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In Computer Algebra, Subresultant Theory provides a powerful method to construct algorithms solving
problems for polynomials in one variable in an optimal way. So, using this method we can compute the
greatest common divisor of two polynomials in one variable with integer coefficients avoiding the exponential
growth of the coefficients that will appear if we use the Euclidean Algorithm.

In this note, generalizing a forgotten construction appearing in [Hab], we extend the Subresultant The-
ory to the multivariate case. In order to achieve this, first of all, we introduce the definition of subresultant
sequence asociated to two polynomials in one variable with coefficients in an integral domain and the prop-
erties of this sequence that we would like to extend to the multivariate case.

Let ID be an integral domain, JF its quotient field and IK the algebraic clousure of IFF. We consider two
polynomials P and @ in D(z] and two positive integers p and q verifying deg(P) < p and deg(Q) < ¢. The
subresultant sequence associated to P, p, @ and g is a list of polynomials in D[z]:

{Sresi(P,p,Q, D) }ieq1,...inf(p.g)-1}
where each polynomial Sres;(P,p, @, q) is defined as follows:
Sres;(P,q,Q,9) = Yo Mi(P, Q)2 = Mi(P,Q)’ + -+ + Mi(P,Q)z + Mi(P,Q)

~ with every M;(P,Q) the determinant of the matrix built with the columns 1,2,...p+¢—2i—1p+q—i—j
in the matrix:

p+1—i
a, ag
. . } q—1
ml'(P)prlq) = bq . Z: e o
- - } p—i
by ... bo

For each i in {1,...,inf(p,q) — 1} we shall note:
Si(P,Q) = Sres;(P,deg(P),Q,deg(Q))  s:i(P,Q) = M{(P,Q)
and if s;(P, Q) is different from 0 we shall say that S;(P,Q) is regular, otherwise defective.

The most important properties of the subresultant sequence associated to two polynomials P and Q in
D(z] that we shall try to generalize to the multivariate case are the following:

Property 1
For each i in {1,...,inf(p, g) — 1} the polynomial S;(P, Q) is in the ideal of ID[z] generated by P and @ and
it is posible to construct polynomials U; and V; in D[z] such that U; P + V;Q = S;(P, Q).

Property 11
In the following situation:

so(P,Q)=...=s,-1(P,@)=0 and se(P,Q) #0
we conclude that Si(P,Q) is a greatest common divisor of P and Q in IF[z].

Property IIT
SO(P, Q) =0 = dzp € K P(Io) = Q(Io) =0

1 Partially supported by CICyT PA 86/471 and PB 62/86.
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Property IV
A subresultant sequence associated to P and Q can be computed in an easy way (using only O(deg(P) deg(Q))
arithmetic operations in D) without computmg the determinants which appear in the subresultant polyno-
mial definition. Moreover, if ID = Z then the size of every M; ! (ie. its log,) is bounded by:

deg(P) logy(N(Q)) + deg(Q) logs(N(P)
where N(P) (resp. N(Q)) is the euclidean norm of the vector formed with the coefficients of P (resp. Q).

The proof of these properties and another ones related with subresultant theory can be found in [GLRR].
Next we generalize the subresultant construction for n polynomials F1,...,F, in D[zy,... ,Zn—1) where ID
is an integral domain. If d; is the degree of each F; then we shall note:

e D=1+¥0 (& -1), L= (""",
e a=(ay,...,0n-1), z¥=zf---zpryt, BP = = {22/ ¥ i} @i < D).

The set B,’,)_l of the monomials in z;,...,z,_; with degree smaller than D has cardinal equal to L and
we shall consider in this set the partition given by:

-. for each jin {1,...,n — 1}:
Bj={zfax <dp k=1,...,j—-1 , a;>d;j}={H®/k=1,...,8}={z} Hia/k=1,...,5},
-. for the index n:

Bn={z%fax <dp k=1,...,n—1}={HP/k=1,... .82} = {Hap/k = 1,...,8n}.

Clearly the sets {IB;};=1, . are a partition of IBY_, and we suppose that the monomials in BY_; and
in every IB; are ordered using first the total degree and after the lexicographical order with z; > ... > z,_;.

The next definition introduces in this situation the analogous for the Sylvester matrix of two polynomials in
one variable, that is mo(P, deg(P), Q, deg(Q)).

