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Let X be a normed linear space over real or complex number field K.
The following definition is a natural generalization of Birkhoff-James’

orthogonallty in normed linear spaces [1],

DEFINITION 1. Let €€[0,1). The element xeX will be called e-Birkhoff-
James pseudoorthogonal on the element yeX or e-B-J-pseudoorthogonal, for

short, if we have |x+Ay|>(1-€)|x| for all AeK. We denote this x4y (B-)).

1
If A is a nonempty subset in X, then by AS(B-1) we denote the set of

all elements which are e-B-J-pseudoorthogonal over A. We remark that

1 1
0eA%(B-J) and AnAS(B-1) € {0} for every €el0,1).

The following statement is ‘a variant of F. Riesz’ result (see e.g.
(4], p. 84):

PROPOSITION 1. Let X be as above and E be its' closed linear subspace
Suppose E*X Then for every £e€(0,1) the set E (B—J) is nonzero.

Now, we can give the first e—pseudoorthogonal . decomposition theorem

which works in normed linear spaces.

THEOREMS 1. Let X be a normed spéce and E be its closed linear

subspace. Then for every €€(0,1) the following decomposition holds:
L
X = E + E5(B-)).

Ihdeed, it is clear that for E#X and x¢E, there exists an elemenfy eE
L
such that 0<d=d(x, E)<||x-y ||‘d/(l—e) and since X i=x-y _€E (B—J) we obtain

the desired representation.

A mapping [ , :XxX —— K is called semi-inner product (s.i.p.) on

linear space X if the following conditions are satisfied:
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(i) [x,x]»0 for all xeX and [x,x]=0 implies x=0;
(ii) [Ax,y)=Alx,y] and [x,Ayl=Alx,y] for all x,yeX;
(iii) |ix,¥1) %< [x,x]ly,y] for all X,y in X;
(iv) [x+y,z]=[x,z]+[y,z] for all x,y,z in X.

It is clear that the mapping xeX — [x,xluze IR‘ is a norm on X and
every s.i.p. on normed space X which generates its norm is of the form:
x,y1=J(y),x> for all %,y in X where J is a section of normalized dual
mapping.

The foliowing concept is a generalization in one sense of Giles’
orthogonality [2]: : '

DEFINITION 2. Let £€[0,1). The element xeX is called e-Giles pseudo-
orthogonal on  the element yeX (relative to s.i.p. [, ]) or e-G-pseudo- A
orthogonal, for short, if |[y,x]|<e|x| [y| and we denote Xéy(G).

1
If A is a nonempty subset of X, then by AS(G) we shall denote the set

of all elements which are €-~G-pseudoorthogonal over A. It is easy to see
1 1 ’
that 0eA“(G) and AnA®(G)S(0) for all eel0,1).

PROPOSITION 2. Let (X;( , ))‘ be an inner-product space and €€[0,l1).
. 2,172
Then xéy(G) iff x _m—é-r y(B-J) where n(g):=1-(1-€°)" ",

The proof follows by the properties of i.p. and we omit it.

In virtue of this fact, we can introduce the following concept.

DEFINITION 3. Let X be a normed space and [ , ] be a s.i.p. on it
which generates its norm. The s.i.p. [, ] will be called of (APP)-type if
there exists a mapping 1:[0,1) —— [0,1) (called the transition mapping)
such that n(e)=0 iff €=0 and with the property that x 'TﬂJ?T y(B-J) implies
x4y(G), for all e€(0,1).

It is clear that every i.p. on a linear space X is a s.i.p. of
(APP)-type. Now, let (Q,4,u) be a measure space and LP(Q) (p>1) be the
Banach space of p-integrables real functions on Q. If we put
(y,x)p:= {i%\(||x+ty[]§—||x[]:)/2t for x, y in LPQ), p»2, then (, p is a
s.i.p. of (APP)-type with the transition mapping n(e):= 1-[1-52/(2p-3)]l/2,

€el0,1).

PROPOSITION 3. Let X be a normed space and [ , ] be a s.i.p. of

(APP)-type which generates its norm. If E is a proper closed linear



L
subspace in X then Ee(G)‘is nonzero for all e€€(0,1).

COROLLARY. If X, is a nonzero linear subspace in L(Q) (p»2) and Ep is
a proper closed linear subspace in Xp, then Eé(G) is nonzero for all
€€(0,1) where Epé(G) i§ taken in X,.

The following..e-pseudoorthogonal decomposition theorem also holds.

THEOREM 2. Let X and E be as above. Then for all €€(0,1) we have the

decomposition:

& :
X =E+E(G).

COROLLARY. If Xp and E, are as above, then for any €€(0,1) we have the

decomposition:

1
€
Xp = Ep + EL(G) .
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