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ABSTRACT
. (2t+2)_1 . X .
Let V ; be the rank< s locus in[P\ 2 of the generic catalecticant matrix

Cat(t,t;3). This matrix has rather more symmetry than a generic symmetric

)

matrix; this implies codirlry ; < (*1'), wheres := ( —s.
In this paper, given the integér we explicitely determine an integé¥,

depending ot, with the property that codif, ; = (°3") ifand only if § < NV.

1. Introduction

Let R = k[X1,...,X,] = ®>0R: with k = k an algebraically closed field of charac-
teristic zero. Fix positive integers d, ¢, 7 such that d = ¢ + j and consider the bilinear

map, given by multiplication,
Ri X R]' — Rd.

One keeps track of this multiplication in a matrix whose rows are indexed by the
monomials of R; (say in the lexicographic order) and whose columns are indexed by

the monomials of R;. In each place of the matrix one enters a new variable Y, where

a is the multiindex of length d corresponding to the monomial which is the result of

multiplying the appropriate row monomial by the appropriate column monomial.

The resulting matrix of variables is denoted by Cat(i, j;n) and called the (7, j)-

catalecticant matrix of R.

The size of this matrix is (”+§_1) X (”’Lj_l) and the entries of the matrix are

n+d—1

variables taken from the polynomial ring k[Y,] in ( g ) variables, where d = 7 + 7.
In this paper we are concerned with the special case ¢ = j and n = 3. The
matrix Cat(t,t;3) has size (t+2) X (HQ) and it is a symmetric matrix with entries in

2 2
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114 CONCA AND VALLA

a polynomial ring in (Qt; 2) variables. It is a matrix of indeterminates but it is not
generic since the same variable can be repeated in the matrix.

For example Cat(1,1;3) is the matrix

Yoo Yiio Yior
Cat(1,1;3) = | Y110 Yo2o Youn
Yior Your Yoo

which is the generic symmetric 3 x 3 matrix. But Cat(2,2;3) is not the generic sym-
metric 6 X 6 matrix, namely

Yioo Y30 Yzor Yoo Your Yope
Y310 Yoo Yo11 Yizo Yiar Yire
Y301 Yo11 Yooz Yio1 Y112 Yies
Yooo Yizo Yi2r Yoso Yoz1  Yooo
Youu Yior Yiie Yoz Yoo Yous
Yooz Y112 Yioz Yoo Yoz Yoos

Cat(2,2;3) =

For every positive integer ¢ and any integer s such that 0 < s < (t'52), we can

consider the ideal I,y generated by the (s + 1) x (s + 1) minors of Cat(t,t;3). It
defines the rank < s locus of the matrix Cat(t,t;3) in the projective space PV where
N = (Qt;r 2) — 1. This projective variety is denoted by V5 ; and it is not empty if s > 1.
When s and ¢ vary, we get the catalecticant varieties we refer to in the title.

It is well known that the codimension of the ideal generated by the m xm minors of

a generic symmetric ¢ X ¢ matrix is (’I*";Jrg). Hence the codimension of V ; is bounded

above by

2

(1) (1)
(1)

Notice that, since s < (tJ2r2), we have s > 1. Further

2t + 2 2t + 2 s+1
dimVs,t:< ;— >—1—codim%7t2max{0,( ; )—1—(82 )}

Hence we will say that

2t + 2 s+1
exdimV ; ::maX{Oj( t;_ )—1—(8—; >}

is the expected dimension of Vi ;.

codimV, < min { <2t;2> Y ((t§2) —(s+1)+ 2)}

where we let
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In [4] Diesel made the conjecture that dim V, ; = exdimV ; if s > (t;rl) or equiv-
alently s < ¢+ 1.

The conjecture as stated is false, as shown by Y. Cho and B. Jung in [2]. In this
paper we give a numerical criterion for the equality dim V; ; = exdimVj ; : we fix ¢ and
we determine an integer N = N(t) such that V;,; has the expected dimension if and
only if s < N.

We describe now the contents of this paper. First we remark in Section 2 that the
locus V¢ is the union of certain (smooth) irreducible varieties Gor(7") parametrizing
graded artinian quotients of k[X1, X2, X3] having Hilbert Function 7.

In a previous article [3] we had given a compact formula for the dimension of
Gor(T), and here we manipulate this formula to prove in Theorem 2.4 that dim V;; =
max{p(I")}, where I" runs among the codimension two artinian Hilbert Functions of

socle degree at most ¢ and multiplicity s, and where, for I' = {ag, - - -, a; }, we define
t—2
at(a; + 3
p(F) =28 — Z;ai(aprg — ai+1) + 2at,1at — t(t2)
1=

Using this formula, in Section 3, we first prove (Corollary 3.4) that if V; ; has the

a+2

expected dimension then, for every integer a > 1 such that ( 5

5 < fi(a) where

) < §, we must have

F(X) = 16tX + X* +6X°% +11X° + 30X 48
war 4X +1)(X +2) ‘

This inequality is proved by looking at some special codimension two artinian Hilbert
Functions I', which we call towers and which are defined, in the case § <t + 1, for
every non negative integer a such that (a;rz) < s.

The last part of this section is devoted to prove that the converse of the above
Corollary holds, namely that Vs, has the expected dimension if and only if 5 < f;(a)
for every a > 1 such that (“}?) < § (Theorem 3.11).

This is an easy consequence of the more subtle result of this paper (Theorem 3.9)
which states that, in the case § < min {¢, % + 4}, the dimension of V;;, which is the
maximum of the integers p(I"), is achieved on one of the towers.

In the last section of the paper, we study the behavior of the rational function
f+(X) in order to determine explicitly the integer N(¢). More precisely, we prove in
Theorem 4.2 that if ¢ < 42 then N(t) = 24£7 while in Theorem 4.6 we prove that if
t > 43 then N(t) = f;(a) where a is the integer defined by the inequalities w(a) < t <
w(a + 1), with

X4 4+4X3+5X2 - 10X + 16
w(X) =
8(X —2)
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2. A new formula for dim V ;

In this section we first recall that V,,; is the union of certain (smooth) irredu-
cible varieties Gor(T") parametrizing graded artinian quotients of k[X1, X5, X3| having
Hilbert Function 7. Hence its dimension is the dimension of its biggest irreducible
components. Using a compact formula for the dimension of Gor(T") proved in [3], we
get a new formula for dim V; which will be crucial for the main result of the paper.

