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ABSTRACT

We seek to demonstrate a connection between refinable quasi-affine systems and
the discrete wavel et transform known as the a trous algorithm. We begin with an
introduction of the bracket product, which isthe major tool in our analysis. Using
multiresolution operators, we then proceed to reinvestigate the equivalence of the
duality of refinabl e affine frames and their quasi-affine counterparts associated with
afairly genera class of scaling functions that includes the class of compactly sup-
ported scaling functions. Our methods show that for negative scales only one of the
generalized Smith-Barnwell equationsis actually needed to establish the additivity
property of the quasi-affine multiresolution operators. This fact is then identified
with the atrous algorithm thereby illustrating the connection with quasi-affine sys-
tems. We then introduce the notion of a generalized quasi-affine (GQA) system,
in which separate generating wavel ets are used for non-negative and negative dila-
tions. Sufficient conditions are described for two GQA systems to constitute dual
frames, providing a means for the construction of frames from appropriate atrous
systems. We conclude with a brief discussion of examples of GQA frames associ-
ated with two different biorthogonal wavelet systems. The novelty of thiswork is
the connection established between the atrous a gorithm and refinable quasi-affine
systems together with the notion of GQA systems, which areintroduced to exploit
this connection.

1. Introduction

Throughout this analysis the dilation matrix M will be a fixed n xn matrix with integer
entries such that each eigenvalue A of M satisfies [\| > 1,i.e. M is an expanding lattice-
preserving n x n matrix. The unitary dilation operator on L?(R"™) induced by M will be
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188 JOHNSON

denoted D and is defined by Df(x) := |det M|'/2 f(Mz) for f € L*(R™). Similarly, we
use M to define an alternative dilation operator A, by Af(z) := f((M™)"'z), where
MT™ denotes the transpose of M. We are also interested in the translation operator, T},
u € R™, defined by T, f(x) := f(x — u). Lastly, we will adopt the following definition
for the Fourier transform, f, of f € L? (R™),

fO =] fl@)e "z

R’VL
We now recall the definition of an affine system.

DEFINITION 1. The affine system generated by ¥ = {31, ...} C L*(R™), denoted
X (W), is the collection

X (W) ={¢ep: 1<L<Lj €L,k €L},

where wé;j,k = Dka’(/)e.

Examples of affine systems are numerous. We are interested here in affine systems
that are based on the notion of a multiresolution analysis (MRA). In one-dimension,
we have the 2-band orthonormal MRA wavelets as in [12] and [8] as well as the 2-band
biorthogonal MRA wavelets found in [5]. M-band biorthogonal MRA wavelets have
also been studied in one-dimension [17], [11]. In n-dimensions, orthonormal [3, 4] and
tight-frame [2] MRA wavelets relative to expanding, lattice-preserving dilations have
been described. By means of separable products the one-dimensional methods also
provide examples of refinable affine systems in n-dimensions.

Closely related to affine systems are the quasi-affine systems introduced by Ron
and Shen in [16] as a means for applying the theory of shift-invariant spaces to the
characterization of affine frames. We have the following definition.

DEFINITION 2. The quasi-affine system generated by ¥ = {31,...,9%r} C L?*(R"),
denoted X9(¥), is the collection

XUW) = {y,, 11 < U< LjeZ kel

where .
q D]Tk¢£7 ] > 0
45,k = 19 . .
|det M|P/2T, DIy, j < 0.
The reader should note the use of the superscript q in Definition 2. We will apply
this notational tool to other objects below in order to distinguish between the quasi-
affine and affine dilation structures. We now state the characterization of affine systems

achieved by Ron and Shen [16] under a weak decay assumption that was later overcome
in the work of Chui, Shi, and Stéeckler [7].

Theorem 1
Let U = {41,...,¢p} C L2(R"™).

(a) X (W) is a Bessel system if and only if X4(W) is a Bessel system. Moreover, the
Bessel bounds are the same in either case.

(b) X (W) is a frame if and only if X4(V) is a frame. Moreover, the frame bounds are
the same in either case.
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For completeness we review the definitions of Bessel systems and frames for a
Hilbert space, H.

