UNIVERSIDAD NACIONAL DE EDUCACION A DISTANCIA

‘ -
x«w&wﬁ. nQ 55 ﬁ

= \m.,n.af.w;m et :.ff
.Mm An\mﬁ@ w, \wu ««é «%\E\ﬁ =

o @mﬁ\ﬂ:&. - -
- .&u%« «%ﬁ

,ﬁ&&a, éww«ww \

= »\éﬁm\.mw%m;.}wmua - = \&

.

i &avmﬁfp E

\‘\\ m

»v
\&Lﬁwznﬁ - - m &
ﬁm &m %@ %ﬁ
. am »ﬁw . 4 bwi,

-
o ,\, - \M\ :
&mxwmw M\w& »Wm -
= - = -
K%w«m.&@«%&%&ﬂ&m&cw\ - 2 ﬂ%‘m‘w%. - w.\p.‘mw - -
«%,ﬁmﬁan w .: o fx&.& -
. %&u

- Gite

D%; -

Mx\mwxza iy

.
% . .
. %4 ..

3§QL:§; . - w«%&%\w w%@&wam\w

%%m%.

. ﬁﬂ‘ «T%&@%@a& .
. a“%m . .«%%A -

%&%ﬁw -~ m.waaa \.@ 9{ i o umq

. «w« =
A \%%> @W%@ . fi
%@Q amww% %w

: = Mwﬁyw% m«m &»M,@Axﬁ aﬁ \\\w(«. .
= ,@m«ﬁ . a\ﬁt o u,,w =

xuwm@ = %mw“we.b@

o

\\P

4 %..»M\\n%hqa - \% \»&.

-

e

b
o

e

AQ
” . - - ~
»\«s . . %@1 o l«%ﬁ». %@ _y
o~ awuxw\wv - - = xaﬁw% - &MWNMN m\w\ . «.h,&w ,.%n\x»n
%&v = \mmw\ = : méwé MA.AMma ,/x - = im .0» x

: ﬁ%w%% qﬁ %Wa%w =
5% e s - 22
\‘ .

:
a uzm«%

,mw\pw‘ -
;& . ﬁf.

w%«@wd -

&
A

%
o

.

o S e s i
. e . 7 -
. @mﬁ - %MMN - -

i

-

g.%&uwa
Quzt W,.&ﬁnntuwa\q ucﬂ

W«Mn .mﬁ.ﬁ.;m uwm % o

s % - :u,». .L‘.&a = &w&@ kwmww& o S
. 2 e o h\ 5 Mkw%»

e fmm% Z o . aﬂ\%% e
. &mﬁv . %%w
N:

\..w,

e

= %

\ . . - % MWN%
e &m\w - z e -
ﬁmw»& %a&%m : : . o w.ﬁ&mﬁ&w%&w (
F&:& = i w«?«k &w xmw.%wMWMw

L

o akﬁ .

»ma ».
= %xx‘ ;
ﬁw\@f&x& . %ﬁa .a
: %Mmmﬂu,«e\«\m& Wm«%u ue %&N
= S «mamﬁcu ,ﬂ“a ~
X - %«\wbm&%ﬂmy‘% am»ewﬁm; o MW%M«
..... > : = . xﬁ% -
- . - w&ﬂ>

o M@«« -

w%%w‘mmm o

%%,M% ww&@w wqu@k&wum\uwx«

e R
@k««w ima -
. w.ﬁ.;}h
- . wﬁw@ %&
- \@.»‘ =
.. %
e e
s Mﬁ, o A%»

ww@%

%«a :“ﬁww,\n“&, = R%
- = -
i«mﬁ%%\xmq - me«»q

= % Nﬁa
S m\ﬁwwmr& clo
n‘wm,ww.m o xmu m.\«a

E&% . m&x
: amwﬂmhwn»e»%w S
. tﬁxm@\hmk -

\
,..PM\

»w».
.\\
)um\&
Nv& t.:mww,\

.
sw‘::
-

&m

«Aﬁﬁzﬁw = Q& w
- &«M«@.ﬁ - w,‘?xxf &,
;ﬁ%k&ef o .z w\w = q.»,:\. w&
S k e -
- @,@%ﬁﬁ«wwaxmw . %,mm fmv = . .%n. ‘w&%&u

