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Taub2rian operators, studied by Kalton and Wwilansky [8],
appear in different situations: summability [3], factorization of
operators [1], [11], preservation of isomorphic properties of
Banach spaces [11], equivalence between Radon-Nikodym property and
Krein-Milman property [15], and generalized Fredholm operators
[17], [18]. Recently Neidinger and Rosenthal [12] have obtained
characterizations of tauberian operators 1in terms of the
closedness of images of closed sets.

In this paper we present characterizations of tauberian and
cotauberian (conjugate tauberian [17]) operators, and of other
semigroups of operators studied in [4], [5], formally analogous in

some sanse to the class of tauberian operators.

For an operator ideal V, the space idsal Sp(V) is the
class of all Banach spaces X whose identity IX is in VvV , the
dual operator ideal Vd is the class of operators K such that
K' is in Vv , and sp(vY) = ¢ x / x' e sp(v) 3 [13].

Let U be one of the operator ideals <Co, WCo, Ro, CC, and
wCC of all compact, weakly compact, Rosenthal, completely
continuous and weakly complately continuous operators

respectively. Note that Sp(U) is respectively the <class of all

finite dimensional, reflexive, without copies of 1 Schur or

,
weakly sequentially complete Banach spaces. 1
In (4] and [5] we defined two semigroups 53U, and SU_ of
operators such that SCo+ and SCo_ coincide with the classes
SF, and SF_ of upper and lower semi-Fredholm operators and they
are contained in su, and SU _ raspectively.
L(X,Y) will denote the set of all operators from X into

Y; and T' & L(Y',X') the conjugate operator of T @ L(X,Y).
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Theorem 1 Suppose U € { Co, WCo, CC, Ro, WCC ]} and T € L(X,Y).
(a) T 1is in su, if and only if N(T+K) belongs to Sp(U) for
every compact operator K. v

(b) T is in SU_ if and only if Y/R(T+K) belongs to  sp(ud)
for every compact operator K.

Observation 2 The operator ideals considered in the paper are
related as follows:
Co <« WCo 0 CC, WCo < Ro N WCC, CC < wWCC ‘
From theorem t it follows that the same inclusions are true
for the corrasponding semigroups SU (or SU_ ).

+

Given a (closed) subspace M of X, in will denote the

inclusion of M 1into X, and A the quotient map onto X/M.

Theoream 3 Suppose U € { Co, WCo, CC, Ro, WCC } and T & L(X,Y).
(a) T & su, if and only if for every Banach space b4 and
A€ L(Z,X) we have that TA € U 1implies A € U; equivalently

for every subspace M of X , TiM € J implies M € Sp(U).
(b) T &« su_ 1if and only if for every Banach space V4 and

B & L(Y,2) we have that BT e Ud implies B e Ud; equivalently

for every subspace N of VY, qNT & Ud implies Y/N € Sp(ud).

Observation 4 In [5] we considered two other operator ideals Gr
and Cd defined in terms of the weak‘ convergence in dual spaces.

The proof of part (b) in the above theorem can be adapted to
the corresponding semigroups SGr_ and SCd_.

Proposition 5 L2t T & L(X,Y).
(a) If T € s5U and Y € sSp(U), then X € Sp(U).
(b) If T s sii : 1 X = ?D{Ud), then Y & Sp(Ud).

REFERENCES

[ 1] pavis, W.Jd.; Figiel, T.; Johnson, W.B. and Pelczynski, A.
"Factoring weakly compact operators. J. Funct. Anal. 17 (1974),
311-327.

[ 2] Diest=sl, J. "Sequences and series 1in Banach spaces'".
Springer, New York, 1984.



91

[ 3] Garling, D.J.H. and Wilansky, A. "YOn a summability theorem
of Berg, Crawford and wWhitley". Math. Proc. Cambridg= Phil. Soc.
71 (1872), 495-497.

[ 4] Gonzalez, M. and Onieva, V.M. "Semi-Fredholm operators and
semigroups associated with some classical operator ideals". Proc.
R. Ir. Acad. 88A (1988), 35-38. EXTRACTA MATHEMATICA 3.1 (1988).

[ 5] Gonzalez, M. and Onieva, V.M. "Semi-Fradholm operators and
semigroups associated with some classical operator ideals II".
Proc. R. Ir. Acad. (to appear). EXTRACTA MATHEMATICZA 3.2 (18988).

( 6] Gonzal=sz, M. and Onieva, V.M. "Lifting results for sequences
in Banach spaces". Math Proc Cambridge Phil. Soc. (to appear).
EXTRACTA MATHEMATICA 3.1 (1988).

[ 7] Harte, R. "Invertibility and singularity for bounded 1linear
operators" .M. Dekker, New York, 1988.

x

[ 8] Johnson, W.B. and Rosenthal, H.P. "On w basic sequences and
their application to the study of Banach spaces". Studia Math. 43
(1972), 77-92.

[ 9] Kalton, N.J. and Wilansky, A. "Tauberian operators in Banach
spaces". Proc. Amer. Math. Soc. 57 (1876), 251-255.

[10] Martin, D.H. and Swart, J. A characterisation of
semi-Fredholm operators defined on almost reflexive Banach
spaces". Proc. R. Ir. Acad. 86A (1986), 91-93.

[t1] Neidinger, R.D. "Properties of tauberian operators on Banach
spaces". Ph. D. Thesis Univ. Texas, 1984.

[12] Neidinger, R.D. and Rosenthal, H.P. "Norm-attainment of
linear functionals on subspaces and characterizations of tauberian
operators". Pacific J. Math. 118 (1985), 215-228.

[13] Pietsch, A. "Oparator ideals". North-Holland, 1980.

[14] Rosenthal, H.P. "A characterization of Banach spaces
containing 1‘“. Proc. Nat. Acad. 5ci. (USA), 71 (1974),
2411-2413.

[15] Schachermayer, W. "For a Banach space 1isomorphic to its

square the Radon-Nikodym property and the Krein-Milman property
are equivalent". Studia Math. 81 (1985), 329-339.

[16] Singer, I. '"Bases in Banach spaces II". Springer, 1981.

[17] Tacon, D.G. "Generalized semi-Fradholm transformations". J.
Austral. Math. Soc. A34 (1983), 60-70.

[18] Yang, K.W. "The generalized Fredholm operators". Trans.
Amer. Math. Soc. 219 (1876), 313-326.