DEFINITION 3. The collection {h;};c; C H is a frame for H if there exist constants
A, B > 0 such that for all f € H

AllfIE < Y10 hydal® < BIFIE (1)

jeJ

The constants A and B are referred to as the lower and upper frame bounds, respec-
tively. In the case that A = B the frame is said to be tight. If only the right inequality
of (1) holds, the system is called a Bessel system and in this case B is referred to as
the Bessel bound. We say two frames for H, {h;};cs and {h;};cs, are dual if for each
f € H we have
f=> (fhj)h;. (2)
jeJ
Finally, let us give a qualitative description of the a trous algorithm introduced
in the work [10]. Simply put, the & trous algorithm is a variation on the discrete
wavelet transform (DWT) that results in an integer-shift invariant representation of
a discrete signal. The deviation from the ordinary DW'T may be explained in two
equivalent ways. First, one can view the a trous algorithm as a DWT in which the
downsampling and upsampling stages are removed. Alternatively, one can realize the
a trous algorithm as the analog of the DWT for the system obtained by reversing the
order of the dilation and translation operators. This latter formulation is in accord
with the quasi-affine scenario. The difference between a trous wavelets and quasi-affine
systems lies in the fact that the originators of the a trous algorithm make no mention
of positive scales because they were interested only in applications, where the scale
j = 0 corresponds to the resolution of discrete signals. Besides [10], one may find a
treatment of the a trous algorithm in [13] as well as an interesting application of the
a trous algorithm to edge-detection in [14].

2. The bracket product

In this section we shall introduce the bracket product, developing basic facts relevant to
our study of refinable affine and quasi-affine systems. Most, if not all, of this material
can be found elsewhere in the literature, see e.g. [15] or [16], but we include it here for
completeness. We have the following definition.

DEFINITION 4. The bracket product of f and g, f,g € L?(R™), is denoted [f, g] and is
defined for a.e. x € R™ by

[f.9)(x) = Y flx+2mk)g(x + 2mk). (3)

kezn
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Notice that the bracket product is 27Z" periodic. We present some elementary pro-
perties of the bracket product.

() |[f,al] < [f. f1/[g, 91"/
1 S _
(c) [f,g] € L*(T™), but in general, [f,g] ¢ L*(T™).
(d) (f,Trg) = ! / [f, Q](f)ei[k’ﬂdf, ie. Z (f, Tkg>e_i<k’5> is the Fourier series
(2m)™ Jon kezn
of [f.g. )
(©) [f-g] = ulf, 8] = |, iG] when s is 242" periodic.
Lemma 3

Let ¢, € C:= {f € L*(R™) : [f, f] € L=(T™)}.

(a) [1&, ¢l € LP(T™), 1 < p < oo. If, in addition, ¢ and ¢ have compact support then
[1), @] is a trigonometric polynomial.

(b) For all f € L2(R), [f, @] € L2(T") with

I1F. 2 gy <

Proof. (a) The first claim follows from Lemma 2 (a) and the definition of C. We observe
by Lemma 2 (d)A that since ¢ and ¢ are of compact support only finitely many Fourier
coefficients of [¢, ¢] will be non-zero and, hence, [¢, @] is a trigonometric polynomial.

8, 111211711 (4)

oo

(b) We simply compute the norm of [f, @], using Lemma 2 (a)

22 1 P .
O g MUNGICCIGE:
<|llg. elll . 1717 O
For ¢, ¢ € C, let R, be the operator mapping f € L*(R) to
Rpof = Y (f, Tud)Tiep. (5)
kezn

We will see shortly that Rg , is bounded on L?(R™) and we will obtain a characteriza-
tion of R, in terms of the Fourier transforms of ¢ and ¢ that will play an important
role in the next section.

Proposition 4
Let ¢, € C and f € L*(R").

(@) (Rpef) = f, 212

(0) 1Bpof | 2 any < N8 BN Gl 2oy

(c) Consequently, R, is a bounded operator on L?*(R™) with
1Rl < 11 G2 s 2]

oo

A A

(@, 9]
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Proof. We first show that [f, 5]$ € L2(R™). By Lemma 3 (b) we have

(.60 = [ 11781 12 61)lde
< @) 18 Bl 17, B
< )" 13, 81l 13- Gl 1P

Thus, [f, cfb]gb € L*(R™). (a) follows once we have established the fact that (R, f) =
[/, $]¢. We have for each g € L2(R™)

1 P 1 s AT
s . 812.0) = oz [ 17,8100 clerat@iae

I GICUGT

= (If. 81,19, 21) L2y
= > (£ 1) (9, Tie)

kezn

= <R¢7¢f,g>

With (a) proven, (b) and (c) follow from the above observations. [J

3. Another look at affine and quasi-affine systems

Due to the relative importance of refinable wavelet systems in applications we offer
a separate examination of the affine, quasi-affine phenomenon in this context. The
results of Ron and Shen in [16] and Chui, Shi, and Stéeckler in [7], such as Theorem 1,
suggest that affine and quasi-affine systems function in the same way. We would like
to understand, at least in the context of refinable systems, if there are any significant
differences in the behavior of the two systems and, if so, whether they can be exploited
in any useful way. We will introduce and study multiresolution operators for both
the affine and quasi-affine systems along the lines of many previous works on refinable
systems. Our methods will differ mainly in that we will be applying multiresolution
operators to quasi-affine systems as well as affine systems, but also in the use of the
bracket product as a tool for efficiently describing each of the multiresolution operators
involved.