.
. . . . wx% -
.. - . mw

. . .%..,W \&.,w%«w i &.w . &?&.

mwwmww&\ w.@ =




On supersoluble groups acting on
Klein surfaces

by

Grzegorz Gromadzki




Lecture given 19 July 1990



On supersoluble groups acting on Klein surfaces
by

Grzegorz Gromadzki

1. Introduction. It is well known that a group of automorphisms G of a
compact Klein surface X of algebraic genus p22 has at most 84(p-1)
elements [11]. Although this bound is known to be attained for infinitely
many values of p [5,6,7,13,14,19] it is no longer true when X is assumed
to have nonempty boundary as well as when one put some specific
conditions for G to be satisfied. In other words let & be a family of
finite groups and let 9% be a class of compact Klein surfaces. Denote by
N(p, ) the order of a biggest group from & that a Klein surfaces
from % of algebraic genus p>2 admits as a group of automorphisms. The
following problems arise naturally in this context.

(1) Find the upper bound (in terms of p) for N(p, F%).

(2) Having N(p, # %), describe those p for which this bound is

attained.

(3) Describe the topological types (called species) of the corres-

ponding Klein surfaces.

(4) Describe the algebraic structure of the corresponding groups

of automorphisms.

The number of results concerning the group of automorphisms of
compact Klein surfaces obtained in the recent years can be read off
within  this  schema. Although these results have evidently
topologically-analytic flavor they essentially concern certain purely
group theoretical problems. The most complete results were obtained for
the family of supersoluble groups. Results made a fairly nice picture,

some of them are new or are still in print and the aim of this talk is to



give a survey of them together with some comments concemning proofs.

2. Methods. By a Klein surface we shall mean a compact topological
surface equipped with dianalytic structure. Although this object seems to
be already known to Klein [12], its modern study is due to Alling and
Greenleaf [1]. By an automorphism of a Klein surface we mean a conformal
or anticonformal homeomorphism. Every Klein surface X of algebraic genus
p=2 can be represented as a quotient space D/I', where D is the upper
complex half plane with hyperbolic structure and TI" is a certain discrete
group of isometries of D including those which reverse orientation;
reflections and glide-reflections (NEC group) [18]. Moreover I' can be
assumed to be a surface NEC group i.e. an NEC group with signature
(g;i;[-];[(-),.l.(.,(-))) (see below). The number g corresponds to the
topological genus, the sign to the orientability and k is just the number
of boundary components of X. If X is not a Riemann surface i.e. if the
sign is "-" or k>0 then the number p=og+k-2 (where a=2 if the sign is "+"
and o=1 otherwise) is called the algebraic genus of X (or that of I') and
it is the same as the topological genus of the canonical double Riemann
cover of X [1]. In case of Riemann surfaces the algebraic genus p equals
the topological one g. A

On the other hand having a surface so represented a finite group G
can be faithfully represented as a group of its automorphisms if and only
if there exists an NEC group A such that G=A/T" [14,16,20].

The algebraic structure of A is determined by its signature

[15],[21], being a sequence of numbers and symbols of the following form
(gtilm e By omig iy, gD @D
A group A with signature (2.1) has the presentation with the following

generators



@) X5 i=1,..1,
(i1) % =1k, j=0,..8,,
(iii) e i=l,..k,
@iv) ai’bi’ i=1,..,g (if the sign is "+")
di’ i=1,..,g, (if the sign is "-")
subject to the relations

@ xP=l, =l

(ii) o= eflcioe., i=1,..k,

(iii) 02

ij- (C ) ij= 1 1"17 akyj—la +sS; P

1)11]

Laba 1bg =1 if the sign "+",

@iv) X4 ...xrel...ekalbla1 b1 RN

XpeoX € kd% dz—l if the sign is "-"
We shall refer to above generators as to the canonical generators of A.