Let 5 > 2 and T = (1,h1,...,hj_1,1) be a symmetric sequence of integers with
h1 < 3. We say that T' is a Gorenstein sequence if T is the Hilbert function of a
standard Gorenstein Artinian graded algebra A = k[X;, Xo, X3]/I. The integer j is
called the socle degree of T.

Given a Gorenstein sequence T of socle degree j, let us consider the ideal

j—1

Ip = Zjhﬂrl(cat(i?j —1;3))

=1

Jj+2

P(">)~! which is denoted by Gor< (T
It is clear that

in the polynomial ring k[Y,] with (jJ2r2) variables. This ideal defines a variety in
).

Gor(T) = {P e PCE) 1 | rankpCat(i,j —i33) < hi, i=1,...,j — 1}.

We can think of PC2)=1 as P(S;) where S = k[Y7,Y>,Y3] and we identify the
points of P("2") 1 with the corresponding forms of degree j in S.

Recall that every form F' of degree j in k[Y7, Y2, Y3] corresponds, up to scalars, to
an artinian Gorenstein graded algebra A = k[X1, X2, X3]/IF of socle degree j, through
the so called inverse system of Macaulay. Further, if A = R/Ip is the Gorenstein

algebra corresponding to the form F', the Hilbert function of A is given by the formula
Ha(i) = rankpCat(i,j —i;3)

for every i > 0. This crucial result is due to Macaulay and a proof can be found in [5]
Lemma 2.14.

Hence the elements of Gor<(T") can be identified with Gorenstein Artinian graded
algebras A = k[X1, X5, X3]/I with socle degree j and Hilbert function H4 < T', where
the inequality is coefficientwise.

We can partially order the Gorenstein sequences of socle degree j coefficientwise.
If 7" < T, then It C I so that

Gor<(T") C Gor<(T).

Hence, given a Gorenstein sequence 7, we can consider the open subset Gor(T") of
Gor<(T') defined as

Gor(T) := Gor<(T) \ U Gor(T").
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We clearly have
Gor(T) ={F € P(S;) | rankpCat(i,j —i;3) =h;, i=1,...,5 —1}.

Hence we can say that Gor(T') parametrizes Artinian Gorenstein graded algebra A =
k[X1, X2, X3]/I with socle degree j and Hilbert function Hy = T.

In [4] Diesel proved that Gor(7) is irreducible for every Gorenstein sequence 7.

Given the positive integer ¢, let 1 < s < (’H2“2). We define A to be the set of
sequences T' = (1,hq,...,hat—1,1) which are the Hilbert Functions of Gorenstein Ar-
tinian graded algebras A = k[X1, X5, X3]/I of socle degree 2¢ and with h; = s.

If we can consider the union of irreducible strata
Us,t := UreaGor(T), (1)
it is clear that we can describe U, ; as
Usy = {F € P(S2) | rankpCat(t,t;3) = s}.

This identifies Uy ; as an open subset of V, ;, which was defined as the rank < s locus
of Cat(t,t;3) in p(*37)-1,
By Lemma 3.5 pg. 75 in [5], U is in fact a dense open subset of V;, hence,
using (1), we get
dimV,; =dimU,; = max { dim Gor(T)}. (2)

We recall here that each Gorenstein sequence T' € A is 2t-symmetric in the sense
that, for ¢ § t, hgt_i = hz

Further, for every T' € A we have h; = 3, save for the sequences of embedding
dimension < 2 which are either (1,1,---,1,1) if s =1, or (1,2,---,s,8,8,---,2,1) if
2<s<t+1.

Later in this section we will give a formula for computing dim Gor(7") for every
Gorenstein sequence T' of embedding dimension 3, but let us first consider the case of
embedding dimension < 2.

It is clear that a graded algebra A = k[X;, X2, X3]/I has embedding dimension
< 2 if and only if I is a complete intersection ideal generated by three forms of degree
1,s,2t — s+ 2.

If s = 1, I is a complete intersection of forms of degree 1,1,2¢ + 1. Hence
dim Gor(T") equals the dimension of the Grassmannian Gr(2, 3) of 2-dimensional linear
subspaces of the 3-dimensional vector space k[X7, X2, X3];. Hence

dim Gor(T") = dim Gr(2,3) = 2, (3)

(this is case 6 in Section 4.6 of Diesel paper [4]).
If s=t+1, then I is a complete intersection of forms of degree 1,¢+ 1,¢+ 1, and
it is clear that

dim Gor(T) = dim Gr(1,3) + dim Gr(2,s + 1) = 2s

(this is case 3 in Section 4.6 of Diesel paper [4]).



118 CONCA AND VALLA
Finally, if 2 < s < 't, we have
dim Gor(T") = dim Gr(1,3) + dim Gr(l,s + 1) + dim Gr(1,2t — s +3 — (2t — 25+ 3))

where the last summand is like that because, if F' is a form of degree s in two variables,
then dim(F)ot— 5412 = 2t — 25 + 3. Thus, if 2 < s < ¢, we get

dimGor(T)=2+s+(s—1)=2s5+1 (4)
(this is case 5 in Section 4.6 of Diesel paper [4]).

We can use these results to compute dim V; ¢ and dim V5 ; for every ¢t. Namely if
s =1, then A ={(1,1,---,1,1)} so that, by (1) and (3), we get

dim Vi, = 2.
If s =2, then A = {(1,2,---,2,1)} so that, by (1) and (4), we get
dim ‘/27,5 =5.

We give now an easy formula for dim Gor(7T") when T is a Gorenstein sequence of
socle degree 2t such that h;y = 3 and hy = s.

