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Abstract. A closed Riemann surface which can be realized as a 3-sheeted cov
ering of the Riemann sphere is called trigonal, and such a covering will be caBed
a trigonal morphism. If the trigonal morphism is a cyclic regular covering, the
Riemann surface is called cyclic trigonal Riernarm surface. Accola showed that the
trigonal morphism is unique for Riemann surfaces of genus greater or equal to 5.
Using the characterization of cyclic trigonality by Fuchsian groups given by Costa
and Izquierdo, we obtain the Riema.nn surfaces of genus 4 with non-unique trigonal
morphisrns.

1 Introduction

A closed Riemann surface X which can be realized as a 3-sheeted covering of
the Riemann sphere is said to be trigonal, and such a covering will be ca11ed
a trigonal morphism. This is equivalent to the fact that X is represented by
a curve given by a polynomial equation of the form:

y3 + yb(x) + c(x) = O.

If b(x) == O then the trigonal morphism is a cyclic regular covering and
the Riemann surface is called cyclic trigonal. Trigonal Riemann surfaces
have been recently studied (see [2J and [7]).

By Lemma 2.1 in [1], if the surface X has genus g 2: 5, then the trigonal
morphism is unique. The Severi-Castelnouvo inequalityis used in order to
prove such uniqueness, but this technique is not valid for small genera.

In [4] we developed some ad hoc methods to deal with sma11 genera.
Using the characterisation of trigonality by means of Fuchsian groups we
obtained a11 possible cyelic trigonal Riemann surfaces of genera two, three
and four with non-unique trigonal morphisms. Here we constrain to genus
4. We show that there is a uniparametric family of Riemann surfaces of
genus four admitting several cyclic trigonal morphisms.
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2 Trigonal Riemann surfaces and Fuchsian groups

Let X g be a compact Riemann surface of genus 9 2: 2. The surface X g can
be represented as a quotient X g = v/r of the complex unit disc V under
the action of a (cocompact) Fuchsian group r that is, a discrete subgroup
of the group g= Aut(V) of conformal automorphisms of V. The algebraic
structure of a Fuchsian group and the geometric structure of its quotient
orbifold are given by the signature of r:

s(r) = (g; mI, ... , mr ). (1)

The orbit space V Ir is an orbifold with underlying surface of genus g, having
r cone points. The integers mi are called the periods of r and they are the
orders of the cone points of V Ir. The group r is called the fundamental
group of the orbifold V Ir.

A group r with signature (1) has a canonícal presentatíon:

( b b I mi' - 1 b -lb-lb -lb- l )XI, .. ·,xr,a¡, ¡, ... ,ag, 9 Xi ,1.~., ... ,r,XI",Xrallal l ... aggag g.
(2)

The last relation in theabove presentation is called the long relation. The
generators Xl, ... ,Xr , are called the ellíptíc generators. Any elliptic element
in r is conjugated to a power of sorne of the elliptic generators.

The hyperbolic area of the orbifold V Ir coincides with thehyperbolic
area of an arbitrary fundamental region of r and equals:

r 1
¡.¿(r) = 211'(2g - 2 +L (1 - -)), (3)

i=l mi

Given a subgroup r ' of index N in a Fuchsian group r, one can calculate
the structure of r' in terms of the structureof r and the action of r on the
r/-cosets:

Theorem 1 ([10J) Let r be a Fucksían group wítk sígnature .(1) and canon
ícal presentatíon (2). Tken r contaíns a subgroup r ' of índex N wítk sígna~

tUre
(r /) - (k' I I I I ')S - , mIl' m12' ... , mIs!' ... , mrl' ... , m rSr . (4)

íf and only íf tkere exísts a transítíve permutatíon representatíon () : r ---t EN
satísfyíng tke foUowíng condítíons:

1. Tke permutatíon ()(Xi) kas precísely Si cycles of lengtks less tkan mi,
tke lengtks of tkesecycles beíng mdm~l' ... ,mdm~Si'

