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1. INTRODUCTION

In the paper proposed the question of exponential stability of the solutions
of the following system is studied

n n
z/(t) + '21 &; 1)z (gi(¢)) + Zipij(t)z(hij(t)) = f(t), t€[0,+00),
(1) = a
z(s)=1z/(s)=0, ifs<0, i=1,.,n

To the study of the stability systems of the form (1) numerous technical
problems are reduced, related with the regulation processes (see, for instance, the
monograph [7]).
Introduce the following conditions (H):

HL. f, pij, Gj hij» gi:[0,+00) — R are measurable essentially bounded
functions.

H2. h;;(t) <t, g;;(t) <t (i.e. system (1) is of retarded type).

H3. The functions g;;:[0,+00) — R! must satisfy the condition:

mes4d =0 = mes gf} (4) =0, where mes is Lebesgue’s measure, 4 is a set in
-1 o

Rl: gz](A) = {t € [0,+OO) : gl](t) € A}! L= L,...,n.

n

H4. vraisupge(o, vm) ‘Zl lg;; (D) <1, i=1,.,n.
1=

2. PRELIMINARY NOTES

The stability of the solutions of equations with delay was for a long time
studied by means of approaches and methods more or less generalizing well known
classical methods of investigation of the stability of ordinary differential equations

75



76 D. BAINOV, A. DOMOSHNITSKY

(Lyapunov’s functions, analysis of the location of zeros of characteristic
quasipolynomials, integral inequalities, etc.). In this way significant results were
obtained, which can be found, for instance, in the well known monographs {7, 9,
10].

A background for the investigations proposed is a conception suggested by
Azbelev about 15 years ago. A modern version of this conception can be found in
a recent paper of Azbelev and all. [1]). We shall also note that the suggested by
ourselves method of investigation of stability relies on the use of differential and
integral inequalities which makes this method to a certain extent similar to the
method in the monograph [9].

We shall give some basic notions of the conception of [1] and then, using the
terminology introduced there, we shall point out the main peculiarity of the
suggested method.

Under conditions (H) the general solution of system (1) has the form

t
@ o(t)= [ Clt,9)f(s)as + X(2)e(0),

where z =col(z,...,z,), f=col(fi,....fp), C(t,s)= [Cij(t,s)]?’j _, is the
Cauchy matrix, X(t) = [Xij(t,s)]f’j _, is the fundamental matrix of system (1)
satisfying the condition X(0) = E (E is the unit n xn—matrix).

From representation (2) it follows that the questions of stability of system
(1) are reduced to estimates of the Cauchy matrix C(¢,s) and the fundamental
matrix X(t). A particular role is played by an exponential estimate.

DEFINITION 1. The Cauchy matrix C(¢,s) and the fundamental matrix
X(t) are said to satisfy an exponential estimate if there exist positive numbers N
and o such that

|Cij(t)5)| < NBXp{—Ol(t—S)}, 0g<sgt<+o0, 4,j=1,.,n,
3
) 1X5(t)] < Nexp{-at}.

In the proposed paper the exponential estimate (3) is obtained based on the
nonnegativity of the entries of the Cauchy matrix. Conditions for nonnegativity of
the entries of the Cauchy matrix for a system of functional differential equations
were obtained in [5]. This result in fact extends to functional differential
equations the well known theorem of Wazewski formulated in other terms. The
idea of the relation between the positivity of the Cauchy matrix and the
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exponential stability was first suggested in [3] and further elaborated in [4, 5].
We shall note that, unlike many other methods of investigation of stability,
the method suggested allows to estimate

t
s 1G5 (,9)1 5,
which is important in the study of the behaviour of the solutions on infinity.

3. MAIN RESULTS

First consider the case when ¢;;(t)=0, t€[0,+00), i,j=1,.,n, ie
investigate the equation

zil(t)+jilpij(t)xj(hij(t))=ﬁ(t)’ tef0,+o0), 4,j=1,..m,

(4) :
(s)=0, if s<0.
THEOREM 1. Let the following conditions hold:
1. Conditions (H) are met.
2. The nontrivial solution z; of the equation
z/(t) + pii ()7 (hii(8)) = i(2), L€ [0,400),
(5)

(s)=0, if s<O0,

has no zeros on [0,+00) for each of the scalar equations (5) for 1 =1,...,n.
3. There ezist positive numbers €, 2zi,..,2,, such that the following
inequalities hold

n
(6) pu(t)zl - Z lp‘t](t)lz] 2€, 1= 1,.,m, t€ [0)+OO) .
2
Then for the Cauchy and fundamental matrices of system (4) estimates (3)
are valid.