For a general Gorenstein sequence T' of socle degree j > 2, Kleppe proved in [6]
that Gor(T) is smooth; hence the dimension of Gor(T) is equal to the dimension of
the tangent space to Gor(T") in any point. We may apply Theorem 3.9 in [5] to get

dim Gor(T) = Hg/r2(j) — 1 = Hy/r2(j)

for every ideal I such that A := k[X1, Xa, X3]/I is Gorenstein and H4 = T If we write
the Hilbert series of A as

Po(2) =h(z) =1+ hiz4+ho2® +... + hj,gzj_2 + hj,lzj_l + 27,
we proved in [3] Theorem 4.1 that the Hilbert Series of I/I? is
Prr2(2) = (14 2)°h(2%)/2 = (1 = 2)°h(2)?/2 = 2772 h(2).
Hence dim Gor(T) is equal to the coefficient of 27 in the polynomial

(1+ 2)3h(2%) — (1 — z)3h(2)2.
2

3 2
In the case j = 2t, the coefficient of 2% in % is

he + 3hi—1
2
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and that of 22! in
(1=2)%n(2)*> (1 —2)h(z) (1 —2)*h(z)

2 N 2 2
is
2 aibas—;
25

where we let
Zaz =01-2)h sz (1 —2)%h(z)
to be the first and second difference of h(z).
Summing up we get
hy +3hi—1 — Z?io aibor—;
5 .

In the case h; = s, we have a; = s — hy;_1 so that

dim Gor(T') =

ht +3hi—1 = s+ 3(s — a) = 4s — 3ay.
As we have seen before, h(z) is 2t-symmetric, hence (1 — 2)h(z) is (2t + 1)-
antisymmetric and (1 — 2)2h(z) is (2t + 2)-symmetric. This means
ik = —Qip1—k, bj = bagpo_j.
We get

t 2t
ds —3ay — ) ;g @ibive + Y i, Gary1-ibar—i

dim Gor(7) = 5

It is easy to see that we have
ajy1b +aj1bjp1 = aj(aj41 —a;-1)

for every j > 1, so that

E az 1+2 E a2¢+1— zb2t 1

1=t+1
2t—1 2t—1
= E a;b i+2 — E A2t —q a2t i+1 — A2t—i— 1 E a2t—i—1b2t—i+1 —aiby
i=t+1 i=t+1
t t—2
= E aibi1o — az_1a; + apay + E a;biy2 — arbg
i=0 i=0
t—2
=2 g aibiyo + ar—1bip1 + abipo — ar—1a4
i=0
t—2
2
=2 E a;biyo —4dar_1as + a.
i=0

By easy computation, we get from the above formula the following result:
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Proposition 2.1

Let T ={1,3,ha,...,hot_2,3,1} be a Gorenstein sequence of socle degree 2t and
with hy = s; let a; := h; — h;_1 for every i. Then

t—
dim Gor(T) = 2s — ai(airo — aip1) + 2ai_1as —

i

[\

Q¢ ((It + 3)

I
=)

We recall now that Stanley proved in [7] that a symmetric sequence of socle
degree 2t, say {1,3,...,h;,...,3,1}, is a Gorenstein sequence if and only if half of its
first difference (1,2,ho —3,...,hy — hy—1) is a codimension two admissible sequence,
which means a sequence which is the Hilbert function of an Artinian graded algebra
k[X1, X3]/J of embedding dimension two and socle degree at most ¢.

Notice that if we let as before a; := h; — h;_1, then Zfzo a; = hy.

We can easily describe the codimension two admissible sequences of socle degree
at most t. They are sequences I' = (ag = 1,a1 = 2,...,a;) of t+1 non negative integers
with the property that for some integer m, 2 <m <t+1
DNa=i+1for0<i<m-—1,
2)0<ajy1 <a;form—1<i<t.

The integer m is called the initial degree of T'.

DEFINITION 2.2. We say that a sequence I' = (ag = 1,2,...,a;) is in V;; and, by
abuse of notation, we write I' € Vj,, if " verifies the above conditions 1) and 2) and
moreover has multiplicity s, which means > a; = s.

For I" € V,; we define

=2 at(at =+ 3)

p(F) =28 — ;ai(aHg — ai—i—l) + 2a;_1a¢ — #

Using Proposition 2.1 we can prove now the following well known lemma.

Lemma 2.3

Let1 <s < (t'gl). Then dim V ; > 3s — 1.

Proof. If s = 1,2 we have already seen that dimV,; = 3s — 1. Let 3 < s < (t;rl).
It is clear that there exists an integer m such that (m; 1) <s < (m; 2); this forces
2<m<tandm=tif and only if s = (“51).

Let us consider the sequence

0j1]... |m-1 m m+1 | ...
2. m |s—=("f)| 0o |...]0
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Since()gs—(m;q) <m+1, weget I € V;; and

p(T) = 2s — ni:jj—l—(m—l) <s— (mg_l)—m>+m<<m;1> —s) =3s—1.

By (2) and Proposition 2.1 we get dimV;; > p(I') = 3s — 1 and the conclusion
follows. [J

A corollary of this easy result is the following crucial formula for dim V ;.

Theorem 2.4
Lett>2and 3 <s< (tgz); then

dim V, ; = max {p(F)},
where the maximum is over the sequences I' € V; ; as described in Definition 2.2.

Proof. If s > t + 2 the result is clear because for every T € A we have h; = 3. If
s <t+1 then s < (t’gl) and the conclusion follows by the Lemma because the unique
sequence in A with hy < 2is T = (1,2,...,s — 1,s,...,8,s — 1,...,2,1) for which
dim Gor(T') < 2s+ 1 < 3s — 1, as we have pointed out before. (]

2t+2)71

For example, if s = 1, then s = (t'gZ) —1 and V;; is an hypersurface in p(*'3

Hence we have ) )
t
mmm¢:< ;’>—2:%?+%—1

which is the expected dimension. Let us compute dimVy; when ¢ > 2 by using
Theorem 2.4. It is clear that s > ¢ 4 2 and the unique sequence in Vj; is

[:=(1,2,...,t1).

