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In this paper we prove two Liapounov’s central limit theorems for a
sequence of independent p—dimensional random vectors, with mean and variance
and covariance matrix I, in cases of both general and uniformly bounded
sequence. Let {X,} be a sequence of p—dimensional random vectors, Varadarajan
[2] proves that in order that the distributions of the X, should be convergent in
law to a limit, it is necessary and sufficient that the distribution of /(X,) should
converge in law to some limit for every linear function /. In the next lemma we
state a result about the limit law.

LEMMA 1. Let {X,} be a sequence of p—dimensional random vectors. A
necessary and sufficient condition for X,—— X is that cTX,,-L» cTX for each
vector c €RP.

Proof. Let ax,(t) and ay(t) be the characteristic functions of X, and X.
If X,,—L X then ay,(t) converges pointwise to ax(t), so for each ceRP we
have that the characteristic functions of Y,=cTX, and Y=cT X verify:

oy » () = Elexp(is Y,)] = Elexp(iscT X,)| = ax,, (sc) —> ax (sc) = ay (s)

and then by the continuity theorem this implies that Y,.=cTX,,—£» Y=cTX.

Conversely, if we assume that c"'X,,—‘C» cTX for each ceRP, then taking
Y,=tTX, and Y=1tTX, we have that:

ax, (t)=E[exp(itT X, )] = Elexp(i ¥;)] = ay,, (1)— ay (1)= ax(t)
hence X,,—Lv X; this completes the proof. 1

In the following theorem we assume that ||-]| is a norm such that ||AB| <
|A| I B| for the product of matrices A and B.
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LIAPOUNOV’'S VECTORIAL THEOREM. Let {X,} be a sequence of
p—dimensional random vectors, with zero mean and variance and covariance
matriz T,, and let {a,} be a positive divergent sequence such that

- -1-6/2 2
O (B4t 8)— T and o YR EIXT— 0
for a positive 6, then:

Xi+...+X; L #,(0,9).
Von,
Proof. Let Y, be the random vector sequence:

Y. _Xi+. .. +X
e e

Va,
and let ¢ €RP be any constant p—dimensional vector, then:
(1) cf Yn'_"'l— Z;::l U
Va,

where Up=cT Xy, k=1,2,3,... is a sequence of independent random variables, with
zero mean, such that:

-1-6/2 2 -1-6/2 2+6 2
a7 o B U <o TR Bl Xl =
2+6 -1-6/2 2
= lel®*a; =% Yh_, ElIX4I ] — 0

and whose variances satisfy:

(2)

(3) sﬁ=22=lvu(Uk)=Z:=1 CTth: a”c'l‘z'] +..a'.‘+!2 ¢
2
(4) :: CTEI+°;;;+2"C — Tfe.

“If ¢T$c >0 then we have from (2) and (4) that:

1+6/2
-2-6 : 2+6y _ ay 1 2
o K B = i i IO ] —
n

— (cTi‘.kc)'l-'f‘/ 2.0=0
thus Liapounov’s theorem (see pp. 275-277 of Loeve’s book [1] for example)
implies that:

U] +.:9. +Uﬂ _L' JV(O,].)
n
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and hence
(5) CTYn_—_-U]"""+Un=ﬁn_.U]+“'+Un —‘C—»J/(O,CTXIC).
Va, Vay o
On the other hand, if c"$c=0 then we have from (1) and (4) that:
(6) E[cTY,]=0 and Var[cTY,] =%’2': — cTc=0
from which we obtain:
(7 Ty, 2 0=H4(0,cT%c).
Hence from (5) and (7) we have that:
(8) Y, £, ¥(0,cTLc)

for each c€RP. From lemma 1 and (8) we may obtain the conclusion of the
theorem. 1

LIAPOUNOV'S VECTORIAL THEOREM (bounded case). Let {X,} be a
sequence of independent and uniformly bounded p—dimensional random vectors,
with zero mean and variance and covariance matriz L, and let {a,} be a positive
divergent sequence such that a, ~($y + ...+ L) — I, then:

.X] +... +Xﬂ i’ yp(o’t)
Va,
Proof. Let us denote by ||-]| the euclidean norm. Since || Xi| <M <+o00, it

follows that:
2+6 ') 2 ') T
E[II X"+’ ) < MPE[|Xg)|“] = M B[Tr( X} X)) =

9 .

) = MOTe(E[ X, X 1)) = MO Tr(%).
Therefore,

) o % TR B < M0 s ()=

5 - -1
=M*a]0? Trla, ($1+...+5,)] — MTTI($)=0,
and Liapounov’s vectorial theorem applies. This concludes the proof. 1
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