The inequality

=

t
) | mtoasct . cenim)
hii (t)
guarantees, as shown in [6], that the nontrivial solution of equation (5) has no
zeros on [0,+00).
If in condition 3 of Theorem 1 we set 2z; = ... = 2z, = 1, then we obtain the
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well known result of [2]

COROLLARY 1. If conditions (H) are met, and for i=1,...,n inequalities
(7) and

n
pii(t) > ‘lepij(t” +€
FE2
hold, where ¢ >0, then for the Cauchy and fundamental matrices of system (4)
estimate (3) is valid.

THEOREM 2. Let the conditions of Theorem 1 hold, where € > 1.
Then for the Cauchy matriz of system (4) the following estimate is valid

t
- LG .
(8) limg,,, | Y |Gj(t,s)lds<z , i=1,.,n.
0 1=t
Denote by (y1g,..-,¥Yak) @ solution of the system of inequalities
n
(9) Py = L i ()l 260, i=1..m,
2
1,if =k,
where & =
0,if i #k.

THEOREM 3. Let the following conditions hold:

1. Conditions 1 and 2 of Theorem 1 are met.

2. Forany ke {l,...,n} there ezist positive constants Y, ..., Ynk SotiSfying
inequalities (9).

Then for the Cauchy and fumdamental matrices of system (4) the following
estimate is valid

¢
li~n_1t_,+mj;|05j(t,s)|ds<yij , ,7=1,.,n.

THEOREM 4. Let the conditions of Theorem 1 hold, where € > 1, as well as
the inequalities

n n
vraisuptew,m) .Zl lqij(t)l [1 + kzl ijk(t)lzk] <l , i1=1,.,n.
j= =

Then for the Cauchy and fundamental matrices of system (1) estimates (3)
are valid.

We shall note that the constants z,..,z, can be found solving the
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following linear algebraic system
n
(10) pl:zt— Z |pij|*zj =1, i=1,..,n,
131
FES
where pi: = li_mt—wmpii(t): Ipzj |* = hﬂt—»mlpij(t)l :
In the case when p;; =const., p;;<0, i #j, i, j=1,...,n, for the Cauchy

matrix of system (4) estimates (3) are valid if and only if all components of the
solution z,..., 2, of the linear algebraic system (10) are positive ([3]).

EXAMPLE 1. Consider the system

51'(¢) + @11 ()21 (911(2)) + @12(8) 22 (912(2)) + 421 (P11 (2)) — 22( P 2(2)) = £i(£)

29/(2) + g21(¢)21(921(¢)) + g22(£) 29/ (922(2)) — 221 (ha1 (£)) + 222 hoa(2)) = fo(t)
tef0,+o0) , z(s)=z/(s)=0,if s<0.

We shall assume that inequality (7) holds for ¢ =1,2.
Consider first system (11) for ¢;;(¢) =0, ¢ € [0,4+00), 1,5 =1,2.
The result of [2, Corollary 1] cannot be applied since |pg;| = ppy. Solving the
algebraic system
421 - 2= 1 y
—221 + 2Z2 =1 ,
we obtain z = 1/2 , zp = 1. By virtue of Theorem 4 system (11) has a Cauchy
and fundamental matrices satisfying condition (3) if

n
. 1
VIaiSUp 4e[0,4) ,El lai; ()] <3
J:
4. PROOF OF THE THEOREMS

Proof of the Theorem 1. Define the operators K, K : C"— C", C" is
the space of continuous vector—valued functions z:[0,+00)— R®, by the
equalities

n

t n
(Kz)(t) = col [—f Ki(t,s) Lo (o)aj (s (s))|
0 % '

1 =1
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n

t n
(Re)e) = co | [ i(t) § lms@laiCis(a)|
0 S

1 =1

(s)=0 ,if s<0, i=1,.n,

K;(t,s) is the Cauchy function of the scalar equation (5).

From condition 2 by virtue of [6, Theorem 1] it follows that K;(¢,s) >0 for
0< st <+00, i=1,..,n. That is why the operator K : C* — C™ is positive.