We have
t(t+3
pﬂ?Z2S—H+2+”.+@—2ﬂ+%2_(:2)
t+2 t—1 9 t(t—i-?)) )
= -2~ P LA, 2 R VR
( 2> <2 >+ 2 +3

If t =1, then s = 2 and the hypersurface V5 ; is the zero locus of the determinant
of the generic symmetric 3 x 3 matrix, namely the secant line variety to the Veronese
surface in P°.

Also the case s = 2,3,4 are easy to handle. If s =2 and t = 1, then s = 1 and
dim V; 1 = 2 which is the expected dimension. If ¢ > 2, then s = (tJ2r2) —2>t4+2. It
is clear that there is a unique sequence in V,; and it is

= (1,2,...,t,t—1).
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We have

(t—1)(t+2)

=2t + 3t —3.
5 +3 3

p(T)=2s—[1+2+...+(t—=2)—(t—-1)]+2t(t—1) —
The expected dimension is

<2t2+2> —1—-3=2t>+3t—3.

If t =1, then s = 1 and the surface V; ; is the zero locus of the ideal generated by the
2 % 2 minors of the generic symmetric 3 x 3 matrix, namely the Veronese surface in P°.
In the case s = 3 we have s = (t-gz) — 3 so that t > 2; if t = 2, then s = 3 and
dim V3 o = 8. This is the expected dimension.
If t > 3, we have two sequences in Vj ;, namely

I=(1,2,....t—1Lt,t—2), A=(1,2,....t—1,t—1,¢t—1).

We have
p(T) =2t +3t—6, p(A) =2t +1t—4,

hence dim Vy ; = 2t%2 4+ 3t — 6. The expected dimension is

<2t;2> 1 6=20+3t—6.

Finally in the case s = 4, we have s = (t;2) —4 so that ¢t > 2;if t = 2, then s = 2
and dim V5 2 = 5. The expected dimension is 4 so that this is the first example where
the dimension is bigger than the expected dimension.

If t > 3, we have two sequences in V; ;, namely
r=(1,2,....,t—1,t,t—=3), A=(1,2,...;t—1,t—1,t—2).
By easy computation we get
p(D) =2t +3t —10 > p(A) = 2t> +t — 5,

hence dim V;; = 2t? + 3t — 10, which is the expected dimension.

Let us consider the case ¢ = 2. We have seen that dim Vi, = 2, dim V59 = 5,
dimVzy = 8, dimVye = 11 (s = 2), dimVs2 = 13 (s = 1). Hence V; o has the
expected dimension if and only if s > 3. This is the kind of result we are looking for
when t > 3.

3. The main result

In this section we focus on some special sequences I', € V; which are defined, in the
a+2

5 ) < 5. These sequences

case s < t+ 1, for every non negative integer a such that (
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will be called the towers for V ;; their relevance will be clear when we prove that, in
the case § < min(, 3 + 4), the maximum of the integers p(I"), which is the dimension
of Vi 4, is achieved on one of the towers.

As a consequence we will get an explicit criterion for V;; having the expected
dimension.

In the following, to avoid trivial cases already considered, we assume that ¢ > 3
and s is an integer such that 3 < s < (thz)' First of all we prove that s <t¢t+11is a
necessary condition for V;; to have the expected dimension.

Proposition 3.1
If's >t + 2, then dim V,; > exdim Vj ;.

Proof. We have s > t 4+ 2 so that s < (t;rl) — 1, hence, by Lemma 2.3, we get

dim Vi, > 3s — 1.
We claim that 3s — 1 is strictly bigger than the expected dimension, namely

s 1> maxfo, (¥ 7)1 (1))
2 2
2t + 2 s+1
-1 —1-
w07 ()

2 -55+4—12+3t>0.

We have

if and only if

Since 5§ > t + 2, we must prove that

5+ V9442 — 12t
2

t+2>

which is equivalent to 8(t — 1) > 0. The conclusion follows. [J

A consequence of this result is that, when s > ¢ + 2, one should better take 3s — 1
for the expected dimension of V, ;. Namely in the paper [2] some instances where
dim V,; = 3s — 1 are presented. For example it is shown that this is the case when
t>9%and t+1<s <4t —3.

We used Theorem 2.4 for computing dim V;, in the case t = 17 and s = 150
(s = 21). We got dim Vis50,17 = 459 > 3s — 1 = 449, but of course here s = 150 >
4t — 3 = 65.

It would be interesting to determine, in the case s > t + 2 (s < (tgl)), when
dim V,; =3s— 1.

We remark that if s =¢+ 1, then 3s — 1 = (Qt;ﬂ) -1- (8;“1).

We also notice that if s <t 4 1, then exdimV,; = (2t2+2) —-1- (sgl).

If s<t+1anda > 0is an integer such that (“;rg) < s, then (a;2) <t+1so
that a <t —2.Sincet—a>t+1—5+ (a;rl), the sequence
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O|1]... tal]...]|¢t1 t

r,:= 5 . ——
-;a | ... | t-a t+1—s+(2)

is in V; ;. In particular I'y is always in V¢, because 5 > 1.

DEFINITION 3.2. Let s <t + 1. For every non negative integer a such that (“JQFQ) <5,
let T';, to be the sequence

O|1]... tal]...]|¢t1 t

r,:= 5 . P
-;a | ... | t-a t+1—s+(2)

Such a sequence is in V; and is called a tower for Vj ;.

For example, if t = 12 and 5 = 10, then s = 81 and the towers for V3 12 are the
following four sequences:

0]1 7189|1011 12
I'p|1]2 8191101112 3
I'i|1]2 81911011 |11 4
I'y |12 81911010 10| 6
I's|1]2 81919191919

We always have

(t+1—3)(t+4—3)
2

p(To) = 2s — [(t;1> +(t—1)(1—§)] +2(t+1-3) —

s+1 2t+2 s+1
= 2t2 — = —1—
e ()= () - ()

exdimV; ; = p(To).

hence

This proves that Diesel conjecture, even if not true, is consistent. This was already
remarked by Diesel in [4], pg. 385.

