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We consider the functions Aj ,(n) , which generalize the well-known von Man-
goldt function A(n) , defined by A; ;(n) = Y isen Hi(d)logké where pt(n) is the
function of Moebius type such that uf(n) = 1if n = 1, p¥(n) = 0 if p"+!|n for
some prime p and p}(n) = (—1)9(") fn=[[pF,0< a<r, Qn) =3 a;
From a variant of the T.Tatuzawa and K.Iseki formula 3] have obtained in [1] the
following asymptotic formula for A; ;(n)

Theorem 1. (Th.$ [1]) For fized integers T > 1 and k > 1,

k
(1) 3 ¥ a(a/n)log(a/m)h(n) + 3 (’“) S @k (2/n)logh = (x/n) ALy (n) =

n<z i=1 n<z

k .
= k[C(2)7y-(r + 1)) (1 + (2kk—! L Z (2121;: i—)!l)!) zlog?* 1z + O(zlog?*~2z)

where he(n) =3 ;5. pi(d) and

[ 1/¢(9), ifr>1 odd
)= ¢6)/C(2e), 22 even
In the particular case k = 1 we have

2, (o mlog(a/m)he(m) + 32 Tha(e/m) Ay (0) =

n<lzc n<z

(2) = 2(¢(2)9(r + 1))*zlogz + O(x)

For k = 1 and r = 1 Selberg’s asymptotic formula is obtained. It's not difficult to
prove that A* ,(n) verifies the following lemmas .

Lemma 1. Let o a positive integer and let p be a prime number . For k=1
and r odd integer , we have

(r+1)/2 fa2r

* (e — )k ; ,r) = 2 if a <r and « even
©) Kalf)=hlener shien) {?c{Jr 1)/2 ifz<randaodd

* Work supported by the University of the Basque Country



133

When k=1 and r is an even integer we get

a—r/2 Hfa>r
4) An(P®) =gi(a,r)logp ;91(a,r) = a/2 iffa<rand «aeven
(a+1)/2 fa<rand aodd

If k=2 and r odd integer we get

(B)  ALy(*) = fala,r)log?p ; fala,r) = {E:(:i)g‘/; 3) :}‘Z i "

For k=2 and r even integer we get

(6) Nalo™) = galen)log’p sgn(ar) = { ole T DT D/ a2y

For all v, k positive integers , let § = min{a,r}

6
(7 Arx(P®) =1log* p Y (-1)P(a - B)*
A=0

This result (7) with =1 is gived in [2- lemma 1] .

Lemma 2. Let r be an odd integer and letn = [[;_, p* be the representation
as a product of prime factors of n . A}, (n) =0 whenever there are at least k + 1
ezponents a; such that verify someone ’of the following conditions :
)a; >r i) a; odd <t .

Using these properties we get the following asymptotic formula equivalent to (2)
for k=1 and r odd integer . '

Theorem 2. Let €, be the set of integers m such that m = p*N where p i3
a prime number , a = 0,1 and N is a r-free square . When r is odd we have

Y Uha(z/m)log(z/m)h(m) + D Ury(z/m) ALy (m)

m<z m<z
(8) = 2(¢(20v+(r + 1))’zlogz + O(x)

Proof.- For an integer n , let n = H:=1 p{ be his representation as a product
of prime factors .

81 8¢ '

Ara(m) =D (=1 Y (1P [(a1 = B1)logps + ... + (@ — Bi) logp] =
B1=0 Be=0 ) )

(9) =S (x(6:)(e — &) + % +x(8 + 1)%) H x(8:)log pi

i=1

J#i
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where §; = min{a;,r} (i =1,...,t) and x(6) = 1 if § even and x(6) = 0 if 6 odd .
Moreover , when r is odd , h.(n) =1 if n=1 or n is a r-free square and h.(n) =0
in the otherwise . Using the asymptotic formula (2) , we will get the formula (6)
proving the following result

(10) Yo=Y Wai(z/n) AL (1) =0(2)

n<z

n¢ G,- ’

For that , we will separate 3 in two partes :

©) Y TnGEEIAE+ Y T/ () =)+

p*<z n<z,n=p*m?
a>2 a>2,m2r—{ree

By the theorem 2 of [2] and the lemma 1 we have

Yrar Y Y fan <
1

2<a<log z/log2 p<zl/

1 !
a,:cz logp E If(;:r)l<<a,7“; zz o8P &z
<Vz

p<VE 2<a<logz <VE p(p - 1)
Besides ,
r+1 logp r+1 logp — 1
Sl © Moty Sl
2 2 po*m2<z pem 2 po<z p® m=1 m
a>2,m2r—{ree a>2
r+1 ' logp

< a,

2 z . Z pa
2<agflogz/log2] p<Lzt/e

L,z

When we take r=1 in the theorem 2 , we get the Selberg's asymptotic formula
restricted to the prime numbers .
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