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Fuchsian groups and uniformization of Hurwitz spaces

S.M.Natanzon

Recall that a meromorphic function is a pair (P, f), where P is a Riemann surface
and f: P — C is a holomorphic map to the Riemann sphere C = CUco. We say that
meromorphic functions (P4, f1) and (P2, f2) are biholomorphic equivalent if there
exist biholomorphic maps ¢p : Py — P, and pg : € — C such that ¢gfi = fagp.

We say that (P, f1) and (P, f2) have the same topological type if there exist
homeomorphisms ¢p : P, — P2 and ¢g : C — C such that wefi = faep.

In this paper ‘we prove that for each (P, f) the space of biholomorphic equivalent
classes of meromorphic functions with the same topological type as (P, f) has a
representation R™/Mod, where Mod is a discrete group.

For functions of general positions this was proved in [2]. For trigonometric
polynomial this was proved in [1].

The author is grateful to professor 1.V.Arnold for stimulating discussions.

1. Geometry of Fuchsian groups

Let
A={2eC|Im z>0}

be the Lobachevsky‘s plane. The group of its automorphisms Aut(A) consists of
maps
, 92 +b

cz+d’

where a,b,c,d € R and ad — bc > 0. An automorphism is called elliptic if it has
one fixed point in A. An automorphism is called parabolic if it has one fixed point
in R. An automorphism is called hyperbolic if it has two fixed points in R. The set
Aut(A)\1 are divided on three subset:

a set Aut, (A) of elliptic automorphisms,

a set Auto(A) of parabolic automorphisms,

a set Aut_(A) of hyperbolic automorphisms.

Each C € Autg(A) is of the forme

z

(1-ay)z+a’y

C —
@ ~vz+(1+ay)’
where C(a) = a.
It is called positive if
1-—avy
<a
-
and negative if
1—ay
>a
-y
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Each C € Aut_(A) is of the forme

_(Qa=PF)z+(1-Nap
C2) = A=Dz+(a=2r3) °’

where A > 1, C(a) = a, C(8) = B. It is called positive if a < B and negative if
a>p.
Let
C1,C € Autp(A) U Aut-(A).

We say that C; < C; if all fixed points of C; are less that all fixed points of Cs.
The set

{Cl ,Ca, Ca} € Auto(A) UAut_ (A)

is called sequential if
CiCC3 =1

and there exists

D € Aut(A)

such that _
C.;=DC;D7! (i=1,23)

are positive and

5’1 < éz < 53.
Lemma 1. Let
Ciz=xz (A>1),
(1—ay)z+a’y
C = e
2(2) —vyz+ {1 +a7)
and
Cs= (0102)"1.
Then {C1,C2,Cs} is sequential if and only if a >0 and
oy s VA1
Y 2 -1
Further
Cs € Autp(A)
if and only if
ey VA1
thabv ey
Proof. We have
_ 2
Cilz = CiCyz = (1 —ay)rz+a%yA

=7z + (1 +a7)



Fixed points of C3 are solutions of the equation
1) ¥z + (A — @A — 1 — @)z + a®yA = 0.
Thus the condition

Cs3 € Autg(A) U Aut_(A)

is equivalent to
oy ¢ (ﬁ -1 A+ 1)
VA+1 VA-17
Further
Cs € Auto(A)

if and only if

ay = VA-1
VA+1
or
oy = VA + L
VA-1
Suppose that
{C1,C,, C5}

is a sequential. Then @ >0, 4 >0 and the roots of (1) are more that a. Thus

ayh+ay+1—-2A

>a
v
and s
A-1 A—-1
ay > —— > .
AT N+
Therefore
> Y2AEL
7_\/}_\.‘1-
Conversely. Suppose that
A+1

then 1
—ay
>0, — L
=
and therefore
C3 > C,.
Finally .
C5M(o0) = —:;” >0
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and thus Cj is positive. [J

The set
{C,...,Cn}

is called sequential if the set
{C1++-Ci1,Ci,Cir -+ G}
is sequential for i =2,...,n — 1.