In the following we will use the equality:

p(To) = <2t;2) —1- (g‘;) =25 +t* —2+35/2 - 5%/2. (5)

which is easy to prove.

To compute the difference p(I'y) — p(I'g) for a > 1, we need to introduce the
following functions

X +6X%+11X% 430X +8
= 1 :

D(X):
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and for every positive integer ¢

4Xt+D(X)  16tX + X* 4+ 6X% 4+ 11X2 + 30X + 8

M) = i~ AX +1)(X +2) ‘ (6)

Lemma 3.3

Let T'y be a tower for Vi, with a > 1; then

() = otro) = (3 °) 5 fla),

Proof. f welet r:=¢t+1— 35+ (a;rl), we have

p(Ca) = 25 — [(t_;_1>+(t—a)(r—t+a)] —i—2r(t—a)—r(r2+3)

t—a—1 3
:2s—< “ >—|—(t—a)2+7“(t—a)—r(r+).
2 2
When we use the equality r ==t +1 — 5+ (agl),we get
4 3 2 2% ~ = ~
a 3a 11la 15a a“s 3as s DS
[)=2s— L 20 2200 00 2 g @8, 005 5 08 g
p(Ty) 5= 3 1 g 1 +t at + 5 + > 5 + 5 3
Hence, by (5), we get
4 3 2 2% ~
a 3a 11la 15a a’s  3as .
T.)—p(Lo)= -2 20 220 0 oy 85,20 5

<a+2>~ a* + 6a3 + 11a® + 30a + 8
= s — 2at — g

(5 e 2] (52 g

As a trivial consequence of the above lemma, we get a necessary condition for Vj 4

having the expected dimension.

Corollary 3.4

If Vi has the expected dimension, then for every a > 1 such that (a;rQ) < 3, we

have

5 < fi(a).



126 CONCA AND VALLA

Proof. By assumption dim V, ; = exdimV; ; = p(I'y), so that by Theorem 2.4 p(T',) <
p(Ty) for every tower I',. The conclusion follows by the lemma. [

Thus, for example, V755 cannot have the expected dimension because s = 6 and
('1?) =3 <5=6, but f5(1) =17/3 <6.

We want to prove now that the converse of the above statement holds. This will
be a consequence of the fact that when 5 < min(¢, % +4) then dim V; ; is achieved on
a tower.

We will prove this last result by using the following strategy. Starting from a
sequence in V;; we will reach a tower along a path of sequences in V; in such a way

that, at each step, the function p does not decrease. We need some preparatory result.

Proposition 3.5

LetT'=(...,d,a,b,c) be a sequence in Vy; such that ¢ > 0 and a # b < t. Then
A=(...,d,a,b+1,¢—1) isin V,,. Further, if s < (2/3)t + 4, then

p(A) > p(T).
Proof. If a < b, then a =t —1 and b = ¢. Hence a > b so that A € V ;.
It is clear that for a suitable integer K we can write

p(A) — p(T) = {25— [K+db+1—a)+a(c—1—b—1)]

+2(b+1)(c—1) —

(c — 1)(c—|—2)}
2

—{23— [K +d(b— a) + a(c — )] +2bc—c(C;3)}
=2a—2b+3c—d-—1.

We let j :=1t —d, hence j > 2 since d < t — 2. We clearly have
t—2 t—2 )
s < 9 +d+a+b+c= 5 +t—j+a+b+c
so that, with the assumption 5§ < (2/3)t + 4, we get

(2/3)t +4>5= (“;2) s> <t;2) - (t;2) Ct4j—(atbto)

which implies

3(a+b+c)—3j +18

t <
- 7

But b+1<a<t—1, hence

3la+b+c¢)—3j+18—-7 < 32a+c—1)—-3j+11
7 - 7

a<t—1<
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which implies
a<3c—3j+8. (8)

We need to prove
t—7<2a—2b+3c—1.

By (7) we have
3(a+b+c)—3j+18—Tj

so that we only need to prove
170 < 1la + 18c + 105 — 25.
But b < a — 1, hence
176 < 17(a—1) = 1la+6a — 17 < 1la+ 6(3¢c — 3j + 8) — 17 = 11a + 18¢ — 18j + 31,

where the inequality follows by (8).
It remains to prove that

1la + 18¢ — 185 + 31 < 1la + 18¢ + 105 — 25.

But this is equivalent to 56 < 285 which is true because 57 > 2. [J

The assumption s < (2/3)t 4+ 4 in the above Proposition is crucial.
Let t = 13, s = 92 so that § = 13 < ¢ but § = 13 > (2/3)t + 4 = 38/3. With
I = (...,10,11,12,11,3) and A = (...,10,11,12,12,2), we have p(I') = 293 and

Lemma 3.6

Let us assume r > 2, s < t, and suppose that the sequence

t-r| ... | t-1]|¢
bl|l...| blc

.=

isin € Vi ;. Then
1
3b >t + <T; >

Proof. Since s <t,c<band a;_,—_1 <t —1r, we have

t+1 t— 1 t— 1
<—;><s§< ;+>+rb+c§< 7;i_>—|—(r—|—1)b

(r+1>bz<t;1)+1—(t_g“>:rt—<;>+1. (9)

hence
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On the other hand, a;_, = b <t —r + 1 so that
(r+t—-r+1)>r+1)b>rt— <;>+1

which implies

By (9), we must prove

We have
rt— () +1 ¢+ (3)  t(4r—2)— (P +5r = 2r — 6)

r+1 3 6(r+1)

so that, since ¢t > (Tgl), we only need to prove that

r+1 >r3+57‘2—2r—6
2 - 4r — 2 '

This is equivalent to
3 —4r? r+6>0

so that the conclusion follows because r > 2 and

P 6= (= (= 3)(r +1). O

The assumption s < ¢ in the Lemma is essential. If £ = 5 and s = 6, we get s = 15
and (1,2,3,3,3,3) € Vis5 but 9 <5+ () = 11.

