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ABSTRACT
Let £ be a 2-plane bundle over a closed surface S. The line bundles A over .S such
that £ ® A = £ form a group J(&) (the isotropy group of &); the scope of this
paper is to describe J ().

1. Introduction

This note is devoted to answering the following question: given a vector bundle £ and
a line bundle A over a Riemannian manifold M, when are £ and £ ® A equivalent?
This problem arises from a different question, originally introduced in [8] with the
intent of finding out when the gauge groups of two bundles over a convenient space X
are conjugate as subgroups of the “local gauge group” associated to a covering of X;
indeed, it turns out that for the case of vector bundles over a Riemannian manifold
M, £ and £’ have conjugate gauge groups if, and only if, there is a line bundle X\ over

Keywords: Plane-bundles, Gauge groups, Isotropy group.
MSC2000: 55R10; Secondary 55R25, 55R50, 14J60.
The first author is supported by INDAM.

283


Servicio de Textos



284 MINATTA, PICCININI AND SPREAFICO

M such that £ ® A = £’. Thus, it is important to find out what is the “size” of the
isotropy group J(§) of &, that is to say, the group of all line bundles A over M such that
£ ® A = ¢ (this situation was discussed thoroughly in [6]). A complete answer to the
question raised at the beginning of the paper was given in [2] for the case of n-plane
bundles over the n-real projective space; in that paper, the authors also introduce some
techniques useful in dealing with the general problem.

In this note we discuss the case of 2-plane bundles over closed surfaces; we give a
solution to the problem in the following result:

Theorem 1

Let £ be a real 2-plane bundle over a closed surface S. Then, for any line bundle
Aover S, £ ® A and & are equivalent if, and only if,

wi(A) +wi(Nwi(§) =0
where w1 (), w1 (€) € H'(S;Zy) are the first Stiefel-Whitney classes.

A remark is in order here. For the orientable case, the formula above is translated
into w1 (A)ws (§) = 0; this indicates that the orientation bundle A of each 2-plane bundle
¢ belongs to the isotropy group J(&). Actually, as noticed by M. Crabb [1], in such a
case we can say much more, namely that £ has a natural C) structure, as defined in
[2]. Anyway, such bundles A do not necessarily cover entirely J(£) due to the fact that
we are working with Zg coefficients; this will be clear in the examples of Section 4.

Corollary 1

If ¢ is an orientable 2-bundle over an orientable surface S, then
3(€) = HY(S:Zs)
that is to say, the isotropy group of £ is maximal.

The paper is organized as follows. In Section 2 we recall the general results
necessary for the proof of Theorem 1 which will be dealt with in Section 3; some
examples will be given in the last Section.

2. Auxiliary results

We begin by recalling that a closed surface S (i.e., a compact, connected 2-dimensional
manifold without boundary) is homeomorphic to a 2-dimensional sphere, or to a con-
nected sum of g tori, or to a connected sum of g real projective planes.

The cohomology ring H*(gT?,Z2) has a basis {a’,b'|i = 1,..., g} with the multi-
plication rules

(a")? = (b)? = a'a? = b = a'VV =0 (i #j) and a'b' = b'a’ = {gT?}*
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where {gT?}* is the dual of the fundamental class of g7, while the cohomology ring
H*(gRP?,Z3) has a basis {a!,..., a9} with the multiplication rules

a'ad =0 (i#j,4,j=1,...,9) and (a’)* = {gRP*}*

where {gRP?}* is the dual of the Zy-fundamental class of gRP? (see [11, 15.4.5]).

In order to study the isotropy group of a 2-plane bundle over a surface, we shall
interpret BO(2) as the total space of a Zg-bundle over RP> with fibre CP>°; this
result is a consequence of a more general result which seems to be of interest on its
own right and which we describe and prove in the sequel.

Let I and G be topological groups and let a : ' — AutG be a homomorphism
into the automorphism group of G such that the left I'-action

I'xG— G, (a,9) — ag = ay(g)

is continuous. Let M = I' x, G be the semi-direct product of I' and G via a: its
elements are pairs (a,g) € I' x G and its multiplication is given by

(a,9)(b, h) = (ab, aw(g)h) -
Notice that the functions
t: ' = M,aw (a,1¢g),
t:G—-M, g~ (Ir,9);p: M — T, (a,9) — a
are (continuous) group homomorphisms.

Proposition 1

The classifying space BM is the total space of a I'-bundle over BI' with fibre BG,
projection Bp : BM — BI' and a cross-section B.: BI' — BM.

Proof. We recall that for an arbitrary topological group G there exists a universal
principal G-bundle (¢ = (EG, pG, BG). We refer the reader to [9] or [10, Appendix
A] for the notation employed and the general facts about the construction of {g; we
also wish to note that we implicitly assume to be working in a convenient category of
spaces (as in [10]) in order to guarantee, for instance, the continuity of the functions
considered.