2. Tke Ríemann-Hurwítz formula

¡.¿(r/)I¡.¿(r) = N.
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The map o: r - L-N is the monodromy of the covering f : 'D/r' - 'Dr.
Moreover r' = O~l(Stb(l)), where 1,2, ... , N are the labels of the sheets of
the covering f. See chapter 8 in (9]

A FUchsian group r without elliptic elements is called a surface group
and it has signature (h; -). Given a Riemann surface represented as the
orbit space X = 'DIr, with r a surface FUchsian group, a finite group G is
a group of automorphisms of X if and only if there exists a FUchsian group
A and an epimorphism O: A- G with ker(O) = r. The FUchsian group A
is the lifting of G to the universal covering 11" : V - 'DIr and iscalled the
universal covering transformations group of (X, G).

Definition 2 A Riemann surflf:..ce X is said to be trigonal if it admits a
three sheeted covering f : X - e onto the Riemann sphere. Jf f is a cyclic
regular covering then X is caUed cyclic trigonal. The covering f wiU be
caUed the (cyclic) trigonal morphism.

The following result gives us a characterization of cyclic trigonal Rie
mann surfaces using FUchsian groups:

Theorem 3 ([3]) Let X g be a Riemann surface, X g admits a cyclic trigo
nal morphism f if and only if there is a Fuchsian group A with signature

g+2 3
~ ~

(O; 3, ... ,3) and an index three normal surface subgroup rorA, such that r
uniformizes Xg .

By Lemma 2.1 in [1], if the surface X g has genus 9 e 5, then the trigonal
morphism is unique. In this case, the cyclic trigonal morphism f is induced
by a normal subgroup C3 in Aut(Xg ). Prom now on we shall consider sur
faces with genera smaller than 5.

3 Non-unique cyclic trigonal morphisms on Rie
mann surfaces

For genus four we use Theorems 1 and 3 to obtain the following method
to find cyclic trigonal Riemann surfaces. Let G be the full automorphisms
group of the surface X 4 .

Let X4 = 'DIr be a Riemann surface of genus 4 uniformized by the sur
face FUchsian group r, X4 admits a cyclic trigonal morphism f if and only
if thereis a maximal Fuchsian group A with signature (O; mI, oo., mr ), a trig
onal automorphism <p : X4 - X4, such that (<p)f G and an epimorphism
O: A - G with ker(O) = r ,in such a way that O~1 ( (<p)) is a FUchsian group
with signature (O; 3,3, 3, 3, 3, 3). Notice that the condition r to be a surface
FUchsian group imposes that the order of the image under O of an elliptic
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(6)

generator Xi of ~ is the same as the order OfXi. Furthermore the trigonal
morphism f is unique if and only if (ep) is normal in G.

Now, let e : ~ ~ Gbe such an epimorphism and let IGI = N. Then
s(~) = (O; ml(N), ' .. ,mr(N)), where mi(N) runs over the divisors of N.
Applying the Riemann-Hurwitz formula we have that

r(N) ( 1)
2(g + N - 1) = L N mi(N) - .

l(N) mi(N)

Thisequation and the list of maximal signatures ([11]) yield the following
list of allowed signatures for genus 4.

Lemma 4 Let X 4 = D/r be a Riemann surface of genus 4 uniformized by
the surface group r, X 4 admitting a cyclic trigonal morphism f. Thenthe
maximal Puchsian group ~ uniformizing the orbifold X / G can have one of
the following signatures

IGI s(~) IGI s(~) IGI s(~)

3 (O; 3, 3,3,3,3, 3), 6 (O; 2,6,6,6), 6 (O; 2, 2, 3, 3, 3),
6 (O; 2, 2, 2, 3, 6), 6 (0;2,2,2,2,2,2), 12 (O; 2, 2, 2, 2, 2),
12 (O; 2, 2, 3, 6), 12 (O; 2, 3, 3, 3), 12 (O; 4, 6,12),
18 (O; 2, 2, 2,6), 24 (O; 3,4,6), 24 (O; 2,2,2,4),
36 (O; 2, 4,12), 36 (O; 2, 2, 2, 3), 42 (Q; 2, 3, 42),
48 (0;2,3,24), 54 (O; 2, 3,18), 60 (O; 2,3,15),
72 (O; 2, 4, 6), 72 (O; 2, 3, 12), 90 (O; 2, 3, 10),
108 (O; 2, 3, 9), 120 (O; 2,4,5), 144 (O; 2,3,8),
252 (O; 2, 3, 7),