Let us fix scaling functions ¢, ¢ € C with associated 27Z"™ periodic low-pass filters
mg and mg such that

GMTE) =mo(£)@(£) and G(MTE) = 1o (€)P(€) (6)

fora.e. £ € R™. Let my,...,mp and mi, ..., ML be two sets of 2w Z™ periodic high-pass
filters and define W := {41,..., 91}, U :={¢1,...,91} by the refinement identities

Do(MTE) = me(€)p(€) and (M) = me(€)B(€) (7)
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for 1 < ¢ < L. For notational convenience, let us define 1y = ¢ and ¢ = @. We will
assume hereafter that the filters satisfy the generalized Smith-Barnwell equations for
the dilation M, namely for 0 < p < m — 1 we have

L

> mg(©)ring(§ + 2m(MT)T1,) = 8o, ae. £ €T, (8)
=0

where {ﬂp};”:_ol is a complete set of distinct coset representatives of Z"/MTZ", m :=
|det M|, and &, is the Kronecker delta. We assume 99 = 0. The following lemma,
which is proven in [9], facilitates the derivation of the generalized Smith-Barnwell
equations and will also aid our analysis of multiresolution operators below.

Lemma 5

Let M be an expanding, lattice-preserving n X n matrix and let {ﬂp}g‘:_ol be a
complete set of distinct coset representatives of Z"/M?T7Z", where m = |det M|. For
each k € Z™, we have

i 6—27ri<(MT)’119p,k:> _

p=1

m, ke MZ"
{ (9)

0, k¢ MZ"

At this point, a few observations regarding the filters and the wavelets are in order.
If we restrict our filters to the class L>(T"™), then the wavelets v, ¢, will belong to C.
To see this, we observe
S . 2
(e el(€) = Y [dele + 2k)|

kezn
2

-y ‘mg((MT)—l(gJr m;))f
kezm

m—1

= 3 |me((MT) (€ + 209,)) |2, @ (MT) 7 (6 + 270,)).

p=0

B((MT) (& +27k)) |

from which we conclude || [he, @]Hoo < mllmy|/%||[, €] Hoo Similar reasoning leads to
the conclusion that if f € C then D’ f € C for each j € Z. These classes of scaling
functions and filters are sufficiently general, since in practice it is likely that we would
restrict the filters to the subclass of L>°(T"™) consisting of trigonometric polynomials,
in which case the scaling functions and wavelets would belong to the subclass of C
corresponding to the compactly supported functions in L?(R™).

We are now equipped to introduce multiresolution operators associated with the
proposed dual affine and quasi-affine systems generated by ¥ and ¥. At each scale j we
will have one operator that essentially approximates a given function by incorporating
information from all scales coarser than j and another operator that captures the
variation of the function at the scale j. In the affine orthonormal wavelet setting these
soon to be defined operators become orthogonal projections, but in general this is
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not true although the inspired intuition remains useful. The affine approximation and
detail operators at the scale j € Z, P; and Q;, respectively, act on f € L*(R") by

Pif = Z (f,@ik)psk and Q;f —Z Z 1/16], YUtk (10)
kezn t=1 kezZn
whereas the quasi-affine approximation and detail operators at the scale j, ij and

Q;l, respectively, are defined similarly by

L
Pife=> (f,¢% 008, and QIf =" > (£ oL Vi . (11)

kezn (=1 keZ™

By definition, P}' = P; and Q} = Q; for each j > 0. Note that we have again used the
superscript q to distinguish the quasi-affine objects from their affine counterparts.

Proposition 6
Let tp¢,vy € C for 0 < £ < L. For each j € Z, the operators P;, Q;, P}, and Qf
are bounded on L?(R"™) and we have
(a) P, = DRy, , D7, j €L,
L

QJ = ZDqufze,weDij’ j€Z,
/=1
(¢) PA=|det MP Ry, 5. piges 4 <0,
L

(d) QF =Y |det MRy, 5, psy,» J <0.
=1

Proof. The boundedness of the operators follows from Proposition 4 (a) and the

above remarks once we establish the claimed formulas for P;, Q;, P]q, and Qq We

will demonstrate only the characterizations of P; and Pq as the other two follow by
analogy. Fix j € Z and let f € L?(R"™). We have

Pif =Y {f. %in)0ik

kezn

=Y (. DITyp) DI Ty

kezn
=D/ ( Y (DT TP
kezZn

=D’ R&o,wo

We now perform a similar calculation for Pjg, 7 <0.

