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ABSTRACT

Let X be a real Banach space that does not contain a copy.ofrhen X *
contains asymptotically isometric copies@fif and only if X has a quotient
which is asymptotically isometric tay.

1. Introduction

It is a classical result of W.B. Johnson and H.P. Rosenthal [8] that if X is a separable
Banach space, then X* contains a subspace isomorphic to ¢! if and only if X has a
quotient isomorphic to ¢y. In [1], an asymptotically isometric version of this result
was proved, that is, if X is a separable Banach space, then X* contains asymptotically
isometric copies of ¢! if and only if X has a quotient which is asymptotically isometric
to cg. The notion of an asymptotically isometric copy of #!(resp. ¢p) was introduced
in [5] (resp. [6]) and used to show that some spaces fail the fixed point property for
non-expansive self-maps on closed bounded convex sets. Another well-known result of
J. Hagler and W.B. Johnson [7] says that if a real Banach space X does not contain a
copy of £!, then X* contains a subspace isomorphic to ¢! if and only if X has a quotient
isomorphic to ¢g. The main result of this note states that as in the isomorphic case, if
a real Banach space X does not contain a copy of ¢!, then X* contains asymptotically
isometric copies of ¢! if and only if X has a quotient which is asymptotically isometric
to ¢g.
Our notation and terminology are standard as may be found in [9], [3].
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2. Definitions and results

DEFINITION 2.1 ([5]). A Banach space X is said to contain an asymptotically isometric
copy of ! if there is a null sequence (e,), in (0,1) and a sequence (), in X such that

o (o @) [oe)
S ltal < | Y tawa || <D Il
n=1 n=1

n=1
for all (t,), € 1. We will refer to the sequence (x,), as an asymptotically isometric

0-sequence.

DEFINITION 2.2 ([6]). A Banach space X is said to contain an asymptotically isometric
copy of ¢ if there is a null sequence (€,), in (0,1) and a sequence (z,), in X such
that

o0
sup(1 — €,)|tn] < H Ztnmn < sup |ty|
n n=1 n
for all (t,)n € co.
We say that a Banach space X is asymptotically isometric to ¢g if X has a basis
(zn,)n with the above property.

Before giving the main result, we prove the following result which is of independent
interest.

Theorem 2.1

Let X be a Banach space. Then X* contains a weak™*-null asymptotically isomet-
ric £'-sequence if and only if X has a quotient which is asymptotically isometric to
co.

Proof. (Necessity) Suppose that (z}), is a weak*-null asymptotically isometric ¢!-
sequence in X*. Then there is a null sequence (€,), in (0,1) such that
o0 o0
S =eltal < | Ytz
n=1 n=1

for all (t,), € ¢'. Define T : X — ¢ by T(z) = (x%(x)), for all x € X. Then

[e.o]

<Y |l

n=1

n

T*(t) = Zl tpxl for all t = (t,), € ¢*. Thus T* is an isomorphism into. This implies
n—=

that T is onto. Define T : X/Ker(T) — ¢ by T([z]) = T(z) for all [z] € X/Ker(T).
Therefore T is an isomorphism onto. For each n € N, choose z, € X/Ker(T) with

f(zn) = e,, where (e,), is the standard unit vector basis in c¢y. Hence (z,), is a
o0

o0

shrinking basis for X/Ker(T'). Define 2} (> axzi) = ap, for all > apz, € X/Ker(T).
k=1 k=1

Then (z}), is a basis for (X/Ker(T))*. It can be checked that Ker(7) = (span{z}, :

n
n € N})T and Q*(z}) = = for all n € N (in fact we have shown that (z3), is a
w*-basic sequence), where @) : X — X/Ker(T) is the quotient mapping. Next we
show that Y = X /Ker(T') is asymptotically isometric to ¢o. For all (¢,), € cp, consider
o0
z = Y tpzn. Then, for each n € N, t,, = 2 (2). By the Hahn-Banach Theorem, there

n=1
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is a z* € Y* such that ||z*]| = 1 and 2*(z) = ||2|. Since @* : Y* — X* is a linear

isometry into, we have

o0 o0
S (1 €n)ltal < H Stz
n=1

n=1

o0
<D ltal,
n=1

[e.e]
for all (t,), € ¢1. Since (z}), is a basis for Y*, 2* = 3 2*(2,)z*. Thus

n=1

o0
H Z 2 (2)zn,
n=1

= Y zn(2)2*(z)
n=1

> lzn (@)l (za)l
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On the other hand, for each k € N,
oo o0
n=1 n=1
and hence
[o¢]
sup |2 (2)] < || 3z (2)z |
n n=1
Thus,
o
sup |2 (2)] < || D 22 (2)2 | < sup =25 (2)
n n=1 n -
That is,
> 1
sup [ta| < H Z:ltnzn < sup 7——|tal.
n—=