The homomorphisms ¢, £ and p induce morphisms

Ev:ET — EM , E{: EG— EM , Ep: EM — ET,

B..Bl' - BM , Bl{:BG— BM , Bp: BM — BI'.

At this point we observe that there is an action
A:EGxT — EG , (x,a) — a ‘za

and that this action passes to BG: the following diagram is commutative.
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EGxT -2 EG
plel lPG
BG xT —2 BaG.

These actions give rise to the quotient spaces FI' xr EG and EI' xr BG with the
corresponding quotient maps

7: El' x EG — ET xp EG , ' : ET x BG — ET xr BG.
The group homomorphism
¢ : EM — ET x EG , y — (Ep(y), (Ep(y))~'y)
is indeed an isomorphism, with inverse
¢: ET' X EG — EM | (z,z) — Euz)El(x) :

oY) = o(Ep(y), (Ep(y)~'y) = Ep(y)(Ep(v)) 'y =1y,

while

Vo(z, ) = (Eu(2) El(2))
= (BEp(Ev(2) El(x)), (Ep(Ew(2)El(x)))  (Ew(2) El(x))
= ( z

)EL( -
E(p)(2) E(pt)(x),...) = (2,2 zx) = (z,2).

Routine computations prove that the maps 1) and ¢ pass to the quotient spaces
and are over the identity map 1gp. [J

Corollary 2

The classifying space BO(2) is the total space of a Zs-bundle over BZy = RP>
and fibre BS' = CP*>. Furthermore, the inclusion v : Zy — O(2) induces a section
s = Bi:RP>* — BO(2).

Proof. With the notation of the previous Proposition we take G = SO(2), I' = Zy and
the action o : SO(2) x Zy — SO(2) to be aq = lgo(2), @—1(g9) = g~ '. Finally, we
observe that B(Zs x, SO(2)) = BO(2). O

Remark 1. If we take G = SO(n) and I" = Zs we obtain BO(n) as the total space of
a Zs-bundle over RP* and fibre BSO(n).

Finally, we observe that the tail end of the exact sequence of homotopy groups
for the Zy-bundle CP™—-BO(2)—5RP>, namely

0y (CP®) & 221y (BO(2))—ma(RP™) = 0—
—m (CP>®) =2 0—m (BO(2))£7T1 (RP>®) = Zy—0
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shows that j5 and ¢ are isomorphisms. Furthermore, we can describe the generators
of m1(BO(2)) and m2(BO(2)) as follows: (i) The inclusion ¢ : RP! — BO(2) of the
1-cell can be decomposed as ¢ = su, where s is the section defined before and u is
the inclusion RP? C RP*; then [¢] = s.[u] = p;!([u]) generates 71 (BO(2)). (ii) Let
b: S? — BO(2) be the inclusion of the 2-cell; then b factors through CP> as b = juv
and [b] = j.([v]) generates m3(BO(2)).

Since 2-plane bundles over a space X are classified by [X, BO(2)], we are going to
study the set [X, BO(2)] whenever X is a closed surface. Take the Puppe sequence of
the map S'—— V S! used to construct the closed surface S (recall that S is a 2-sphere,
gT? or gRP?) and apply the functor [—, Y], to it to obtain the long exact sequence

*

i B m(V) Lm() 28 Y] @ m (V) om (V)

Notice that if 71(Y") is Abelian and S is orientable, then f* is trivial; moreover,
if m(Y) = Zo, then f* is trivial also in the non-orientable case. Hence, we obtain
the following two short exact sequences corresponding to Y = BO(2) and Y = BO,
respectively:

*

0—me(BO(2)) = 2458, BO(2)].~—

(1) 8 m(BO(2)) & ©Zs—0
2) 0—ma(BO) 22 Zy 2[S, BOJ, - @ m,(BO) & ©Zy—0 .

The second exact sequence shows that the cardinality of KO(S) = [S, BO), is

229%1 if § = gT?
291, if § = gRP?.

3. Proof of the theorem

The argument is divided in two parts. In the first, we show that the stable class of £ is
completely described by its characteristic classes. This implies that the stable isotropy
group of £ (namely, the group J4(&) of all line bundles A over S such that {® A is stably
equivalent to £) is completely determined by the given relation on the characteristic
classes. In the second part we show that in the present case the stable and unstable
isotropy groups coincide.

