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In some physic al problems the following nonlinear Volte
rra equations
(1) u(x)= r k(x-s)g(u(s))ds
0
where

(k) k:(0,d,) — (0,+%), (6,>0), is an absolutely continuous

monotonous function such that f°k(s)ds <+
0
and

(g) g:|0,+4) —» |0,+m) is an absolutely continuous increa-
sing function such that g(0)=0 and g(x)>0 for x>0,

are considered (see |4|). With respect to physical applica-
tions the continuous solutions u to (1) such that u(x)>0 for
x>0 are interesting. These are so-called nontrivial solutions.
On the base of Gripenberg's work (see |3|) we can formulate:

Theorem 1. Let &> 0. Assume:

i) g(u)/u is continuous positive decreasing such that
g(u)/u —>» +@ as u — O+.

ii) For each q20 the function ulg(u)/ul? is increasing on
[0.5§], (5&>O). The equation

X X-1_
(2) u(x)=50 (x-s) "~ 'g(u(s))ds
has a nontrivial solution on [O,sl, (§>0) if and only if
Iy ,
(3) 5 [u/g(u)]1/“ %E<+00
0

But we must emphasize thatwder Gripenberg's assumptions
the case g(u)=up (p€0,1)) is not allowed. In papers [1], |2].
and |5| under weaker assumptions of g similar results to
Theorem 1 are presented. At these works the case 'g(u)=up

(p€(0,1)) is allowed. Here we wat to present generaliza
tions of condition (3). In all Theorems bellow K-1 (349
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denote the inverse function to K(x)= fk(s)ds. Now we formula-
. o .
te two theorems with sufficient conditions for the existence

of nontrivial solutions to (1).

Theorem 2. Let k be an increasing function satisfying (k) and
g satisfy (g). If
0
g'(u) -1
(4) $0 FICO K “(u/g(u))du < +%

then equation (1) has a nontrivial solution an [O,SL(S;O).
Corollary 1. If g satisfies additionally (i) then ug'(u)gg(u). -
Suppose

)
(5) § xu/gu)) B <t
o]

Then (4) is satisfied and by Theorem 2 equation (1) has a non-

trivial solution.

Theorem 3. Let k be a decreasing function satisfying (k) such
that log k is convex and g satisfies (g). If

§

(6) S"[gm)k ok L(u/g(u)) ]t qu < ¢
(0]

Then equation (1) has a nontrivial solution on fO,Sl({>O).
Now we give two theorems concerning necessary conditions.

Theorem 4. Let k be an increasing function satisfying (k) such
that log k is concave and g satisfizts(g). If equation (1) has
a nontrivial solution then

(7) S;[g(m koK™ (u/g(u)) |7 du ¢ w0

Theorem 5. Let k be a decreasing function satisfying (k) and g

satisfﬁq(g). If equation (1) has a nontrivial solution then
0
®) So[g'(u)/g(u)]K_l(u/g(u))du < ¢

Corollary 2. If there exists g,?1 such that u[g(u)/u]q° is in-
creasing then g'(u)%(1-1/q,) g(u)/u (|3|). In this case if
equation (1) has a nontrivial solution then

P

(9) §O KM (w/gu) W < rw
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Remark 1. Let us note that in the case of k(x):xa(_1 the condi-
tions (5), (6), (7) and (9) are equivalent to Gripenberg's con
dition (3). By Corollary 1, Theorems 3 and 4 and Corollary 2
we get Theorem 1. Moreover all these conditions work in the
case of g(u):up (p€e(o,1)).

Remark 2. It is known that equation (1) has a nontrivial solu
tion in the case of k(x)=exp(-1/xf) (p?1) and g(u)=uP(pe(0,1))

But our sufficient conditions do not work in this case.
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