Definition 1

~ The matrix mo(Fy,...,Fyn) is defined as follows:

for each j in {1,...,n} and for each i verifying Silen<i< E’i:o sy (with so = 0) the
elements in the row i-th are the coefficients of the polynomial H, ;- J.F_.,- written respect

s
w=0 %"

to the monomials in BY_;

In the following picture it is found, in a clearer way, how to construct the matrix mo(Fy,. .., Fy,) using
the coefficients of the Fj’s:

Hl,jFl{

H,,,;F,.{

Next we define the analogous in this situation for the notion of subresultant polynomial for two poly-
nomials in one variable:

Definition 2

Let k be a non-negative integer. We define the matrix mg(Fy,...,F,) as the submatrix of mo(Fy, ..., F,)
constructed with the coefficients of the polynomials H; ; F; of degree smaller or equal than D — k and written
their coefficients respect to the monomials in IB2_; of degree smaller or equal than D — k. Denoting by a;
the number of polynomials H; ; F; of degree smaller or equal than D — k then the matrix m(Fi,. .., Fy) has
ay, rows and ("*525-1) columns. If ax > ("*P7F7Y) - ("+*7?) then for every monomial z® w1th degree
equal to k we deﬁne

ST, ..., Fal = 2™ + Z o =]
deg(z?)<k

where:
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e 7 is the determinant of the matrix T; formed with the first a; rows and columns of the matrix
mk(F'l, e ,F"),

. 1—,[:”"#] is 0 if the index of the monomial z# is smaller than ai, otherwise the determinant of the
matrix got replacing in the matrix T the column corresponding to z* by the column in mg(Fy, ..., Fp)
corresponding to z¥.

For n = 2 the definition 2 specializes to the construction of the subresultant polynomials associated to
two polynomials in one variable as showed before. In [GV], using the subresultants of index 1, is constructed
a determinantal formulae for the systems of n polynomial equations with n variables. The next theorem
shows that the property I still remains true for this definition in the multivariable case.

Theorem 3
Let Fy, ..., F, be polynomials in D[z,,...,2z,_;]. Every polynomial SZ°[F, ..., F,] is in the ideal generated
by Fi,...,Fnin D[zy,...,Tn-1].

Proof:
It is enough to study carefully the determinants appearing in the definition of the coefficients for every
polynomial SZ°[Fy, ..., F,]. A more detailed proof can be found in [GV,]. ]

Definition 4
Let Fy,...,F, be polynomials in D[z,...,z,_1]. The subresultant sequence associated to Fi,..., F, is
the list of polynomials in D[zy,...,zs-1], {{S:H[Fl,...,Fn]}deg(ta)=k}k:1,“,,koy where kg is the first

non-negative integer not verifying a; > ("'“b)::‘l) - ("Z'f'l'z)

Example 5
In the particular case of n =4 and k = 2 the structure of the subresultant sequence is the following:
85" = azz? 4 €112+ c12y+c13z+c1 g

2 2
Sy =a+caiz+caaytersztcos S =azl+cziz+caay+easzteas
z
Szy = a2ZY + C41T + c42Y +C432 +C44 S5% = aszz + C51Z + €52y + €532 + C5.4

The proof of the following theorems is based on Definition 2 and Theorem 3. A more detailed proof can
be found in [GV4].

Theorem 6
Let Fy,..., F, be polynomials in D[z, ...,Zn-1]. Then:
i-. if 70 = S3[F1,..., Fu] # O then the system F; = 0, F, =0, ..., F, = 0 has no solutions in IK™~?,

ii-. the size of the coefficients of the polynomials in the subresultant sequence associated to Fy,..., F, is
bounded by ("*5~!) logy(N(F)) where N(F) is the maximun of the euclidean norms of the F;’s vector
coefficients.

Theorem 7

Let Fy,..., F, be polynomials in D[z,,...,z,-1] and H a greatest common divisor of the F;’s. If k is the
total degree of H then:
i-. H divides every SZ°[Fy,...,Fyland o= ...= 7 =0,

ii-. if there exists Sfil[Fl, ..., F;] non identically 0 the H agrees with S,f:l[Fl, ..., Fp] or such polynomial
factorizes as the product of H and a polynomial of degree 1.
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