We study now theexistence of surfaces X 4 of genus 4 admitting several
cyclic trigonal morphisms. A surface X 4 admits more than one cyclic trig~

onal morphism f if the subgroup (e.p) of Aut(X4 ) = G which induces f is
non-normal in G.

We study the existens of epimorphisms satisfying the diagram below,
where the finite group G contains the cyclic group (e.p) of order 3 as a non
normal subgroup.

IHI/A = X4/ (e.p)
/ s(A) = (O; 3, 3,3, 3,3,3)

X 4 /G ~ IHI/~

In the following proof we consider only groups G with order greater or
equal to 12 because for groups of order smaller than 12 the subgroup of
order three is always normal.
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Theorem 5 The Riemann surfaces of genus 4 admitting several cyclic trig
onal morphisms form a complex uniparametric family.

Proof. We use Theorem 1 to calculate O-l( (ep)). The Fuchsian groups
A have signatures as in Lemma 4.

1. IGI = 12. The only group of order 12 with non-normal subgroups of
order 3 is A4 = (a, s j a3 = .s2 = (as)3 = 1). There are no possible
epimorphisms onto A4 from groups with signatures (O; 2, 2, 2, 2, 2) ,
(O; 4, 6,12) and (O; 2, 3, 3, 6). There are epimorphisms O : A ~ A4 ,

where s(A) = (O; 2, 3, 3, 3), for instance O(Xl) = S, O(X2) = a, O(X3) =
as and O(X4) = sas. Any element of order 3 in A4 leaves just one coset
fixed when acting on the (a), (sa), (as) 01' the (sas)-cosets,since aH
them areconjugated. Then O-1(C3 ) has signature (1; 3, 3, 3) and the
corresponding surfaces are not trigonal.

2. IGI = 18. The only group of order 18 with non-normal subgroups
of order 3 is C3 X D3. This group is not generated by elements of
order 2, thus there cannot be epimorphisms O : A ~ C3 X D3 , where
s(A) = (O; 2, 2, 2, 6).

3. IGI = 24. First of aH, the signature S(Al) = (O; 2, 2, 214) cannot give
trigonal surfaces since the orders of the elliptic gener~tors of Al are
relative prime with 3.

For the signature s{A2) = (O; 3, 4, 6): The only subgroups of order 24
with non-normal subgroups of order 3 are A4 x C2 , ~4 and (2,3,3) =
(a,s,t j a3 = t4 = s4 = (st)4 = l,s2 = t2,a2sa = t,a2ta = st), the
binary tetrahedral group. There are no possibleepimorphisms from
A2 onto A4 x C2 01' ~4 since these groups have no elements of 01'

del' 4 and 6 respectively. There are epimorphisms O : A2 ~ (2,3,3),
for instance O(Xl) = sta, O(X2) = s and O(X3) = s2a2. Now, the
group (2,3,3) contains just one conjugacy dass of subgroups of order
3, and one conjugacy dass of elements of order 6, with representa
tives sta and s2a2 respectively. Therefore it is enough to study the
action of sta and s2a2 on the «a) )-cosets. The first action has orbits
{[a], Is]' [t3]}, {[t], [s2],[s3]}, {lts]} and {[st]}, the second action has
orbits {[a], [s2]} and {ls], [t3], [st], Is3], [t], Its]}. Thus the signature of
O-l((a)) is (1; 3, 3, 3) and the corresponding surface is not trigonal.

