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Let ( Zy o °¥t; t » 0 ) be a "cadlag" gain process
such that IZS\is integrable for every stopping time (s.t.) S.
Let consider a subclass L' of s.t. included in another

class L which, sometimes, may be the class of all s.t.

Let denote by X a family collection of random va —

riables named perturbations of ( Zt ), i.e.

L= (x= (%) i Xye¥F , Tern) .
Assume that:
(X1) = For all families ( Xn ) s E (X£ ) <o0, T e L
(X2) : There exists a family ( XT°) such that:
E(XT"):O,TQIL
(X3) = For all families (XT) : XT >0 a.e., if T e L' .
(X4) = For every s.t. T €L - L' there exists a sequence
( X? , k e N ) of elements of families from & such
that:
E(X?)ﬂ——** - oo
(k t =)

For every T ¢ L and X ¢ X’ , define the lagrangian
function by:

L (T,X) = E (ZT) + E (XT)
Let be:
L, (T) = inf L(T,X), T ¢ L ,
XeX
L* (X) = sup L (T, X), X e X,

Tel
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36
L = sup L, (T) , L* = inf L* (X) -
Tel XedX

To solve the primal problem and/or the dual problem
is to find T* ¢ L and/or X* ¢ X, if it exists, such that:

L, = L, (T*) and/or L* = L* ( X*)

*

An optimal stopoing problem with constraints 1is to

find T* ¢ L', if it exists, for wich:
E(2Z2,,) = sup E (Z,)
T Tel' T

Finally, a pair (T*,X*), T* ¢ L, X* ¢ , is said

to satisfy the optimality conditions if

i)y T*e L', X*e X ,
i#) L (T*, X*) = L* (X*x) ,

iii) Xz, = 0 a.e.

Thus we have:
THEOREM .- The {following statements are equivalent :
1.- The pain (T* , X* ) satisfies the optimality conditions.

2.— The pain (T* , X* ) 4s a saddle-point of the Lagrangian function,

L(T,X*) ¢« L(T*,X*) ¢ L(T*,X)
3.- The 5.t. T* solves the primal probLem, the pernturbation X* s0fves
the duaf problem and L, = L*

Moreoven, Ln any of these cases, the optimal stoppinag problem
with constraints satispies :

E(Z2.,) = sup E(Z,) = sup E(Z,) = Li = L*
T Tefl' T Tel T
#
Remank .- The theorem extends without difficulty to
optimal stochastic control problems with constraints. The

optimal stopping problem above is no more than a special case

of them, with controls u(t) = constructed

Yuecry o
from stopping times U .



Remank .- The theorem includes optimal stopping

problems with constraints such as the following:

1.-

' = { TeLl , Ug T < V a.e. 1}, Uu,VelL,
U<V a.e. ( Nachman (1980) ).
' = { TeL, E(T) € a 1}, a e RPU [0}

( Kennedv (1982) ).
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L' = { TeL, E(Y.,) > sup E(Y_.) - al, az0,
T S
Sel
being ( YS) a process with the same characteristics
as ( ZS ) and sup E (YS) < ©o ( Pontier (1983) ).

Sel
The "stochastic game" of Dvnkin ( Dynkin (1969) ).
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