Every NEC group has a fundamental region whose hyperbolic area
depends only on the algebraic structure of a group and for a group with
signature (2.1) is given by

k Si
w(A)=2n(og+k- 2+1§(1 1/m, )+121J)__'_.(1 1/n, )/2) 2.2)
Moreover if A’ is a subgroup of an NEC group A of finite index, then A’
is also an NEC group and the following Hurwitz-Riemann index formula
holds
AN T=UATY WA, (2.3)
Now since a surface group I' of algebraic genus p has area 2ro(p-1),

"o,

where =2 if I" is a Fuchsian group (i.e. k=0 and the sign "+") and o=1
otherwise, we see that the problem of finding a lower bound for the order
of a group of automorphisms (lying in a certain family of finite groups
F) of a Klein surface of algebraic genus p22 is equivalent to the

problem of finding a lower bound for the area of NEC groups A that may



admit a surface groups I' with A/T'e &% We shall refer to such a factor as
to Fsurface kernel (bordered oi unbordered, orientable or nonorientable)

"ou

factor according as k>0 or k=0 and the sign is "+" or in T'. Having
established such a bound, the problem of its realization is nothing else
than the study of possible orders of factors A/T", where A is an NEC group
with minimal possible area. The problem of the topological classification
of corresponding Klein surfaces is equivalent to the problem of the the
study possible signatures that a group I' standing down in such quotient
may have. As we shall see these problems are equivalent to purely group
theoretical ones

In recent years a combinatorial method (based mainly on a chirurgy
of fundamental regions of NEC groups) of determining algebraic structure
of normal subgroups A’ of an NEC group A in a function of the orders of
the images in A/A’ of the canonical generators of A and their certain
products was developed in a series of articles [2,3,4]. The shortage of
place does not give us the possibility of demonstrate how these results
work, however it shall be pointed in the talk where we use it referring

to it as to a c-arguments (combinatorial).

3. Orientable unbordered Klein surfaces.

This is the most classical case. Such a surface is just a Riemann
surface and can be represented as D/, where I' is a Fuchsian surface
group i.e. an NEC group with signature (g;+;[-1;{-1).

In the recent paper [9] it was showed by means of c-arguments that a
Fuchsian group A with signatures (0;+;[2,4,6];{-1),(0;+;[2,3,18];{-}) and
areas 7/6, 2m/9 respectively are the ones with smallest area that may
admit a Fuchsian surface group I' as a normal subgroup with a supersoluble

quotient A/T". Then it was showed that a first group admits only one such



a factor (a semidirect product of a cyclic group of order 3 and a
dihedral group of order 8). As a result using the Hurwitz Riemann formula

we obtain that

A supersoluble group of automorphisms of a compact Riemann surface of
genus g23 has no more than 18(g-1) elements. A surface of genus g=2 can

admit a supersoluble group of automorphisms of order 24.
Afier, by purely group theoretic considerations, we showed that

A necessary and sufficient condition for the existence of a Riemann
surface of genus g23 that admits a supersoluble group of automorphisms of
order 18(g-1) is that 32 divides g-1 and the only other (than 3) prime

divisors of g-1 are congruent to 1 mod 3.

It is worth to notice that some groups investigated here turned out
to be subgroups of index 2 of some groups of automorphisms of bordered
orientable Klein surfaces of maximal possible order that we shall present
in the next section. This fact was one of the essential points in the

proof of the above result.

4. Bordered orientable Klein surfaces.

Let G=A/T" be a bordered surface kernel factor. Then using
c-arguments one can easily show that (A)>n/6 and that the bound is
attained only for an NEC group with signature (0;+;[-1;{(2,2,2,3))).
Therefore from the Riemann Hurwitz formula we obtain that a bordered
Klein surface of algebraic genus p=2 has at most 12(p-1) elements. For

obvious Reasons bordered Klein surfaces for which this bound is attained



are said to have maximal symmetry. (The original proof of this result due
to May [16] uses analytic arguments.) Moreover a finite group G can be
represented as such factor if and only if it can be generated by three
elements a,b and c of order 2 such that ab and ac have orders 2 and 3
respectively. In addition, if b¢ has order q then I" have k= lc |/2q empty
period cycles and T is nonorientable if and only if ab and ac generate
the whole group G. In pérticular we see that the problem of topological
classification of bordered Klein surfaces admitting groups of
automorphisms of maximal possible order is equivalent to the following

purely group theoretic ones

Given g21 find possible orders of groups admitting three generators a,b
and c of order 2 such that ab, ac and bc have orders 2,3 and q
respectively and then determine in which cases G can be generated by ab

and ac.

