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In (7] tauberian operators were studied as a class of
operators with opposite properties to that of the weakly compact
operators. Recently we have introduced in [3], [4] classes of
.operators associated with the (weakly) completely continuous and
11-singu1ar operators and 1its conjugates in analogous way as
tauberian operators are associated with weakly compact operators.
We were able to extend the results of [7] to these new classes,
using essentially 1ifting results for bounded, weakly Cauchy and
(weakly) convergent sequences [S5] similar to that of Lohman [8].

In this paper, by using results of Bessaga and Pelczynski
about basic sequences and unconditionally converging { uc )
operators [1], [10], [11], we study two new classes of operators
suc, and SUC_ associated with the UC operators. We prove a
1ifting result for unconditionally converging series which allow
us to extend some results of [3], [4], [7] to this situation.
Specifically, we characterizs semi-Fredholm operators, somewhat-c
Banach spaces (2ach infinite dimensional subspace contains <, )
and quowhat-]l Banach spaces (each infinite dimensional quotient

has a quotient isomorphic to 11 ) in terms of the two operator
classes here introduced.

T € L(X,Y) 1is upper (lower) semi-Fredholm if the range R(T)
is closed and the kernel N(T) ( cokernel VY/R(T) ) is finite
dimensional.

A series z Xn in a Banach space X is weakly
unconditionally Cauchy (w.u.C.) if T |f(xn)| < o for feX'.

K & L(X,Y) 1is unconditionally converging if it sends w.u.C.
series in X into unconditionally convergent series in Y [10].

T & L(X,Y) belongs to suC, if given a w.u.C. series z L
in X, z Txn unconditionally convergent implies z L
unconditionally convergent.

T belongs to SuC_ if the conjugate T!' e su,.



It is clear from the definition that sSUC_  and SucC_ are

semigroups (stable by product). Moreover we have the following
results.

Proposition 2 Let T, K & L(X,Y).

(a) If T e SUC+ and K € UC, then the kernel N(T) contains
no copies of S, and T + K € SUC*.
(b) If T e suc_ and K' € uC, then the cokernel Y/R(T)
contains no complamented copies of 1l and T + K € SuC_.

W2 observe that SUC* is a class of generalizad upper

semi-Fredheclm operators for which the unconditionally converging
operators and ths spaces with no copies of <, play the role of
the compact operators and tha finitz dimensional spacss of the

classic theory. A similar remark is in order for ZIUC _.

Proposition 3 Let X, Y be Banach spaces.

{(a) If Y contains no copies of S5 and there exists an
operator T in SUC+(X,V), then X contains no copies of cy-

(b) If X contains no complemented copies of 11 and there
exists an operator T in SUC_(X,Y), then Y contains no

complemented copies of 11.
Theorem 4 Let X be a Banach space, M a subspace of X
containing no copies of €t and q the quotient map onto X/M.
If X L is a w.u.C. series in X such that z ax, is

convergent, then X L is convergent.

Given a subspace M of a Banach space X we denotz by
the inclusion of M, and by Ay the quotiant map onto X/M.

"

Theorem § Let T & L(X,Y).
(a) T is upper semi-Fredholm if and only if T € suC, and

for every subspace M of X containing no copies of €y the
restriction Tin is upper semi-Fredhoim.

(b) T is lower semi-Fredholm if and only if T & SuUC_ and
for every subspace N of Y with Y/N containing no
complemented copies of 11 the operator qNT is lower

semi-Fraedholm.
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A Banach space Y is somewhat-c° if every infinite
dimensional subspace of Y contains a copy of Cos and Y is
quowhat-]1 if every infinits dimensional quotient of Y has a

quotient isomorphic to 11.
Theor=m 6 L2t Y be a Banach space.

(a) Y s somewhat-co if and only if for every Banach space
Z each operator in SUC*(Y,Z) is upper semi-Fradholim.

(b) Y s quowhat-]1 if and only if for =very Banach space

X each operator in SUC _(X,Y) 1is lower semi-Fradholm.
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