Henceforth for the sake of simplicity of exposition we shall assume that
hij(t) >0 for ¢ € [0,+00) since the general case is reduced to this (see [4, 5}).

The vector (2y,...,2,) is a solution of the Cauchy problem

n
/(1) + i ()% (hii (8)) = ¥ [ij(8)]2; (R (8)) = i (2),
(12) =
tef0,+00), z;(0)=2%, i=1,.,n,

n
where ¢z(t) Epii(t)zi— Z lpzj(t)|z]: 1=1,..,n, tE€ [0700)

7

That is why this vector is also a solution of the integral equation

X - KX = §, where

t
@(t) = J; Ki(tas)"/’i(s)ds + K,’(t,O)Z,;, @ = COl((Zl)'--:(Zn)'

By condition ;(t)>e>0 for t€[0,400), i=1,..,n, thus @;(¢)>0 for
t €[0,+00), 1 =1,...,n.
By virtue of the theorem on the integral inequality [8] the spectral radius p(K) of
the completely continuous operator K : C» — C™ is less than one. By virtue of
a well known assertion [8, p. 79], p(K) <p(K) < 1.

By [6] the Cauchy function of the scalar equation (5) satisfies the expo-
nential estimate (3). That is why the function

t |
wi(0)= [ Ki(t)i(5)as + Ki(1.0)5(0)

is bounded on the half—axis for each function f.
For any right—hand side f the solution z of system (4) is bounded on the
half—axis since z in this case satisfies the equation z = Kz + ¢, where p(K) <1

€
(‘10 = COl(wlx“')(pn))‘
From the boundedness of the solution z for any right—hand side f by (1]



NONNEGATIVITY OF THE CAUCHY MATRIX 81

there follows the assertion of Theorem 1. 1

Proof of the Theorem 2. The vector z=col(z,...,2,) is a solution of
problem (12). From the formula of the representation of the solution (2} we have

t t
z=f C(t,s)1ds +j; C(t,s)p(s)ds + C(t,0)z,

where C(t,s) = [Cy;(¢, )] ij=y is the Cauchy matrix of (12), 1= col(1,...,1),
_’llbi 1$ D _001(p1$' )pn)
By [5, Theorem 2] C(t,s)>0 for 0< tt < 400 (here and further on the
inequality is meant for all entries). Thus z > f C(t,s)1ds.

To complete the proof we shall show that |C(t,s)| < C(t,s). Let
T = col(Zy,...,Z,) be a solution of system (12), where ¥;(¢) = £;(t), t €[0,+0),
i=1,..,n, and let z;(0) =%(0), i =1,...,n. The solutions z and I respectively
of systems (4) and (12) now satisfy the integral equations z = Kz+ g,
Z=Ki+yp. From here z=(I-K)lp, T=(-K)1lp (I:Cr— C™ is the
identity operator). Since for any ¢ € C* we have |Kp| < |Kp|, then |z| < |z|
and |C(t,s)| < C(t,s).

The proof of Theorem 3 is carried out in a way analogous to the proof of
Theorem 2. ’

For the proof of Theorem 4 we shall use the W—method of Azbelev [1] and
the estimates of f Z | Ci;(t,s)|ds obtained in Theorem 2.

Set in system (1)

1
o) = ()0 [ Wit s)u(e)as

where W(t,s) = [Wij(t,s)]?’j _, is the Cauchy matrix of system (4). We obtain
the following equation in the space of n—dimensional essentially bounded
measurable functions (Lg): y+Qy =f, where the operator Q: Ly — Ly is
given by the equality

(Qy)(¢) = (Qu)(t) - (QPWy)(1)
and the operators Q : Ly— Ly and P : C® — L7 are given by the equalities

(@)= [ s}, =0, it s<0,
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(PO = [ £ 0505 )]_, ste)=0, it 5 <0,

Now using the estimates given by Theorem 2, it is easy to see that the

conditions of Theorem 4 guarantee that the norm of the operator Q: Ly —— Lg
is less than one.

Thus y=([+Q)fe Ly. z= Wy is bounded on the half-axis since the

matrix W(t,s) satisfies the exponential estimate (3) by virtue of Theorem 1.
Now by [1] the Cauchy matrix C(t,s) and the fundamental matrix X(¢) of
system (1) also satisfy the exponential estimate (3).

10.
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