4. IGI = 36. First, consider Fuchsian groups Al with signature (O; 2, 4,12).
There is only one group of order 36 containing elements of order 12
and non-normal subgroups of order 3, namely C3 ~ C12 = (a, bja3 =
b12 = b-laba = 1). This group contains one elernent of order two:
b6 . Rence there is no epimorphism from Al onto C3 ~ C12. There are
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no Riemann surfaces of genus 4 such that the quotient X4/Aut(X4) is
uniformized by á l,

Secondly, consider Fuchsian groups á 2 with signature (O; 2, 2, 2, 3).
The groups of order 36 containing non-normal subgroups of order 3
are: C3 ><1 C12, A4X C3 :::: (a, b, s/a3 :::: b3 :::: s2 :::: [a, b] :::: [s, b] :::: (as)3 ::::
1), D3 X C6 :::: (a, b, s/a3 :::: b6 :::: s2 :::: [a, b] :::: [s, b] :::: (sa)2 :::: 1),
D3 X D3 :::: (a, b, s, t/a3 :::: b3 :::: s2 :::: t2 :::: [a, b] :::: [s, b] :::: [t, a]::::
(sa)2 :::: (tb)2 :::: 1) and (C3 x 03) ><1 C4 :::: (a, b, t/a3 :::: b3 :::: t4 ::::
[a, b] :::: 1, t3at :::: b, t3bt :::: a2). The existence of epimorphism Oobliges
the finite group to be generated by three involutions. The only group
generated by involutions is D3 x D3. The non-normal order three
subgroups in D3 x D3 are (ab) and (a2b) . Consider the epimorphism
O : á 2 -+ D3 x D3 defined by O(Xl) ::= S, O(X2) :::: tb, O(X3) :::: sta and
O(X4) :::: a2b. The action of O(X4) :::: a2b on the (ab))-cosets has the
following orbits: {[l],[a], lb]}, {[s]}, {[sb]}, {[sa]}, {[t]}, {[tb]} , {[ta]} ,
{[st],[stb], [sta]}. Then s(O-l«ab))) contains six periods equal to 3
and by the Riemann-Hurwitz formula seO-le (ab))):::: (O; 3, 3, 3, 3, 3,3).
In the same way the action of O{X4) :::: a2b on the «a2b) )-cosets has
the following orbits: {[1]}, {lb]}, {[ab]}, {[s], [sa2], [sb]} , {[t], [tb] , [ta2]} ,

{[st]} , {[stb]}, {[sta2 ]}. Again, seo-le(a2b))) contains six periods equal
to 3 and then seO-le (a2b))) :::: (O; 3, 3, 3, 3, 3, 3). Thus the Riemann
surfaces uniformized by Ker(O) are cyclic trigonal Rierria.nn surfaces
that admit two different trigonal morphisms JI : D/Ker{O) -+ t and
f2: D/Ker(O) -+ t induced by the subgroups (ab) and (a2b) of D3 x
D3 . The dimension of the family of surfaces V/KereO) is given by the
dimension of the space of groups á2 with s(á2) :::: (O; 2, 2, 2, 3). This
(complex)-dimension is 3(0) - 3 + 4 :::: l.

5. IGI :::: 42. The only possible epimorphism from a Fuchsian group with
signature (O; 2, 3, 42) should be onto C42, that have no non-normal
subgroups.

6. IGI :::: 48. There is no epimorphism from a Fuchsia.n group á with
signature (O; 2, 3, 24) onto a group of order 48. Otherwise there would
be an epimorphism from a Fuchsian group with signature (O; 3, 3,12)
onto a group of order 24 generated by two elements of order 3. This
is impossible because the only such group is the binary tetrahedral
group, which does not have elements of order 12. See [5]and [n].

7.IGI == 54. There is no epimorphism from a Fuchsian group á with
signature (O; 2, 3,18) onto a group of order 54. Otherwise it would be
an epimorphism from a Fuchsian group with signature (O; 3, 3, 9) onto
C9 ><1 C3' This group is not generated by order three elements. See [5]
and [11].
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8. lal ::::: 60. Clearly there is no epimorphism from a Fuchsian group b.
with signature (O; 2, 3,15) onto A5 or C5 x A4 , the only two groups of
order 60 with non-normal subgroups of order 3. The group A5 does
not contains elements of order 15. The group Cs x A4 is not generated
by elements of order 2 and 3.