Part 1 - The Stiefel-Whitney class
w: KO(S) — H*(S;Zs)

s a bijection.
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Because I?Z)(S) and H*(S;Zy) have the same cardinality it is enough to show
that w is surjective.
The cohomology ring of BO(2) is given by

H*(BO(2); Zy) = Zow1, wy]

and the classes wy,wy are algebraically independent (see [4, 20, 5.2]); moreover, if v,
is the canonical universal 2-plane bundle over BO(2), w(vy2) = 1 + w1 + ws; hence, if
f: S — BO(2) classifies a 2-bundle £ over S, w(§) =1+ f*(w1) + f*(w2).

Take the surjection

7 . [S, BO(2)]. — @m(BO(2))

(see the short exact sequence (1) of Section 2) and, in view of Hopf’s Representation
Theorem [3, II, 7.4.4], we have that

HY(S;Zs) 2 H' (VS Zs) 2 ®[S', K(Z2,1)] & &m1(BO(2)) ;

hence, for every x € H'(S;Zs), there exists a map f : S — BO(2) such that

frw) = =
Because S is obtained by the attachment of a 2-disk D? to a wedge of circles VS?,
there is a natural co-operation of S? on S

6:5 — SvS?

obtained by pinching the cone C'S' 22 D? half way through its height, or in other words,
by collapsing to a point the circle 511/2 inserted half way on C'S! (see [10, 4.2.1]); this
cooperation gives rise to an action

0. : [5, BO(2)]« x ma(BO(2)) =[5, BO(2)]« , ([f];[h]) = [o(f v h)0]

where o is the folding map. The exact (reduced) cohomology sequence of the pair
(S, 511/2) shows that
(a(f vV )0)"(w1) = [ (w1)

(@(f VD))" (w2) = [ (w2) 4 b" (w2)

where b : S? — BO(2) is the inclusion of the 2-cell.
The well-known formula

k .
w(@N) =Y (;‘?)wxf)w’f—w

—J

(see [6]), where r is the rank of £ (r = 2 in the present case) gives rise to the relation
between the Stiefel-Whitney classes of £ and A stated in Theorem 1.

Part 2 - For each 2-plane bundle £ over S, J(§) = T5(&).
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We begin by observing that the statement above is a consequence of [2, Proposition
3.6] whenever wq (&) = w1 (T5).

Now suppose that w;(§) # wy(T'S); we are going to prove that each stable class
contains only one equivalence class of bundles.

The fibration of Corollary 2 gives rise to the exact sequence of sets

[S, CP>]-5[S, BO(2)] 25[S, RP*]—0

in which the function p, is surjective because the projection p : BO(2) — RP*> has
a cross-section. Then, as a set [S, BO(2)] is the union of the counterimages of the
elements of [S,RP°] via p.; however, we must establish with precision what is the
counterimage of an element [f] € [S,RP>°]. To this end, we follow the ideas described
by L.L. Larmore in [5], from which we extract the following. For any space Y, we
choose a Postnikov tower for Y, namely: (i) for each n > 0, a space (Y),, and a map
P, :Y — (Y),, which induces an isomorphism in homotopy through dimension n, and
with 7, ((Y),,) = 0 for every k > n; (ii) for each n > 1, a fibration p,, : (Y), — (Y)pn—1
with fibre K (7, ((Y)n),n) and p,, P,, = P,_1. For every n > 1let G,,(Y") be a sheaf over
(Y'); with stalk 7, (Y); next, given a pair of spaces (X, A) and a map f: X — (Y),,
we define 7, (Y, f) to be the sheaf over X obtained as the pull back via ps...p,f
of the sheaf G, (Y). Larmore’s main result (see [5, (1.3)]) is as follows: for every
f: X — (Y),, there exists a spectral sequence

D .
Equ:{H (X7A77rq<Y7f)) 2§qén
0 otherwise
d. : EP9—Efmatr=1 e >0

and E’:" is a group in a bijective correspondence with the set of all rel. A homotopy
classes of maps g : X — (Y),, such that p, f ~ye1.4 Png. More precisely, let [X; (Y),, :
f14] be the set of all homotopy classes rel.A of maps g : X — (Y'),, such that f|A = g|A;
the map p, : (Y), — (Y)n—1 induces a function

(pn)* : [X; (Y)n : f|A]—>[X, (Y)nfl pnf‘A] ;

then, EZ;" = (pn): " (Ipn f])-

At this point we specialize the space Y to be BO(2), X to be the surface S
and A, the base point of S. In order to build the Postnikov tower for BO(2) we
consider the fibration CP*—BO(2)—RP> and set (BO(2))o = *, (BO(2)); =
RP>, (BO(2))2 = BO(2), and ps = p. For Y = BO(2), the spectral sequence
collapses (see [5, (4.4.1)]) and hence, for a given f : S — (BO(2))2 = BO(2), the set
py 1 ([pf]+) is in a bijective correspondence with H?(S;m2(BO(2), f)). As m1(BO(2))
acts non-trivially on m2(BO(2)), we reformulate the sheaf mo(BO(2), f) in order to take
into consideration this action; we proceed as follows: first of all take the Zo-bundle ZT
over RP* obtained by changing the fibre of the universal bundle over RP* into Z,
with the action