Let y, = (1 — €,)2p, for all n € N. Then (y,), is a basis for Y, and moreover, for all
(tn)n € co, we have

00
sup(l - en)’tn‘ < H Ztnyn < sup |tn‘
n —’ n

This completes the proof of the necessity of Theorem 2.1.
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(Sufficiency) Assume that X/M (M is a closed subspace of X) is asymptotically
isometric to ¢y. Then there is a null sequence (€,), in (0,1) and a basis ([x,]) in
X/M such that

o
sup(1 — en)|tn] < H S tufa) ‘ < sup |tn]
n n:1 n

for all (t,)n € co. Define [z,]* on (X/M)* by [z,]*( D] tk[zk]) = tn, for all D tx[xg] €
k=1 k=1
X/M. For each n € N,

ol (3o tulon]) | = ltal = 7= (1 = enltnl < = || D talead |
k=1 k=1
Thus ||[z,]*| < ﬁ, for all n € N. Let w; = ”Eﬂzu. Then for all scalars

m m
t1,t2,....,tm and for all m € N, we have || > t,wy|| < > |tn|. On the other hand,
n=1 n=1

m
since || - sgn(ty) ]| < 1.
n=1

H i wrl| = | g;ltnw;;) ( gsgn@nw) |
- 1
= 2l
> S0 el
n=1

That is,

m m
S (- et < H 3t
n=1

n=1

m
<Y el
n=1
*

Hence (w}), is an asymptotically isometric ¢i-sequence in (X/M)*. Since Q* :
(X/M)* — X* is a linear isometry into, (Q*(w})), is also an asymptotically iso-
metric ¢1-sequence in X*. It is easy to check that (Q*(w}

*)n is a weak*-null sequence
in X*. This completes the proof. [

Remark 2.1. The main result in [1], Theorem 1, can be easily obtained by the above
result. Indeed, if a Banach space X is separable and X* contains asymptotically
isometric copies of ¢!, it is easy to construct a weak*-null asymptotically isometric
0'-sequence in X*.

To complete the proof of our main result, Theorem 2.4, we need the following two
results.

Theorem 2.2 ([7], [2])

Let X be a real Banach space, and let (z},), be a sequence in X* equivalent to
the unit vector basis of £*. If no normalized ¢'-block of (x7),, is weak*-null sequence,
then X contains a copy of £*.
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Theorem 2.3 ([4])

If a Banach space X contains an asymptotically isometric copy of ¢y, then X*
contains an asymptotically isometric copy of (.

Theorem 2.4

Let X be a real Banach space that does not contain a copy of . Then X*
contains asymptotically isometric copies of £* if and only if X has a quotient which is
asymptotically isometric to cg.

Proof. (Necessity) Since X* contains asymptotically isometric copies of ¢!, there is a
null sequence (), in (0 1) and a sequence (z},), in X* such that

(o]
S0 - el < Hztnx: <3 It
n=1 n=1

for all (t,,), € ¢*. According to the Theorem 2.2, there is a weak*-null sequence (2),,

which is a normalized ¢!-block of (z}),, that is, z; = > agz}, where (4,), is a
keAn
sequence of pairwise disjoint finite subsets of N, A4,, < 4,11, and ) |ag| = 1, for all
keA,

n € N. Then for all scalars t1, s, ..., and all m € N, we have

m
[Sesi] = [0 ( X ai)]
n=1

=1 keAn
< zw(zwau)
k€An
m
= Z|tn‘
n=1

On the other hand, for each n € N, choose k,, € A,, with 1 —¢,, = kmin (1 —¢€x). Then
€

[Sesi] = 50 (S wi)]

> 3l (Z (1 ex)lax|)

m

> Zl—ekn ‘t’

Thus (%), is a weak*-null asymptotically isometric ¢!-sequence in X*. It follows from

n=1 k’eAn

3
—_

Theorem 2.1 that X has a quotient which is asymptotically isometric to c¢g.

(Sufficiency) Suppose that X/M (M is a closed subspace of X) is asymptotically
isometric to c¢g. Then, by Theorem 2.3, (X/M)* = M~ contains an asymptotically
isometric copy of ¢!. Thus X* contains an asymptotically isometric copy of ¢'. This
completes the proof. [J
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