9. lal::::: 72.

i) Consider Fuchsian groups b. l with signature (O; 2,3,12). The group
b.l contains the group Al with signature s(A¡)::::: (O; 3, 3, 6) as a sub
group of index 2 (see [11]). Any epimorphism 01 : b. l -+ a72 is
an extension of an epimorphism ePI : Al -+ G36' The existence of
epimorphisms ePI obliges the group G36 to be generated by two ele
ments of order 3. The only group of order 36 generated by elements
of order 3 is A4 X C3 as aboye. It contains four conjugacy classes
of subgroups of order 3 with representatives (a), (ab), (a2b) and (b),
where (b) is central. Consider the epimorphism ePI : Al -+ A4 X C3
defined as ePl(Zl) ::::: ba, ePl(Z2) ::::: bsa, ePl(Z3) ::::: bsas. As (b) is cen
tral, the action of any element of order 3 on the «(b»-cosets gives
four orbits, each with three cosets. The action of any element of or
der 6 has six orbits, with 2 cosets each. Then ePl(Z3) ::::: bsas induces
six periods of order 3 in ePll«(b». By the Riemann-H1.1rwitz formula
s(ePll«(b») ::::: (0;3,3,3,3,3,3). Therefore, a cyclic trigonal Riemann
surface X4 will be uniformized by Ker(Ol), where 01 : b.l -+ a72 as
aboye and G72 an extension of degree 2 of A4 x C3 containing ele
ments of order 12. This extension is :E4 x C3 ::::: (a, b, sla3 = b3 =
(s? = [a,b] ::::: (as)4::::: [s,b] = 1), with (b) central in :E4 x C3. The
epirnorphism 01 : b. l -+ :E4 X e3 given by Ol(Xl)= s, 01(X2) = ab,
01(X3) = a2sb yields a trigonal Riemann surface X4 = VIKer(Ol)
with trigonal morphism induced by (b). But by Theorem 1 in [6] this
trigonal morphism is unique.

ii). Consider Fuchsian groups b.2 with signature (O; 2,4,6). The group
b.2 contains the group A2 with signature S(A2) = (O; 3, 4, 4) as a sub
group of index 2 (see [11]). Any epimorphism 02 : b.2 -+ G¡2 is an
extension of an epimorphism eP2 : A2 -+ G36. The existence of epimor
phisms eP2 obliges the group G36 to be generated by two elements of
order 4. The only group of order 36 generated by elements of order 4 is
(C3 x C3) >:1 C4 as aboye. It contains two conjugacy classes of subgroups
of order 3 with representatives (a) and (ab). Consider the epimor
phism eP2 : A2 -+ (C3 x C3) >:1 C4 defined as eP2(Y¡) = a, eP2(Y2) = at,
eP2 (Y3) = bt3. The action of eP2 (Yl) == a on the «(a) )-cosets has the
following orbits: {[I]}, {[b]}, {[t2]}, {[t], [at], [a2t]}, {[t3], [at3], [a2t3]},
{[bt2]}, {[b2]}, {[b2t2]}. The action of a on the «b) )-cosets has the
same cycle-structure. Then eP2l «a» and eP2 l «(b» have six periods of
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order 3, induced by ifJ2(Yl) = a. By the Riemann-Hurwitz formula
S(ifJ2 1«(a))) = S(ifJ2 1«(b))) = (0;3,3,3,3,3,3). Therefore a cyclic trig
onal Riemann surface Y4 with non-unique trigonal morphism will be
uniformized by Ker(f)2), where f)2 : ~2 ,-t 072 as aboye and 072 is an
extension of degree 2 of (C3 x C3) )q C4 containing just two conjugacy
classes of subgroups of order 3. This extension is (C3 x C3) )q D4 =
(a,b,t,s/a3 = b3 = t4 = s2 = (st)2 = [a,b] = (sa)2 = (Sb)2 = 1,t3at:::::
b, t3bt = a2 ). The epimorphism f)2 : ~2 ,-t (C3 x C3) )q D4 given by
f)2(Xl) = s, f)2(X2) = ta, f)2(X3) = stb yields the required trigonal Rie
mann surface Y4 = V/Ker( f)2) with non-unique trigonal morphisms.
Thetrigonalmorphismsf¡: V/Ker(f)2),-t Candh: V/Ker(f)2),-t C
are induced by the conjugated subgroups (a) and (b) of (C3 x C3)q D4.