Proposition 3.7
Let r > 2 and let

t-r-2 | t-r-1 | t-r | ... | t-1| ¢

IfT' € Vs4,s<t,b<aandc>b—2, then the sequence

t-r-2 | t-r-1 t-r | ... t-1 t
d a b+1|... | b+1]| cr

A=

is in Vg, and
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Proof. In order to prove that A € V;;, we only need to prove that ¢ > r. Butif ¢ <r
the sequence

t-r-2 | t-r-1 | t-r | ... | t-r4+c-1 | t-r4+c | ... | t-1
d a b+1 | ... b+1 b b |0

would be in V4, a contradiction to the assumption s > (tgl).

It is clear that for a suitable integer K we have
p(A) =25 — [K+db+1—a)+ (b+1)(c—r—b—1)]

(c—r)(c—r+3)
2

+2(b+1)(c—1r)—

p(T) =25 — [K +d(b— a) + b(c — b)] + 2bc — C(C;?’).

An easy computation shows that p(A) — p(T') = —d+b(2—7r) +c(r+1) — (3) + 1,
hence we need to prove
b2—7r)+c(r+1)— (;) +1>d.
Since c > b—2and d <t —r — 1, it is enough to prove that
3b—2(r +1) — <g> t1>t—r—1

which is the same as
1
b>t—r—1+20r+1)+ (;) C1=t4 (T; >
This is true by the above lemma. [J
The assumption ¢ > b — 2 in the above Proposition is crucial. Let ¢ = 22 and
s = 254 so that s = 22. I ' = (...,19,20,19,19,6) and A = (..., 19,20, 20,20,4),
then p(I") = 804, while p(A) = 803.

Lemma 3.8
Let r > 2 and

r t-r-3 | t-r-2 | t-r-1 | t-r | ... | t-1 | t

IfT € Vst,a#b#cand b <t—r, then

t-r-3 | t-r-2 | t-r-1 | t-r | ... | t-1 t
e d a-1 b ... b | c+1

A=

is in Vi ; and

p(A)—p(T)=e—d+b—c—2.
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Proof. If a < b, thena =t—r and b =t—r—+1, a contradiction. Hence a > b. Further
b > ¢, so that ¢ < b. This proves that A € V, ;.
For a suitable integer K we can write

p(A)=2s—[K+ela—1—d)+db—a+1)+blc+1-0)]

T ap(e 1) D) 1)2(c+4)
c(c+3).

2

p(I') =2s — [K +e(a —d) +d(b— a) + b(c — b)] + 2bc —
An easy computation shows that

p(A)—pI)=e—d+b—c—2.0

We are ready to prove the main result of the paper.

Theorem 3.9
If 5§ < min{t, % + 4}, then

dim V; ; = max {p(I'y)}
where the maximum is over the towers for Vi ;.

Proof. By Theorem 2.4 we know that dim V,; = maxrev, ,{p(I')}, hence it suffices
to show that, given a sequence I' € V, ;, one can find a tower I', for V; such that
p(Ta) > p(T).

Let I' = (...,n,b,m) be an element of Vy,. If n < bthenn =¢t—-1,b=1¢ and
I' =Ty. Hence we may assume that n > b so that b < t; since s > (t;rl
m > 0. If b < n, by Proposition 3.5 the sequence A = (...,n,b+1,m —1) is in Vs,

and p(A) > p(I"). Going on in this way, we may assume that

) we have also

t-r-3 | t-r-2 | t-r-1 [ t-r | ... | t-1 | ¢
e d a b|...| b |c

.=

with 7 > 2 and a # b.
Ifa<b, thena=t—r,b=t—r+1land ' =1,_; is a tower. So let a > b, which
implies also b <t —r. If ¢ > b — 2, by Proposition 3.7, the sequence

t-r-1 | tr | ... t-1 t
a b+1]|... | b+1]|cr

N =

is in V54 and p(IV) > p(T).
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Otherwise, ¢ < b — 3 so that

e—d+b—c—2>e—d+c+3—-c—2=e—-d+1>0

and by Lemma 3.8 the sequence

t-r-3 | t-r-2 | t-r-1 | t-r | ... | t-1 t
e d a-1 b|...| b |ct+l

M =

is in Vi, and p(M) > p(T).
In both cases we moved from I' to a sequence in V;; with the property that the
difference between the integer in position ¢ —r — 1 and that in position ¢t — r decreases

by one. It is now clear that, after a finite number of steps, we will reach a tower I,
for V5 + such that p(I'g) > p(I"). O

We made some computations with CoCoa when ¢t < 72 and s < t and it turns out
that only 16 cases do not verify the conclusion of the theorem. The case corresponding
to the smallest value of ¢ is t = 13, 5 = 13, so that s = 92. We have dim Vy 15 = p(I)
where I' = (..., 10,11,12,11, 3) is obviously not a tower.

The case corresponding to the highest value of ¢ is t = 25, 5 = 21, so that s = 330.
We have dim V339 25 = p(I') where I = (..., 22,23,24,23,7) is not a tower.

We remark that, if 5 < ¢, there is no counterexample to the equality dimV;; =

max{p(I')}.
Hence we make the following conjecture:

Conjecture 3.10
Ift > 26 and 5 < t, then

dim V5 = max{p(I'y)}
where the maximum is over the towers for V ;.
As a consequence of the above theorem, we can prove the converse of Corollary 3.4.

Theorem 3.11

Let fi(X) be the rational function defined as in (6). Then V;; has the expected
dimension if and only if

5 < fi(a)

for every integer a > 1 such that (“"52) <3s.
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Proof. We need only to prove the “if”part of the theorem. We have already seen that
if s <2 then V,; has the expected dimension. Hence let 5 > 3. Then (1452) =3<5sso

that %+7 2t
s < 1= —-— < —
Sshl)=—3— =3
It is clear that s < 2'53—+7 does imply s < ¢ unless t = 2,3,4 and s = t + 1, cases
in which it is easy to check that V,; has the expected dimension by using Theorem
2.3. Hence we may assume 5 < min{t, % + 4} and apply the above theorem to get
dim Vi ; = max{p(T',)}.