Zo X Z—7 , (£1,n) — £n ;
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next, take f : S—BO(2) corresponding to w;(§) € H'(S;Zs) (see Part 1) and pull
back Z* over S via the map pf to obtain a Zy-bundle which we call ZT[z]; finally,
observe that 7o (BO(2), f) corresponds to the Zs-bundle ZT [x]. Therefore, p; *([pf]«)
is in a bijective correspondence with H?(S;Z%[z]).

Observe that H2(S;Z” [x]) is isomorphic to either Z or Zs, according to the twist-
ing of £ being compatible or not with that of T'S; since wy(§) # wi(TS), we have
the second alternative and so, p; *([pf]«) consists of two elements 7; and 7, which are
distinguished by the obstruction class 05. Reduction modulo 2 induces an isomorphism
H?(S;ZT[z]) — H?(S;Zy) which maps 02(n) onto wy(n) (see [7, Theorem 12.1]). Since
at least one of the elements 7; and 72 has a non-vanishing second Stiefel-Whitney class,
it follows that 02(n) # 0 implies that ws(n) # 0. This means that 7y, 2 have different
second Stiefel-Whitney classes and hence, are not stably equivalent.

Notice that p;1([pfl«) € [S, BO(2)].; however, we must study its corresponding
class in [S, BO(2)] 2 [S, BO(2)]./m1(BO(2)). This action must be taken into consid-
eration; it effectively corresponds to a change of sign, and hence, it has no effect in the
interesting case, namely H2(S;ZT[x])) = Zo.

We notice the following alternative argument for orientable bundles over orientable
surfaces: because the complexified bundle of any real line bundle is trivial,

ERAN=E(EQRe A =& .

4. Low genus surfaces

In this last Section we give explicit results for low genus surfaces, namely the 2-sphere,
the torus and the connected sum of 2 torus, the projective plane and the connected
sum of two real projective planes (i.e. the Klein bottle). These are collected in the
two tables at the end of the paper, constructed as follows.

First of all, we enumerate the line bundles by their first Stiefel-Whitney classes
(thus, 0 represents the trivial bundle); 5 and « are the degree 2 cohomology generators
of S for the orientable and non orientable surfaces, respectively; the 2-plane bundles are
represented by their first Stiefel-Whitney class wy € H'(S;Zs) and by the obstruction
class 0o € H*(S;ZT(€)), which corresponds to the Euler class for orientable bundles
and to the second Stiefel-Whitney class for non-orientable bundles. Moreover, =,y €
H'(S;7Zs), and finally, N[a] denotes the quotient of the group Z[a] under the action
of Zy which consists in changing sign (this comes from the action of 71(BO(2)) over
S, BO(2)].).

We complete the paper with a few comments on particular bundles. For S = 52,
[ corresponds to the first Chern class of the canonical complex Hopf line bundle over
CP! = S? since in this case the group of local coefficients is trivial; on the other hand,
the tangent bundle is represented by 23, and is trivial in the K-ring.

If S =T, the bundles a; and ay are obtained respectively as pull backs of the
Mobius strip over the circle via the projection of the two fundamental classes.

If S = RP2, the line bundle e; is the real Hopf bundle H, H — 1 generates the
K-ring, and the bundle 1 + e; + na is stably equivalent to H or 3H respectively,
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depending on the parity of n; this can be shown by computing the Stiefel-Whitney
classes classes (see [2]). In this case the tangent bundle of RP? is 1 + e; + 2a (local
coefficients).

10.

11

Orientable bundles

S Veets (S) J
S* | N[5 J(1+np) = {0}
T N[g] J(1+ nB) = Zslay, by]
T#T | N[f] J(1 4 np) = Zsay, b1, az, bs)
RP? | Zslao] J(1 4+ n(mod2)a) = {0}
K Zs|al] J(1+ n(mod2)a) = {0,e1 + €2}
Non orientable bundles
S Vects (5) J
S2 0
T (Zsalar,b1] — {0}) x Z2[0] J(1+ z + n(mod2)s) = {0, z}
TH#T | (Zz]ay,a2,b1,b2] —{0}) x Z2[f] | 3(1 + = + n(mod2)3) = {y|zy = 0}
RP? | {e1} x N[a] J(1+e +na)=1{0,e1}
J(1+e1 +na)={0,e2}
K (Zsley,e2] — {0}) x N[a] J(1+4e2+na)=1{0,e1}
J(1+4+e1+ex+na)={0,e; +ea}
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