Remark The Riemann surface Y4 = V / ~2 is a double covering of the
Riemann surfaces V/~ with s(~) = (0;2,2,2,3). By theorem 1, the
map ifJ : ~2 ,-t C2 = (ala2 = 1) defined by ifJ(x¡) = Id, ifJ(X2) = a
and ifJ(X3) = a is the required monodromy of the covering V/~ ,-t

V / ~2 with ~ = ifJ-l (Stb(l)). The monodromy ifJ yields the action of
(C3 x C3) )q D4 on the D3 x D3-cosets and so Y4 is apoint in the family
described in case 4, where D3 x D3 = (a, b, s, t2

) ..

10. 101 = 90. There is no epimorphism from a Fuchsian group ~ with sig
nature (O; 2, 3,10) onto a group of order 90. Otherwise itwould be an
epimorphism from a Fuchsian group b. with signature (O; 5, 5, 5) onto
C15, which is impossible. Notice that groups with signature (O; 5, 5, 5)
are normal subgroups of index 6 in groups with signature (O; 2, 3,10)
(see [11]).

11. 101 = lOS. As in case 7, there is no epimorphism f) from a Fuchsian
group ~ with signature (O; 2, 3, 9) onto a group of order lOS. Notice
that groups with signature (O; 3., 3, 9) are non-normal subgroups of in
dex 4 in groups with signature (O; 2,3,9) (see [11]).

12.101 = 120. The signature s(~) = (O; 2, 4, 5) cannot give trigonal sur
faces since the orders of the elliptic generators of ~ are relative prime
with 3.

13. 101 = 144. There is no epimorphism ~ with signature (O; 2, 3, S) onto
a group of order 144 since there is no epimorphism f) : b. ,-t C24
where s(b.) = (O; 2, S, S). C24 is the only group of order 24 containing
elements of order S (see {5]). Notice that the groups with signature
s(b.) = (O; 2, S, 8) are non-normal subgroups of index 6 in groups ~
with s(~) = (0;2,3,S) (see [11]).

14. 101 = 252. The are no Riemann surfaces of genus 4 with exactly
252automorphisms, otherwise there would be an epimorphism f)
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~ -¡ G252, with s(~) =: (O; 2, 3, 7). The possible epimorphismO :
~ -¡ G252, is an extension of a epimorphism 4J : b. -¡ C7 )<l C4 where
s(b.) =: (O; 2, 7, 7) (see [U]). Such an epimorphism 4J does not exist
since no group of order 28 is generated by two elements of order 7 (see
[5]).

As a consequence of the aboye Theorem we have:

Theorem 6 There is a uniparametric family of Riemann surfaces X4(>.) of
genus 4 admitting several cyclic trigonal morphisms. The surfaces X 4(>.)
have G =: Aut(X4(>')) =: D3 X D3 and the quotient Riemann surfaces
X4(>')/G are uniformized by the Fuchsian groups ~ with signature s(A) =:

(O; 2, 2, 2, 3). There is one Riemann surface Y4 in the family with auto
morphism group Aut(Y,¡) = (C3 x C3) )<l D4 and the quotient Riemann
surface Y4/Aut(Y4) is uniformized by the Fuchsian group ~ with signature
s(~)= (O; 2, 4, 6).

The result in this paper forms part of my Licentiate Thesis [12].