Pif = (f,8%0¢%,

kezm

= > (f.TDIG)T DIy
kezm

= ‘detM‘]RDju;O,qupof' u

D¢
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Recall the operator A from the first section, where Af(¢) = f((MT)_lg). Notice
that A7 f = |det M|7/2(Di f) for each j € Z. It follows that for any linear operator R,

(DIRD=if) = ANRA7I §, (12)
where R is defined by Rf := (ﬁ?) Together with Proposition 6 this observation puts

us in the position to describe the multiresolution operators via the characterization of
Proposition 4 (c). We pause for an elementary lemma.

Lemma 7

For all f,g € L*(R") and j € Z,
~ m_l ~
[f.9] =Y Tong, A[ATTf, A7), (13)
p=0
Proof. It will be helpful to note the following elementary identity,
TN = NT )i,

where u € R™. Applying the definition of the bracket product we have

[f?g]:: EE: Iéwkfjgﬂké

kezZm™
- A( Z T27T(MT)*1kA_1fTzw(MT)flkA_@)
keZn
m—1
- A( > D Donury-ro,42me A Tzw(MT)—prrzka_lg)
p=0 keZnr
m—1

ATy (arry-19, [A7f, A7)

3
I
o

3
L

A~

Tomp, A[ATf,A71g). O

s
I
=)

Proposition 8

For each j € Z, we have

(a) P;+Q; = Pjya,
(b) PI+Q% = P3,.
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Proof. (a) Let f € L?(R™). The remarks preceding Lemma 7 combined with Proposi-
tions 4 and 6 lead us to

(Pif) = AT[AT £, 8]0, (14)
with a similar formula for (@\f) We observe that the scaling equations (7) can be
written as . N

A = myp and AN, = e (15)
for 0 < ¢ < L. Now we compute (]Sj\f) + (éj\f) incorporating the (14), (15), Lemma 7,
and the filter equations (8).

—

(Bf) + (Q;f) = S A [ATTF,45,] ATy

Mh

iy
[en)

I
f.rmh

<mzz Torg, A[ATUFD mesﬁ}) AT (my)

m—1

- AJ‘( Z Torg, A[ATUFD f, gé]) AT AJ+1(ZT27T(MT) 19 memz)
o’ =0

= ATHAUHIf 5] ATH g

= (Pj41f)-

(b) First we note that when j > 0 (b) follows from (a) since the quasi-affine
multiresolution operators agree with the corresponding affine operators at these scales.
Fix j < 0 and let f € L?2(R™). We follow the proof of (a), but with less sleight of hand,

[F, A, AT,

M=

(PIf) +(Q2f) =

o~
I

0

[f, A7 (imep)] ATFY (me)

I
M=

i¥
()

[f AJFTLG G AIT1g AHI(Zmemz)
(=0

[f AJ+1 ]AJ-HA
:( j+1f)'

Proposition 8 uncovers an important feature of the behavior of the quasi-affine
multiresolution operators for scales j < 0. In the proof of (b), we only made use of the
p = 0 case of the generalized Smith-Barnwell equations (7). We will see in the next
section how this is reminiscent of the a trous algorithm and in Section 5 we will offer
a generalized version of quasi-affine systems that takes advantage of this fact.

In light of Proposition 8, for each f € L?(R") and J > 0 we have

J—1 J—1
P f+ Y Qif=Pif=Pif=Pl f+ > Qif (16)

j=—J j=—J
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We will now examine the behavior of the approximation operators acting on L?(R™)
functions as the scale j tends to —oo.

Proposition 9
Let ¢, € C. Then for each f € L*(R™) ||P;f|| — 0 and P f]| — 0 as j — —oo.

Proof. By an approximation argument it is sufficient to prove each result for f a charac-
teristic function of some compact set K C R™. We begin with the affine approximation
operator, P;. We have by (14) and Proposition 4 (b)

2

(PPN = || a7 (1A~ £, $l2)
= |det MP [|[A77 f, )@
= [IID~3, Bl¢l|”
< (2m)"||[[D- £, ]

2

(2, 2]

2
L2(Tn) oo’

Now, as a consequence of Lemma 2 (d) we see that

H[D?fﬂz]uiz(qrn) = Z ‘(fv Wj,k)

k’GZ”

2

)

but

> el <0k 3 [ 1ace MpIp0Pa ~ e

keznr kezm
—Ck 3 [ Jpe - b
kezm MIK

Since ¢ € L?(R™), this expression tends to 0 as j — —oo by the dominated convergence
theorem and we conclude that ||P; f|| — 0 as j — —o0.

The quasi-affine approximation operator will be handled in a similar fashion. Re-
call that (ijf) = [f, AIGIAIp. Our next step is to apply Proposition 4 (b), but we
first note that when j < 0, ||[A7¢, Ajgé]Hoo < |le, @]Hoo Hence,

IPEAI® < @m) (|12 Bl 1> A B omy
but Lemma 2 (d) reveals the fact that

1L, AT B2 gy = [[1F | det M2 (DIB))| 72

= 3" |{f.|det MJP/?T, DIG) |
kezn

= 3[R

kezn
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Finally, we estimate the squared sum of the sequence of inner products,

> o] ox X [ laedPlp(rie - 1) e

kezn kezn

=C / | det M| |¢(z) | da
Kkgz:n Mi(K—Fk) ‘ ‘

= C’K/ gj(x)dz,
where g;(z) is given by
s N2
= > |det MP|g(x)| xs,. (@)
kezn
and S;j is defined to be '
Sik =M (K —k).