The following statement is a consequence of [3].
Lemma 2. 1) Any sequential set

{Cl, eney Cn}
generates a free Fuchsian group
T'C Autp(A) U Aut_(A) U1

such that A/T is a sphere with ko punciures and k— holes, where ko (respectively

k_) is the number of parabolic (respectively hyperbolic) transformations among C;.
2) Any sphere with ko punctures and k_ holes is biholomorphic equivalent to

A/T, where T is a Fuchsian group genereted by the sequential set {C1,...,Cp}.

2. Moduli spaces of meromorphic functions

Denote by (Sk, 8} any pair, where Si is the free group with free generators
C1y-eeyCh—1

and
Ok = {C1y+en, Chm12Ck )y

where
ce={cy-rcr_1)” L.

Any monomorphism

1 Sg — Aut(A)
is called a realization of (S, 8y) if

{¢(01)7 s s"/}(ck)}

is a sequential set of parabolic elements.
Let T} be a set of all realizations (Sk,8k). The group Aut(A) acts in T by

conjugation
Ple) = p(a)y™ (v € Aut(A)).



Put
Ty = T;; /Aut(A).

There exists a natural bijection between T} and

r={YeTy |yY(ae)2=22, A>1, o(e)(~1)=-1}

We note that T} =2 T, is embedded in R?*~6 by a map

Y {73, 63,74, 84, - - -, Gk—2,Yk—1} € RZF7E,

where a ) 9
= &Y)2 taiy
Gz = B 2
W)= o e
Theorem 1.
Tk I~ ]R2k—6.

Proof: Lemma 1 gives a discription of

P € Ty,
These conditions have the forme A > 1, a; > b; and a;7y; > v;, where
b= bi(’\a V3,835« Vi1, ai—1)1

v; = v;(A, 73,03, ... yYio1,0i-1)-

This proves the theorem. O

Let M;j be the moduli space (i.c., that the space of classes of biholomorphic
equivelents) of spheres with k > 3 punctures. '
Theorem 2 [4].
My, = Ti,/Mod;, = R%¥~¢/Mody,
where Mod;, acts discretly on T.
Proof: Let
¥ Ty — My
be the map such that
() = A/9(Sk)-
It gives
V. Ty — M.

From Lemma 2 it follows that ¥ is surjective.
Moreover,

U(t1) = ¥(yr)
if and only if there exists a 7 € Aut(A), a permutation

o:{1,...,k} = {1,...,k}



and

GES, (i=1,...,k)
such that

¥1(8k) = 12 (Si)y!
and

Y1 (i) = Mha(ascoyoy L.

The sets (v,0,0;) form a group Bj. It acts on Ty and M; = Ty/B}. The sets
(r,1,1,...) form a normal subgroup

B? ¢ B,
which is the kernel of the action of Bj. Thus
By = B}/B}

acts on T} and
My, =Ty /By.

Let 9 € Ti. The metric on A determines a metric on P = A/y¥(Sk) with
constant negative curvature. Each ¢ € Sj gives a unique geodesic curve ¢ C P..
For P C My, of general position, lengths p(c) are different for different ¢. The
system of generators allows us to enumerate all elements ¢ € Sy and thus we have
a correspondence

P v =(p(cy), ples),...) € R™.

The coordinates v form a discrete set in R and thus By acts discrete with respect
to any sensible topology in R®. Moreover p(c;) is algebraically expressed in the
coordinats

()‘i Y3,03,. - 7’7’0—1)

on Tx. Thus By, acts discretly on T} in our topology. According to Theorem 1,
T = R%*-S6,

3. Uniformisation of meromorphic functions

Let (P, f) be a meromorphic function. The genus g of P is called the genus of
(P, f) and the number of sheets of f is called degree of (P, f). A point p € P is
called a singular point if df (p) = 0. The image f(p) € C of a singular point is called
a singular value.