Now the assumption 5 < f;(a) for every a > 1 such that (a;rQ) < 3, implies by

+4.

Lemma 3.3 that p(T'y) < p(T'g) for every tower for V; ;. Hence
dim Vi ¢ = p(I'o) = exdimV ;

and the conclusion follows. [J

This theorem is quite effective if we know ¢ and s. For example if ¢ = 36 and
s = 26, then we get s = (328) — 26 = 677. We have (“Jf) <'s =26 if and only if a < 5;
by using the table at the end of the paper, we see that

271

79 83
fa6(1) = 3> 26, f36(2) = 3 26, f36(3) = 10 26,
406 586
4) =22 _ 20
f36(4) T 6, f36(5) o7 = 6,

so that Vi77,36 has the expected dimension.

With the same t = 36, if we let s = 27, then s = 676 and we have (1;2) =3<5s.
Since f36(1) = 73—9 < 27, V76,36 has not the expected dimension.

However, a natural and more difficult question is the following: for which s does
Vs.36 have the expected dimension? Of course we can apply the above theorem, but
this need a lot of computations because s must range from 1 to 703.

In the next section we will find the right answer: V; 36 has the expected dimension

if and only if s > 677 (5 < 26).

4. The conclusion

In this last section, we want to improve Theorem 3.11 in order to give a complete
answer to the following problem: given the generic catalecticant matrix Cat(t,t;3), for
which s the ideal generated by the s + 1 minors has the expected codimension ?

It is clear that we need a deeper knowledge of the rational function

_16tX + X'+ 6X° 4+ 11X2 + 30X 48

fi(X) AX +1)(X +2)

We recall, see (6), that we can write

AXt+ D(X)

fi(X) = (X +1)(X +2)
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where
X' +6X%+11X2 430X +8

4

D(X):
Let us start with the following remark.

Lemma 4.1
We have fi(1) < fi(a) for every a > 1 if and only if t < 41.

Proof. We have
2+ C2t+11

fi(1) 3 fi(2) = 3

so that f;(1) < fi(a) for every a > 1 if and only if f;(1) < fi(a) for every a > 3.
We have

dat+ D(a) _2+7

fi(a) = fe(1) = @+ D)(a+2) 3 =

if and only if
3(4at + D(a)) > (2t +7)(a+ 1)(a+2)

if and only if
t2(a+1)(a+2)—12a) < 3D(a) = 7(a+1)(a +2)

if and only if
t[2(a—1)(a—2)] <3D(a) —7(a+1)(a+2).

Hence fi(1) < fi(a) for every a > 3 if and only if

L < 3D(a) — T(a+1)(a+2)  3a®+ 21a® + 26a + 32
- 2(a —1)(a —2) B 8(a — 2)

Now it is easy to see that the rational function

3X3 4+21X2 426X + 32
9(X) = ,
8(X —2)

verifies
9(3)=95/2=47,.. g(4)=83/2=41,5 g(5)=>531/12 =44, ..

and is strictly increasing for X > 4. The conclusion follows. [

This result is no more true if ¢ = 42, since we have
fa2(1) =91/3 > fia(4) = 454/15.
This lemma gives already the solution of our problem for small values of ¢.

Theorem 4.2
Ift <42, then Vi has the expected dimension if and only if s < %

133
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Proof. Let Vi ; have the expected dimension. If 5 < 2, then 5 < %; hence we may
assume § > 3 = (1;2). By Theorem 3.11 we get 5 < fi(1) = 2%'7 as required.

As for the converse, we have 5 < @ = fi(1), hence if t < 41, by the above
lemma we get s < f;(a) for every a > 1. The conclusion follows by Theorem 3.11.

If t = 42, we have 5 < QtT” = 91/3 so that s < 30. As in the above lemma we

have
2(a—1)(a —2)(g(a) — 42)'

faz(a) = 30+1/3+ 3(a+ 1)(a+2)

Since g(X) is strictly increasing for X > 4 and ¢(5) > 42, we have g(a) > 42 for every
a > 5 so that fia(a) > 30 for every a > 5. Since f42(3) = 30.7, and f42(4) = 30.2, we
get s < fi(a) for every a > 1 and the conclusion follows again by Theorem 3.11. O

This result proves for example that V; 36 has the expected dimension if and only
if 5 < ? = 26, 3.., as announced at the end of Section 3.

Unfortunately, the above theorem does not hold if ¢ = 43. With such t we have

2%7 = %‘” = 31. If we take 5 = 31 we get (432) = 15 < s, so that I'y is a tower.

Since s — f43(4) = 31 — 154/5 = 1/5, by Lemma 3.3 we get p(T'y) > p(Ty) so that
dim V¢ > p(T'4) > p(Ty) = exdimV 4.
We come now to the general case.

Lemma 4.3

Let t be a positive integer and a > 3. We have

D(a) — (a+2)D(a—1)

4(a —2)
(a+1)D(a+1) — (a+3)D(a)
4(a — 1)

fla—1) > fi(a) =t >~

fila+1) > fi(a) <=t <

and equality holds on the left if and only if it holds on the right.

Proof. We have fi(a — 1) > fi(a) if and only if

4(a—1)t+ D(a —1) S 4at + D(a)
a(a+1) ~ (a+1)(a+2)

if and only if
4(a—1)t+D(a—1) S 4at + D(a)
a — (a+2)

if and only if
4(a +2)(a— Dt + (a+2)D(a — 1) > 4a*t 4+ aD(a)

if and only if
4t(a — 2) > aD(a) — (a+2)D(a — 1)
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if and only if
. aD(a) — (a+2)D(a—1)
- 4(a —2)

The second assertion follows in the same way. [

Now we remark that for every a > 3 we have

aD(a) — (a+2)D(a—1)  a*+4a® + 5a* — 10a + 16
4(a —2) B 8(a —2)

Hence if we consider the rational function

(X) = X' 4+4X° +5X% - 10X + 16
WA= 8(X —2)

: (10)

we have

fila=1) > fi(a) <=t > w(a)
fila+1) > fi(a) <=t <w(a+1)

and the equality holds on the left if and only if it holds on the right.