In general the above problem is very difficult, however its certain
cases are more approachable. Recently May has solved it in [17] for the

family of supersoluble groups obtaining the following results

(1) There are only two species of surfaces of algebraic genus p=2 with
maximal symmetry and supersoluble group of automorphisms of order
12(p-1)=12; a sphere with 3 holes and a torus with one hole.

(2) The necessary and sufficient condition for the existence of a Klein
surface X of algebraic genus p>2 with maximal symmetry, supersoluble
group of automorphisms of order 12(p-1) and with k boundary components is
that

(a) p-1=3r for some 121,



(b) k=3S. for some integer s in range (r+1)/2<ssr.

In such case X is necessarily orientable.

5, Bordered nonorientabie Klein surfaces.

As we seen in in the previous section a bordered Klein surface of
algebraic genus p23 with maximal symmetry and supersoluble group of
automorphisms is forced to be orientable. This leads us to ask for the
bound of the order of a supersoluble group of automorphisms of bordered
nonorientable Klein surface and for the topological classification of the
corresponding species. Using c-arguments in the similar manner as in the
previous sections we showed that this problem is equivalent to the

following purely group theoretic ones

Find the smallest integer m for which there exists a supersoluble group G
generated by three elements ab,c of order 2 such that ab and ac have

orders 2 and m respectively and they generate the whole group G.

Having solved the above problem determine possible orders of G, and bc.

Using certain properties of finite supersoluble groups we solved

first problem, showing that m=6. This gives us the following result

A supersoluble group of automorphisms of a nonorientable bordered Klein
surface X of algebraic genus p23, has at most 6(p-1) elements, whilst
there exists a surface of algebraic genus p=2 (a real projective plane
with two holes) having the dihedral group of order 8 (biggest possible)

as a group of automorphisms



The second problem turned out to be more difficult. Using rather
deep combinatorial considerations concerning presentations of supersoluble

groups by means of generators and relators we showed that

There exists a nonorientable Klein surface of algebraic genus p=3 having
k boundary comporents and a supersoluble group G of automorphisms of
order 6(p-1) if and only if

(i) p=3mod(4)

(if) k is a nontrivial power of 3 dividing 6(p-1).

In such a case G is an extension of a 3-group by a dihedral group.

As we see a nonorientable Kliein surface admitting a supersoluble
group of the maximal possible order as a group of automorphisms has an
odd algebraic genus unless p=2. This fact leads us fo study surfaces of

even algebraic genus. We have the following result

Let X be a nonorientable Klein surface of even algebraic genus p>2 and
let G be a supersoluble group of automorphisms of X. Then \Gi<4p. This
bound is attained for every even p and the corresponding Klein surface

has p boundary components and so it is unique up to topological type.

6. Nonorientable Riemann surfaces.
By a nonorientable Riemann surface we mean a nonorientable Klein
surface without boundary. We prove recently [10] the following two

results

A supersoluble group of automorphisms of a nonorientable Riemann surface

of algebraic genus p22 has at most 12(p-1) elements.

10



A necessary and sufficient condition for the existence of a nonorientable
Riemann surface of algebraic genus p22 having a supersoluble group of

automorphisms of order 12(p-1) is that p=3n+1 for some n20.

A group of automorphisms of a nonorientable Riemann surface without
boundary can be viewed as a group of orientation-preserving automorphisms
of an orientable Riemann surface of the same algebraic genus. Thus we see
that the bound 18(p-1) (see section 3) for the order of a supersoluble
group of automorphisms of compact Riemann surface cannot be attained in
the nonorientable case. It is worth noting that this is in marked
contrast with the corresponding results for the maximal groups of
automorphisms of compact Klein surfaces for which the absolute bound
84(p-1) in the case of surfaces without boundary) and 12(g-1) (in the
case with boundary) is atlained both in orientable and in nonorientable

cases (see for example [20] and [8] respectively)

Acknowledgment. The author would like to thank E.Bujalance, J.J.Etayo and
J.M.Gamboa for helpful comments concerning results presented in section 5
and to the Universidad a Distancia and Universidad Complutense for
financial support not only while this lecture was prepared but during the

periods when some of the presented results were obtained.