Let

al,...,akeé

be singular values of f. Let
b}, ..., b
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be singular points, corresponding to a;. Let nf be the number of branchs in bf.
Then

From Riemann-Hurwitz formula it follows that
k
2(g-1)= —2n+Z(n§’ -1) < -2n+ (kn — Zm,) < -2n+k(n—1)
i,8 =1

and thus
2(g+n—1) <k(n-1),

n=l+g _,., 9

k> .
22 n—1 n—-1

If k =2 then g = 0, m1 = my = 1 and thus (P, f) is equivalent (C, 2™), where
2¥ iz 2"

Further we assume that k> 3.

Let 8™ C Sybe a subgroup of index n and ¢ € Ty. Put

B=AM(S™), C=A/p(Sy).
The inclusion S® C S}, gives a holomorphic covering f : P — €. Let P and C

be natural compactifications of the punctured surfaces P and €. Then f has a
continuation f: P — C and (P, f) is 2 meromorphic function. Put

Usn(¥) = (P, f)-

Lemma 3. Let (P, f) be a meromorphic function. Then there exisis a subgroup
S" C Sk and Y € Ty, such that

Us=(¥) = (P, f)-

Proof: Let a; be the singular values of (P, f). Put

P=P\U fa),

E=C\Uai,
and _

f=Fflp
Then o

f:P—=C

is a covering without singular points. From Lemma 2 it follows that there exists a
1 € Ty and a covering -
wn: A— C = A/p(Sk)-
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Thus there exists

T cy(s)
such that

on= fon,
where _ _
{5/\ Ao P= A/F

is the natural projection. Put
5" =y YT) C S.
Then _
I'=y(S™)

and

Use(¥) = (P, f)-

Lemma 4. Suppose that the meromorphic functions (P, f) and (P, f') have the
same topological type and

(P, f) = Usn(¥),

where
S*"C Sk, €T

Then there exists a ' € Ty, such that

(P, f') = ¥sn(¢).

Proof: From Lemma 3 it follows that there exists ST C Sk and 9] € T} such
that

(P, ') = Wsp(4}).
Put _ _
P=a/p(S™), P'=A/,(SD),
C=AMp(Sk), C' = AW (Se).

Since (P, f) and (P, f’) have the same topological type, there exists a homeomor-
phism
pa:A— A

such that
Y1(Sk) = pav(Sk)eyt
and

YL(ST) = ea(S™)e .

The homeomorphism ¢, gives rise to the isomorphism

@y : Y(Sk) — ¥'(Sk),



where
ey (¥(s)) = parh(s)py"
for s € Si. Put
h= (1) oy : Sk — Sk

and
Y =yih.
Thus
h(S™) = Sp
and

(P, f) = Usp (¥]) = Tn(sny(¥1h) = Usa (¥).

Theorem 3. Let (P, f) be a meromorphic function with k singular values . Let
H be the space of all meromorphic functions of the same topological type as (P, f).
Then

H =T,/ Mod = R?**~5/ Mod,

where
Mod C Mody,.

Moreover, if (P, f) = Ug(y) then

Mod = {h € Mody, | h(S) = S}.

Proof: From lemma 3 it follows that there exists S C Sy such that
(P, f) = ¥s(¥).
From Lemma 4 it follows that
H C 95(Ty).
From Theorem 1 it follows that T}, is a connected space. Moreover, from the descrip-

tion of ¥g it follows that functions Ug(1;) and ¥s(ws) have the same topological
type if Y1 and 4y are near each other. Thus

‘I/s(Tk) CcCH
and
H = Ug(Ty).
Moreover
‘I’s(Tk) = Tk/MOd,
where

Mod = {a € Mod | &8 = 8SB1, B € Si}.
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Thus, according to Theorem 1,
H = Ty, /Mod 2 R%*~%/Mod.
Corollary There exists a canonical covering with a finite number of sheets

H—’Mk.
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