Since K is compact there exists some N > 0, independent of j, such that S; 1, intersects
at most N of the sets S;x, k € Z™. This implies that |g;| < N|@|?, providing a
dominating function for the collection {g;};j<o. Since g; — 0 a.e. as j — —oo we
conclude by the dominated convergence theorem that || P}'f[| — 0 as j — —oco. O

With the help of Theorem 1 (a) we obtain an equivalence between dual refinable
affine and quasi-affine frames. We should note that the following result is a special
case of those given in [7].

Theorem 10

Let ¢, € C and my,my € L>=(T"), 0 < ¢ < L, such that (6) and (8) hold and
suppose _that U= {¢y1,...,0p} and ¥ = {4)y,..., 41} are defined by (7). Then X (¥)
and X (¥) are dual frames for L*(R") if and only if X9(¥) and X9(¥) are dual frames
for L*(R™).

Proof. We begin with the (=) implication, supposing that X (¥) and X (¥) are dual
frames for L?(R™). By definition, we have for each f € L*(R")

L
F=Y2 >0 (fdbuir)beie =Y Qif.

0=0 jEZ,kETL" JEZ

Letting J — oo in (16) we see that
J
T q
f=fim 2 Q3f
=

By Theorem 1 (a), X9(¥) and X9(¥) are Bessel systems and, thus, the convergence
of the above sum is unconditional and we have the dual reproducing formula

f= Z S U e

{=0 jE€Z,keZ™
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for all f € L?(R™). It remains only to demonstrate the lower frame bounds for X9 ()

and X9(¥) and for this we make use of a standard argument involving the reproducing
formula and the Bessel bounds. We have

Hf”2 j{: j{: fvwﬂjk ngkaf>

0=0 jEL,keZ™
L - 1/2
5(2 > K] ) (Z > fﬂ/’uﬂ)
(=0 jEZL kL™ (=0 jEZ kL™

1/2
)

<clfl (Z PRIV I

(=0 j€Z,kEL"

from which we conclude

1 L
S IfIP <Y > vl

(=0 jEZ,kELN

The lower frame bound for X q( ) follows by analogy. Moreover, the reverse implica-
tion follows from a completely similar argument. [

4. The a trous connection

In order to better illustrate the connection between the a trous algorithm and the
multiresolution operators associated with quasi-affine systems we will take another
look at Proposition 8 (b). We will provide another proof of the result in the case that
j < 0 that is an adaptation of the usual & trous algorithm found in [10] and [13] to the
case of n dimensions and a more general dilation matrix M, as described above.

Let us assign coefficient representations to the filters of the last section,

me() = Y appe CF and my(§) = D dupe R,
kezn kezn

which for all intents and purposes we may think of as trigonometric polynomials. An
elementary computation with the refinement relationships (6) and (7) reveals

—1/2 —-1/2,7 ~ ~
| det M| 29g510 =Y urjrann and [det M 200,050 = " G @rnrks
rezn rezmn

for 0 < ¢ < L, where we recall the convention that 1y = ¢ and 1;0 = ¢. We would like
to write these formulas in terms of the quasi-affine dilation structure. When 5 > 0 the
difference is just the cosmetic addition of brackets in the subscripts, but for j < 0 we
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obtain something altogether different. Indeed, for j < 0, k € Z™, and 0 < £ < L we
have

G 1 = |det M|G=D/2T, Di-ly,
= | det M|U=D 2 Tapy; 10
= |det P/ Z agr T r
rezm
= [det M2 Y | o, TuD'Trp
ren

= Z Qs ‘P?,ijwrk(x)-

rezmn

Notice that the sum in the last line of this calculation includes only the translates of
the scaling function in the sub-lattice M ~/Z"™ + k rather than Z™. It is this fact that
connects quasi-affine systems with the a trous algorithm of Holschneider, Kronland-
Martinet, Morlet, and Tchamitchian [10]. We follow their lead, defining for each scale
j < 0 upsampled filter coefficients

Qg M reMIZ"
Qpjr 1=
0 ré¢ MIZ"™,
where 0 < ¢ < L. Inserting the upsampled coefficients into the preceding formula,

we achieve the desired replacements for the affine scaling equations in the quasi-affine
theory,

p = E ol )4 = |
Vi1 = g @ g and O =D Gegr B
rezn rem

where j < 0, k € Z", and 0 < ¢ < L. The last piece of information we require comes
from the computation of the " Fourier coefficient (r € Z") of the filter equation (8)
in the case that p = 0,

