i

EXTRACTA MATHEMATICAE 4, n.1, 21-23 (1989)

5-DIMENSIOR: A TRANSFIKITE EXTEESIOE OF THE
SMALL IFDUCTIVE DIMEKSIOXN

by
Regino Criado and Juan Tarrés
E,7.5,1, Telecowmunicacién Facultad de C, Matematicas
Universidad Politécnica Universidad Compiutense
28040, Madrid 28040, Madrid

Ciass, A.M.5, 54 F 45

Ve define the 6-dimension as a transfinite extension of the
small inductive dimension using the same method in [7] and {3] for
defining the D-dimension and the d-dimension respectively. We state
that for every normal space X we have d(X)¢§(X)<{D(X) anc that for a
perfectly normal , strongly paracompact space X, if trind(X)
exists, trind(X)<¢trInd(X>¢6<(X). For a normal space X which is the
union of a countable .family of ciosed strongly pseudometrizabie
subspaces, we have §(X)=d(X)=D(X). Also, we give a ‘relation of this
dimension with a problem of Y.Hattori (see [61).

Definition 1. Let X be a regular space; if [ is an ordinal number

or p=-1, a B-6-representation of X is every expression:

X=(J 4a

Ofasy
where:
a) For 0sa$y, A« is a closed set of X such that ind(A«)<®.
b) y=A(B) and ind(Ax)=n(f).

¢) For u<y the set |_) A« is a closed set of X.
piasy

d) For each xcX there is a greatest ordinal u such that Xchu,
Definition 2. For a regular space X, we define the 6-dimemsion of
X, 6(X), as an ordinal number, -1 or & verifying: '

6.1, §(X) = -1 if and only if X = O.

§.2. For X # @, §(X) is the smallest ordinal f (if it exists)
such that X has a fp~d-representation.

6.5. If X#0 and for every ordinal number S there is no f-6-
representation ‘of X, then 6(X) = a.
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The é-dimension of a regular space X is a transfinite
extension of the small inductive dimension because if both are
finite, they coincide. .However, the transfinite extemnsions trind

and 6 of the dimension ind differs in the general case:

Example. The space So +3 defined by Smirnov in [10] is a
0
compact metric space such that trind(Sw +3) < mo+3 (see [5]) whi
0 .
ie trind(S ) = w,+3. From theorem 3 in [3] we have:
wo+3 0

trind(°w0+3) < trInd(Sw0+3) N D(S“o+3)
Since Sw0+3is a compact metric space, 6<Smo+3) = D(Swo+3) ; there-
fore, trind(S ) # §(S )

W + w

ot o3

As an immediate consequence of the coincidence of the
dimension functions ind{(X), Ind(X) and dim<(X) in the class of
separable metric spaces, the transfinite dimensioms 6(X), d(X) and
D(X) coincide on that class of spaces. In_the next examples we see
that outside this class of spaces the transfinite dimensions &§(X),
d(X) and D(X) can be different:
Examples. 1. The space X defined in [4] (2.2.1) verifies ind(X)=
§(X)=0 and Ind(X>=D(X)=1. '

.2. The Roy's space A& ([9]) is a completely metrizable space
such that ind(A)=6(a)=0 and dim(X)=d(X)=1. ‘

3. In ({8B] we have a completely normal space X such that Ind(X)
=dim(X)=0 and for each n=0.1.2....‘there ie a subspace Xn 0f X such
that dim(Xn)=Ind<{Xn) = n. Since for every normal space X we have
ind(X)¢Ind(X), we have ind{(X~)¢0 for n=0,1,2,...

Let Z =n§oxn ; now, dim(Z)=Ind(Z)=w; i.e., Z is a space in the

class S (see [51) and, therefore, D(Z)=d(Z)=wo (see (2] amnd {31)
while, from {4] (theorem i.3.1 and remark 1.3.2), we hAve ind(Z)=
§¢2) =0. :

Propoeition 1. For every normal space X, 6§(X)<D(X).

Propoeition 2. Let X be a strongly paracompact, stroogly
hereditarily normal space; then, 6(X)=D(X).



Proposition 3. For a normal, strongly paracompact space X we have

dn <8, '

Proposition 4. If X is a normal space such that it is the union of

a countable family of closed strongly pseudometrizable subspaceé we

have & (X)=d(X)=DX).

Proposition 5. Let X be a perfectly normal, strongly paracompact

space such that trind(X) exists. Then, trind(X)<{trlInd(X)><¢6(X).
Related with a question of Y.Hattori in [6] about the

transfinite dimension w-Ind defined by P. Borst in {1l] we have:

Proposition 6. Let X be a compact metric space. Then, w-Ind(X)<& (XD
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