4 Appendix: Groups of order 36 and 72

Groups of order 36

1. C36 = (ulu36
=: 1)

2. CI8 X C2 =: (s, uls2
=: u18

=: [s, u] = 1)

3. Cl2 X C3 = (s, uls3 = u I2 = [s, u]= 1)

4. C6 X C6 =: (s,uls6 = u6 = [s, u] = 1)

5. (C2 x C2) )<l C9 = (a, s, tla9 = s2 = t2 = [s, t] = 1, a8sa = t, a8ta =: st)

6. A4 x C3 = (a, s, tla3
=: s3 = t3 = (st)2 = [a, s] = [a, t] = 1)

7. C9)<l C4 = (a, tla9
=: t4 = 1, t3at = aS)

8. D18 =: (a, slaI8
=: s2 = (sa)2)

9. (C3 x C3 )<l1 C4 = (a, b, tla3 = b3 = t4 = [a, b] = 1, t3at = a2,t3bt = b2)

10. T X C3 = C3 )<l C12 = (a, b, tla3 = b4 = t3 = [a, t] = lb, t] = 1, b3ab = a2)

11. (C3 x C3) )<l2 C4 = (a, b, tla3 = b3
=: t4 = [a, b] = 1,t3at = b,t3bt == a2)

12. (3,3,3,2) x C2 = (a, b, s, tla3 = b3 = s2 = t2 = [a, b] = [a, t] = lb, t] =
[s,t] =: 1,sas = a2,sbs = b2)
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13. D3 x C6 = (a, s, tlé = s2 = t3 = (sa)2 = [a, t] = [s, t] = 1)

14. D3 x D3 = (a, b, s, tla3 = b3 = s2 = t2 = (st)2 = [a, b] = [a, tJ = lb, sJ =
(sa)2 = (tb)2)

Groups of order 72
There are 50 groups of order 72. However, we only list the groups that

are interesting for this work:

1. 1:4 X C3 = (t, a, blt2 = a3 = b3 = (ta)4 == [t, b]== [a, bJ = 1)

2. (C3 x C3) )qs Cs = (a, b, tla3 = b3 = [a, b] = tS = 1, t7at = b, t7bt = ab)

3. ((C3 x C3) )q 1 C4) X C2 = (a, b, t, sla3 = b3 = [a, b] = t4 = s2 = [a, s] ==
[b, sJ = [t, s] = 1, t3at = a2,t3bt = b2)

4. ((C3 x C3) )q2C4) x C2 == (a,b,t,sla3 = b3 = [a,b] = t4 = s2 = [a,sJ =
lb, s] = [t, s] = 1, t3at = b, t3bt = a2)

5. (C3 XC3) )qlD4 = (a,b,s,tla3 = b3 = [a,b] = t4 = s2 = (st)2 = [s, a] =
[s, b] = 1, t3at= b, t3bt = a) = T )q C6

6. (C3 x C3) )q D4 = (a, b, s, tla3 = b3 = [a, bJ = t4 = s2 = (st)2 = (sa)2 =
[s, b] = 1, t3at = b, t3bt = a2)

7. (C3 x C3)ql Q = (a,b,s,tla3 = b3 = s4 = t4 = [a,b] = [b,t] = [a, s] =
(ts)2 = 1, t2 = s2, rlat = a- l , s-lbs = b- l )

8. (C3 x C3) )q2 Q = (a, b, s, tla3 = b3 = s4 = t4 = [a, b] = [a, sJ = lb, t] =
1, t2 = s2, s-lts = r l , s-lbs = b-l ,rlat = a- l )

9. (C3 x C3) )q3 Q = (a, b, s, tla3 = b3 = é = t4 = [a, bJ = [a, bJ = lb, t] =
[a, sJ = 1, t2 = s2, s-lts = t-l, s-lbs = b-1)

10. (C3 X C3)q4 Q = (a, b, s, tla3 == b3 == s4 = t4 = [a, b] = [a, tJ = lb, tJ =
1, t 2 = S2, s-lbs = b~l, s~las = a- l )
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