1 L
— 7 —i(&,r)
bo,r = 2n)" /n EE:O me(&)me(§)e d¢

- (271)” /n i( 3 me“ﬁ@)( 3 @M,e—i<s,k’>>e—z‘<£,r>d§
£=0
L

kezn k' €Zn
S IDIDY s

= Qg Qg —

(2m)™ Jpn "

(=0 kezn

L
= g RO k—r

(=0 kezn

We now reexamine the result of Proposition 8 (b),

L
(PE+QIF =D (f g, v

£=0 keZm
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L

_ T/ >4 q

= E : E : 1,041, (S, 90j+1,s+k:>90j+1,r+k:
0=0 keZ® r,s€ln

L
_ ~ ~q q
=) (E a£§j+177*kae§j+178*k><fﬂ@j+1,s>¢j+1,r
C

It suffices to prove C,. s = 6, s for each r, s € Z". First, suppose that r—s & M-G+hgn,
in which case s = r + M~U*Dy for some u € Z" and we have

L
Cr,s = E § aZ;qul,Tfkdé;j-l—l,r—k—ﬁ—M*ju
0=0 ke M— G+ 77 4r

L
= E E aé;kdf;k—&-u

0=0 keZ™
= 50,u = 6r,s-

Secondly, if r — s ¢ M7/T1Z" then the supports of the coefficient sequences
{owjt1,r—k ez and {Gyj41,s—k}kezn are disjoint and thus C, s = 6, = 0, com-
pleting the argument.

5. Generalized quasi-affine frames

In Section 3 we saw how the usual multiresolution operators can be extended to the
quasi-affine scheme. Our study revealed the fact that only the p = 0 case of the perfect
reconstruction equations (8) was needed to prove Pj‘_l + Q?_l = Q‘} for j < 0. In
the last section we saw how this ties the quasi-affine multiresolution operators to the
a trous algorithm. Here, we will introduce the notion of a generalized quasi-affine
system in order to exploit this relationship, the basic idea being that we will relax the
structure of the systems for negative scales.

DEFINITION 5. The generalized quasi-affine (GQA) system generated by
U= {¢1,..., 00}, ® = {¢1,...,01,} C L*(R"),
denoted X&4(W¥, ®), is the collection
XYW, @) = {thpjn : 1< L<Lj >0,k € Z'y | J{oh,,: 1< <L,j<0keZ}.
We will refer to the collections, {¢y,;, : 1 < ¢ < L,j >0,k € Z"} and {gbz‘;j’k :

1<V <L j<O0,keZ"}, respectively, as the standard and a trous components of
the GQA system X&4(U, ®).



On the relationship between quasi-affine systems and the a trous algorithm 201

Throughout this section ¥, ¥, o, and ¢ along with the filters mo, ..., my and
Mo, ..., My remain as fixed in the Section 3, collectively defining the standard com-
ponent of a GQA system. For the & trous component, let ® = {¢1,...,¢r/} and
® = {¢1,...,pr:} € L*(R™) such that the refinement identities

o (MTE) = ppr (O)(€) and Gy (MTE) = figr ()P(€) (17)

hold for 1 < ¢ < L’ and a.e. £ € R™ with pyr, fir € L°(T™). In accordance with the
remarks above, we assume that these filters satisfy only

.y
mo(E)mo(§) + Y per ()i (€) = 1, (18)

/=1

for a.e. £ € T™. Given this setup we would like to determine sufficient conditions that
X&4(¥, ) and X&4(¥, ®) comprise dual frames for L?(R™).

Since we are using the scaling functions ¢, ¢ in the refinement of both the standard
and a trous components it is reasonable to expect P]g to serve in the role of the
approximation operator for the proposed dual GQA systems at the scale j. The detail
operators will differ between non-negative and negative dilations. We will denote the
GQA detail operator at the scale j by Q5 and define it by its action on f € L?(R™),

L
Z Z <f7 w@;]’,k>w€;j,k ] > 0
(=1 kezn

Qur=1{"
Z Z <f7 é?/;j,ﬁﬁb?/;j,k 7 <0.

U'=1keZm

We have already described the behavior of @} for j > 0 and using the techniques
of Section 3 we obtain a complete description of Q?q for all scales j € Z.

Proposition 11

Suppose g, g, b, e € C for 0 < ¢ < L, 1 < ¢ < L'. Then Q5" is a bounded
operator on L?(R") for each j € Z and

L/
(a) Q¥ =" |det MRp;5, pig,: <0,
=1
(b) P9+ Q% =P, je.