It is easy to see that for X > 3 the function w(X) is strictly increasing and
w(3) = 55/2.
This means that, if ¢t > 28, then ¢ > w(3) and we can find an integer @ > 3 such
that
w(@) <t < w(@+1).

We thus have the following result:

Lemma 4.4

If t > 28, there exists an integer @ > 3, such that

fi(@—1) > fi(a) < fi(@+1).

We prove now that the integer @ verifies the inequality

(a; 2> < fi(@).

This will be a consequence of the following lemma.

Lemma 4.5
If a > 3 and w(a) < t, then
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Proof. We must prove that

4at + D(a) a+2
(a+1)(a+2) = < 2 >

Since w(a) < t, we only need to prove that

4daw(a) + D(a) a+2
(a+1)(a+2) 2( 2 >

This is true if and only if

da aD(a)—(a+2)D(a—1)

1(a—2) + D(a) a—+2
CEDICED) 2( 9 )

if and only if

a’D(a) — a(a+2)D(a — 1) + (a — 2)D(a) a+2
(@t D(at2)a—2) >< 2 )

if and only if

(a*> +a—2)D(a) —a(a+2)D(a—1) > (a —2)(a+1)(a + 2) (a—;—?)

if and only if

(a—2)(a+1)*(a+2)
(a—1)D(a) —aD(a—1) > 5 .

An easy computation shows that this is equivalent to a* +2a3 + 3a? + 10a > 0, so that
the conclusion follows. [J

We come prove now to the main result of this section.

Theorem 4.6

Let fi(X) and w(X) be the rational functions defined as in (6) and (10) respec-
tively. If t > 43, and we let @ be the unique integer such that

w(@) <t <w(@+1),

then Vs, has the expected dimension if and only if s < fi(a).
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Proof. If Vy,; has the expected dimension and, by contradiction, s > fi(a), from the
above lemma we get (E’QLQ) < fi(@) < s, which is absurd by Theorem 3.11.

Let us prove that s < f;(a) implies V,,; having the expected dimension. By
Theorem 3.11 it is enough to show that

fi(@) = min fi(a).

a>1

Since t > 43, by Lemma 4.1 we have f;(2) > f;(1) > fi(a) for some integer a > 3.
Hence it is enough to prove

f+(@) = min fi(a).

a>3
Now we remark that
I Dla) +
im ———— =400
a—+oo (a+1)(a+2) ’
hence, since for every ¢ and a > 1 we have
4at + D(a) D(a)

fi(a) =

>

(a+1)(a+2) = (a+1)(a+2)’

there exists an integer m such that
fi(a) = fi(a)
for every a > m. If m = 3 we are done; so let m > 4 and
frlm = 1) < fi(@) < fi(m).
If we would have
fi2) < fi3) < ... < film = 2) < film —1)

then fi(1) = min,>; fi(a), and ¢ < 41 by Lemma 4.1. Thus there exists an integer j,
3 <7 <m — 1 such that

fe(G—=1) > fi(j) < ... < film = 1) < fi(a@) < fe(m).

By Lemma 4.3, we get
w(j) <t <w(j+1),

so that
w(j) <t<w(@+1), w@ <t<w(j+1).

Since w(X) is strictly increasing for X > 3, this implies
j<a+1l, a<j+1.

Thus j = @, a contradiction because f;(j) < fi(a). O
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Here are some of the values of the functions f;(X) and w(X). We have:

2+ 7 2t+ 11
) === =" f:(3)
10t + 226 12t + 397
[i0) = =5 fulb) = —5g—  full) =
16t + 1015 18t + 1513
ft(8) = Ta ft(9) = T? ft(lo) =
22t + 3037 24t + 4132
fi(11) = == [i(12) = =, fil(13) =
w(3) = 55/2 = 27.5, w(4) = 71/2 = 35.9,
w(6) = 287/4 = 71.7, w(7) = 991/10 = 99.1,
w(9) = 1226/7 = 175.1, w(lO) = 901/4 = 225.2,
w(12) = 3533/10 = 353.3, w(13) = 4760/11 = 432.7,

6t 4 55 8t + 118
= 4 = —
10 ) ft( ) 15 )
14t 4 652
36 ’
10¢ 4 1088
33 ’
26t 4+ 5500
105 '

w(5) = 152/3 = 50.6,
w(8) = 400/3 = 133.3,
w(11) = 5119/18 = 284.3,
w(14) = 6281/12 = 523.4

For example, if t = 100, then @ = 7, so that V, 190 has the expected dimension if
and Only if §§ f100(7) = % = 57.

If ¢ = 500, then @ = 13, so that V500 has the expected dimension if and only if

_ (26)(500)+5500

5 < f500(13) 105

= 176, 1.

Some of the results of this paper were conjectured after explicit computations
performed by the computer algebra system CoCoA ([1]).

References

1. A. Capani, G. Niesi, and L. Robbiano, CoCa@System for Doing Computations in Commutative
Algebra 1995, Available via anonymous ftp frombcoa.dima.unige.it

2.
matrix, Comm. Algebr&8 (2000)
3.
(1999), 753-784.

Pacific J. Math.172(1996), 365-397.

Y.H. Cho and B.E. Jung, The dimension of the determinantal schg(he, 2) of the catalecticant
, 2423-2443,
A. Conca and G. Valla, Hilbert function of powers of ideals of low codimendidath. Z.230

. S.J. Diesel, Irreducibility and dimension theorems for families of height 3 Gorenstein algebras,

. A. larrobino and V. Kanevower Sums, Gorenstein Algebras, and Determinantal,loetture

Notes in Mathematics 1721, Springer-Verlag, Berlin and New York, 1999.

scheme,). Algebra200(1998), 606—628.

. J.0. Kleppe, The smoothness and the dimensi@tGafr(H) and of the strata of the punctual Hilbert

. R.P. Stanley, Hilbert functions of graded algebsedyances in Math28 (1978), 57—-83.



