p,geN.

Equations of type (1) have been considered as a model to explain the
evolution of some infectious diseases and have been also used as a growth
equation for single species population when the birth rate varies seasonally. It
includes, as a particular case, different eqautions considered by other authors
(see [2],[7],[8],[9],[11],[12] and [13]). Specially, we must remark the model
elaborated by Cooke and Kaplan [7] where 7(t)=7>0, [=0 and g¢ is of the
form g(t,s,y)= f(t—s,y); in this case the quantity a(t—s)=0f(¢—s,0)/dy (if this
derivative exists) may be interpreted as the contact rate of the epidemy. The fact
that ¢ is w-—periodic in ¢ means that the contact rate of the epidemy is
w—periodic in ¢ which usually happens in the practice; on the other hand, as
g(t,5,0)=0, Y(¢,s )€ RxR, z(t)=0 is always a solution of (1).

Due to the origin of problem (1) it would be of a great interest to have a
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good information about different questions such as the existence and nonexistence
of nonnegative and nontrivial gw—periodic solutions, uniqueness, multiplicity,
stability, etc...

Several authors have studied particular cases of (1). Respect to the existence
of solutions, basically, three types of techniques have been used: topological
methods (essentially, the fixed point index; see [7],[11]), bifurcation methods
(see [9]) and monotone methods (upper and lower solutions; see [2],[8]). The
uniqueness of nonnegative and nontrivial solutions of (1) is treated in [10]
and [11]. Some multiplicity results have been obtained in [8],[13]. To the best of
our knowledge none interesting result is known about the stability of solutions
of (1).

In what follows we present two results whose detailed proof may be seen
in [3],[4]. After each one, we comment which are the main novelties respect to the
mentioned bibliography.

E will denote the real Banach space of all real and continuous gw—periodic
function defined on R, with the norm

lzll = maxoq<qu |2(t)], YZ€E.

Also, P={z€FE:z(t)»0, VteR}. If L:E— F is a linear and continuous
operator, r(L), the spectral radius of L, is defined as

r(L)=limg_q L7/
THEOREM 1. ([3]) Let us suppose the following hypotheses:

(Hy) There ezists a positive (automatically continuous) function a:RxR— R
such that

im0, 288220 (1)

uniformly in (t,s)eRxR.
(Hy) There ezists a function b:RxR— R such that
Iim?/-sfmg t';‘y = b(tls)

uniformly in (t,s)eRxR.
Then if

(2) r(L(r,a)) >1 and r(L(7,b)) <1,
equation (1) has a solution in P\{0}, where L(7,a): E— E is defined by
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(L(7,a)z)(t) =f07(t)a(t,s)z(t—s—l) ds, VZ€E,

(analogously for L(r,b)).

Moreover if b(t,s) >0, V(t,s)eRxR and
(3) b(t,s)y<g(tsy)<a(ts)y, Yy>0, ¥(t,s)eRXR,
then (2) is also necessary for the ezistence of a solution of (1) in P\{0}.

For the proof, we need to set problem (1) as a fixed point problem of the
type

z=Fz

in an appropriate ordered Banach space (E, respect to the order induced by the

cone P) and then, by using the fixed point index (see [1] for a good review of the
subject) we prove the existence of solutions of (1) in P\{0}.

Remarks. 1) In [7],[9],(11] the function b is identically zero, so that our
previous theorem allows ¢ to have a better behaviour at infinity respect to the
variable .

2) To the best of our knowledge it is the first time that a condition as (2) is
shown to be necessary for that (1) has a solution in P\{0}.

3) Different applications of the previous theorem to some concrete
situations may be seen in [3].

THEOREM 2. ([4]) Let us assume the following:
(H,) There ezists a continuous function a:RXR— R such that

lim infy o, g—(%’yl= a(t,s)

uniformly in (t,s)€RxR.
(Hg) There ezists a continuous function b:RxR— R such that

hm SUPy-.+m ﬂi’;;yl = b(t,s)

uniformly in (¢,s)eRxR.
(H3) g 1s increasing with respect to y€[0,+00) for fized (t,s) eRxXR.
Then if

(4) min,.g for(t)a(t,s) ds>1 and max,g fOT(t)b(t,s) ds<1,
equation (1) has a solution z € P\{0}, which is strictly positive for all values of t.

The proof uses an iterative monotone scheme to obtain the solution: from
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the hypotheses of the theorem one may find constants « and § such that 0<a
<f and

ag Of(t)g(t,s,a)ds, ﬂ;for(t)g(t,s,ﬂ) ds, VteR

(a and g are called, respectively, a lower and a upper solution of (1)). Then
defining

Ty =0, Tp,(t) =f07(t)g(t,s,z,,(t—s—l)) ds, Vnel, YieR

2t =f, av(t)= [[Dg(t,s,5n(t-s-1)) ds, VneN, VieR

it is not difficult to prove that {z,} and {z"} converge, respectively, to functions
z and y which are positive solutions of (1) (in general, it is not known if z and y
are different functions).

Remarks. 1) Hypotheses (H;) and (Hg) of Theorem 2 are, respectively,
more general than (H,) and (H,) of Theorem 1. Also, in Theorem 2 we do not
suppose that a is a positive function. However, (4) is less general than (2) and
(H3) does not appear in Theorem 1. The conclusion is that Theorems 1 and 2 are
independent.

2) The main novelty of Theorem 2 is that we allow the function ¢ to be
zero for some values of (¢,s). That is, if we are talking about the epidemic model,
the epidemy may recurs periodically (even in a strictly positive way for all values
of the time) although the contact rate may be zero on some intervals of time (it is
clear that this may happens in the applications due to different causes, for
example, to be on school holidays). A concrete example of this fact may be seen
in [4]. Some nontrivial extensions of the previous results to a system of equations
like (1) (a problem whose interest was already shown in [7]) may be seen in [5],[6].
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