Finally, we would like to answer the question of when the two GQA systems are
dual frames for L?(R™). Again, we mimic the proof of Theorem 10 from the Section 3,
but in order that the proof work out here we must additionally assume that the two
GQA systems, X&4(¥, ®) and X&(U, d) are Bessel. This assumption is not overly
restrictive as weak decay properties of the scaling functions would suffice to ensure
that the two GQA systems are Bessel.
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Theorem 12

Let ¢, € C and my, my, puer, frr € L>°(T"), 0 < ¢ < L, 1 <" < L', such that (6),
(8), and (18) hold. Suppose that U = {4,... ¢y} and ¥ = {41, ... 1y} are defined
by (7) and that ® = {1,...,¢r:} and ® = {¢,...,¢1/} are defined by (17). Then, if
X (0), X(0) are dual frames for L?(R™) and X&4(¥, ®), X29(¥, &) are Bessel systems
then X29(W, ®) and X&9(¥, ®) are dual frames for L?(R").

6. Examples of generalized quasi-affine frames

In this section we will study examples of generalized quasi-affine frames produced
from two separate 2-band one-dimensional biorthogonal wavelets. The first pair of
examples will be based upon a Burt-Adelson biorthogonal system presented in [5] and
arising from the well-known Burt-Adelson Laplacian Pyramid [1]. A second pair of
examples will be given that stem from a piecewise linear spline biorthogonal system,
also borrowed from [5]. We hope with these examples to demonstrate the flexibility
present in the choice of high-pass filters for the negative dilations of the GQA system
X&9(1h, ). We would hope that this flexibility will allow for better design of ¢ and
¢ in terms of support, vanishing moments, or symmetry than is possible in the affine
case.

In this setting, the perfect reconstruction filter equations (8) reduce to

0(§)mo(§) +ma(§)ma(§) =1 (19)

3

and

mo(§)mo(§ + ) +ma(§)ma(§ +7) =0 (20)

for a.e. £ € T™. As discussed above, the main difference between the standard and &
trous components of a generalized quasi-affine system is the lack of downsampling on
the a trous side. Accordingly, the a trous high-pass filters, p1, fi1, must satisfy only
(18) which becomes

mo(§)mo(§) + pa(§)(§) =1 (21)

in this case. We will additionally constrain the high-pass filters to vanish at zero, in
order that the wavelets have at least one vanishing moment. Rearranging (21), we see

pa(§)an(€) =1 —mo(§)mo(§), (22)

which suggests that the family of choices for p1 and fi; are characterized by a complete

factorization of 1 — mg(§)mo(§).

Before proceeding to construct examples we must first consider the question of
which choices of filters will result in GQA systems with the Bessel property. The
following lemma is borrowed from [6] and describes a sufficient condition on the scaling

functions to guarantee the desired Bessel bounds. Similar techniques appear in other
articles, e.g. [5].
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Lemma 13

Suppose ¢ satisfies

supz |p(€ + 27k)|*77 < oo
§ER ez,

and
sup(1+ |67 [#(6)] < o0
§eR

for some o, 0 < o < 2. If (26) = m(€)@(€) with m a trigonometric polynomial
satisfying m(0) = 0 then {¢;}; ez is a Bessel system for L*(R).

It is pointed out in [5] that both the Burt-Adelson and spline low-pass filters
considered here do give rise to scaling functions satisfying the hypotheses of Lemma 13
and, thus, the systems considered below will be Bessel and Theorem 12 will apply. As
a final preliminary remark, we note that the regularity of the & trous wavelets is
inherited from the scaling functions because each wavelet is a finite linear combination
of translates of the corresponding scaling function. With these comments, we now
proceed to consider some examples.

We begin with the Burt-Adelson case, recalling the generic form of the Burt-
Adelson low-pass filter with parameter a,

1 ay L 1 1 a )
m07a(£) = (Z — 5)622£ + ZeZ£ +a+ 16—15 + (Z _ 5)6_126-

We will work with a = g, in which case the low-pass filter becomes

1 ome 1. 3 1 ., 1
mO(g):_Q_Oezg‘i‘Zef‘i‘g—f—Ze 5—2—06 25-

The dual low-pass filter, mq, associated to mgq is given by

~ 3 ise 3 o e (AT T3 e 3 e 3 e
mo(€) = —555¢ 56° T 280° Tas T 2s0°¢ 56 20°

Associated to these dual low-pass filters are the high-pass filters, m; and m, defined
in accord with (19) and (20) above as

03 e 3 e T3 1T e T3 e 3 e 3 e
my(§) = 2806 566 580 + 286 2806 566 + 2806 7
and
mi(§) = —ieif 1 + §e—i€ — le—i% _ ie—isg

Together, these four filters define the scaling functions, ¢ and ¢, as well as the dual
biorthogonal wavelets, 1 and v, via the refinement equations (6) and (7), respectively.
The graphs of these four functions are given in Figure 1. This completely describes
the standard component of our dual GQA system and we now proceed to discuss the
a trous component.
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Figurel: Thea = % Burt-Adelson biorthogonal system. (a): Thescaling function, ¢. (b): Thewavelet,
). (€): Thedua scaling function, ¢. (d): The dual wavelet, 1.