References.

1. N.L.Alling, N.Greenleaf, Foundations of the theory of Klein surfaces,
Lecture Notes in Math. 219, Springer Verlag (1971)
2. E.Bujalance, Proper periods of normal NEC subgroups with even index,

Rev.Mat.Hispano-Americana (4)41 (1981), 121-127.

11



3. E.Bujalance, Normal subgroups of NEC groups, Math. Zeit. 178 (1981),
331-341.

4. J.A Bujalance, Normal subgroups of even index in an NEC group,
Arch.Math.49 9(1987), 470-478.

5. J.Cohen, On Hurwitz extensions of PSL2(7), Math. Proc. Cambridge
Philos. Soc. 86(1979), 395-400.

6. M.D.E.Conder, Generators for alternating and symmetric groups,
J.London Math. Soc. 22(1980), 75-86.

7. M.D.E.Conder, The genus of compact Riemann surfaces with maximal
automorphism group, J.Algebra 108(1987), 204-247.

8. N.Greenleaf, C.L.May, Bordered Klein surfaces with maximal symmetry,
Trans.Amer.Math.Soc. 274 (1982), 265-283.

9. G.Gromadzki, C.Maclachlan. Supersoluble groups of automorphisms of
compact Riemann surfaces, Glasgow Math J. 31(1989), 321-327.

10. G.Gromadzki, Supersoluble groups of automorphisms of nonorientable
Riemann surfaces, Journal of the London Math. Soc. 22(1990), 561-568.
11. A Hurwitz, Uber algebraische Gebilde mit eindeutigen Transformationen
in sich, Math.Ann.41(1893), 402-442.

12, F.Klein, Uber die Riemannche Theorie der algebraischen Funktionen and
ihrer Integrale, Teubner, Leipzig (1882)

13. J.Lehner, M.Newman, On Riemann surfaces with maximal automorphism
groups, Glasgow Math. J. 8(1967), 102-112.

14. A.M.Macbeath, On a theorem of Hurwitz, Proc. Glasgow Math. Assoc.,
5(1961), 90-96.

15. AMMacbeath, The classification of non-euclidean plane
crystallographic groups, Can. Math. 19 (1967), 1192-1205.

16. C.L.May, Automorphisms of compact Klein surfaces with boundary,

Pacific J.Math. 59 (1975). 199-210.

12



17. C.L.May, Supersolvable M*-groups, Glasgow Math.J. 30 (1988) 31-40.
18. R.Preston, Projective structures and fundamental domains on compact
Klein surfaces, Ph.D. thesis. -Univ. of Texas (1975).

19. CH.Sah, Groups related to compact Riemann surfaces, Acta
Mat.123(1969), 13-42.

20. D.Singerman, Automorphisms of compact non-orientable Riemann
surfaces, Glasgow Math.J. 12 (1971), 50-59.

21. M.C.Wilkie, On non-euclidean crystallographic groups. Math.Z. 91
(1966), 87-102.

Instytut Matematyki WSP
Chodkiewicza 30
85-064 Bydgoszcz, Poland

13






These notes collect some of the talks given in the Seminario del Departamento

de Matemdticas Fundamentales de la UN.E.D. in Madrid. Up to now the following

titles have appeared:

HW N

(7]

10

Luigi Grasselli, Crystallizations and other manifold representations.
Ricardo Piergallini, Manifolds as branched covers of spheres.

Gareth Jones, Enumerating regular maps and hypermaps.

J.C.Ferrando, M.Lépez-Pellicer, Barrelled spaces of class N and of
class Xo

Pedro Morales, Nuevos resultados en Teoria de la medida no conmutativa.
Tomasz Natkaniec, Algebraic structures generated by some families of real
functions.

Gonzalo Riera, Algebras of Riemann matrices and the problem of units.
Lynne D. James, Representations of Maps.

Grzegorz Gromadzki, On supersoluble groups acting on Klein surfaces.
Maria Teresa Lozano, Flujos en 3-variedades.

15