As remarked above, our a trous high-pass filters will result from a factorization
of (22), which in terms of the Burt-Adelson filters becomes

1 —mo(§)mo(§)

(€_i5£(—1 + €)1 4 7e™ + e28) (=3 + 9e™ + 94e'%¢ + 9e'3¢ — 3€i4£))
= . (2
5600 (23)

We are free to define p1 by choosing terms from the factorization (23), provided we
include at least one factor of (—1 + €%) while simultaneously leaving at least one such
factor for fi; to ensure that each a trous wavelet has a vanishing moment. Choosing
any power of €’ from (23) for our high-pass filter will correspond to an unimportant
translation of the associated wavelet; hence, excluding these unimodular delay terms
and the factors (—1 + €%) we have two remaining factors that may be distributed
arbitrarily between u; and fi;. Each of these factors possesses symmetric coefficients,
thus the symmetry or anti-symmetry of the & trous wavelets will depend entirely on
the distribution of the factors (—1+¢%). In the original biorthogonal case, each of the
high-pass filters has two vanishing moments which implies that the biorthogonal Burt-
Adelson wavelets have a symmetry property. If we assign only one vanishing moment
to either high-pass filter, the remaining filter will have three vanishing moments and
each a trous wavelet will have an anti-symmetry property.

ExaMPLE A: The simplest possible choice for p; would be the high-pass filter of the
Haar wavelet, which consists of a single vanishing moment. Thus, we define ¢4 by
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means of the high-pass filter u{' given by

p©) =5 (1-e).

This results in a trous wavelets with anti-symmetry properties and provides the shortest
possible analysis filter. Three vanishing moments are left for the dual wavelet, ¢4,
defined by the corresponding dual a trous high-pass filter

1 , y , . _
at(€) = m( — 3eM¢ — 3¢ 4 181¢"%¢ + 181 — 1400 + 1400e %

— 1812 — 18171 4 3e7ME 4 3710,

Each of the scaling functions, ¢ and @, is symmetric about 0, which makes it easy to
determine the symmetry properties of the functions ¢#, . Recall that equation (17)

%w(g) =3 arip(e — k),

keZ

implies that

where {ai.x}1 are the coefficients of the filter pi'. Thus, the anti-symmetry of uf

with respect to k = % implies that ¢* is antisymmetric about z = i. The same

reasoning applies to ®*. The graphs of the two & trous wavelets, ¢ and ¢4, are given
in Figure 2, (a) and (b), respectively.

Figure 2. Examples of Burt-Adelson a trous wavelets. (a): The wavelet, gZ)A. (b): The dual wavelet,
4. (c): Thewavelet, pZ. (d): The dual wavelet, $5.
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ExaMPLE B: For our next example, we will choose filters such that each of the a trous
wavelets possesses two vanishing moments, but such that the analysis filter, u¥, is as
short as possible. Let uf be given by

-1 .
pr(€) = 5o (8 — 16+ 8¢7),
with the corresponding dual filter

-1 . ) . .
~B — o 4E i3& 2§ 113
3] 792 (—3e 6e"% 4 175e"¢ + 356¢

— 1044 + 356e % + 175e 26 — e3¢ — 3671'45)_

In contrast to the last example, each filter here is even, implying that the dual & trous
wavelets are symmetric about zero. The associated wavelets, ¢ and ¢, respectively,
are displayed in Figure 2, (c¢) and (d).

We now turn to another base biorthogonal system based on the piecewise linear
spline scaling function of [5]. In the terminology of [5] this system consists of the dual
scaling functions @2, P24, V2.4, and 1;274, which are illustrated in Figure 3. We have
the associated filters

1. . ‘
mo(§) = Z(ez£ + 2+ e_lg),

1 ‘ , , ,
mo() = 155 (3e™€ — 6™ — 16 + 38¢'¢

4904 880 — 16026 o 4 30~

1 , . _
mi(§) = 155 (3" + 6e™* — 16¢' — 38

+90e™ — 38e 7% — 1667 4 6T 4 37,

and )
i (€) = —(1- 2e7 % 4 1e7%).
The factorization of (22) in terms of these spline filters becomes
( e E(1 4 ¢)5(3 4 186 4 3862 1 18136 1 it ))
1 —mo(§)mo(§) = - (24)

512

Notice that in this case besides the delay and moment factors we have just a single
remaining factor with symmetric coefficients.
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Figure 3: The piece-wise linear spline biorthogonal system. (a): The scaling function, ¢. (b): The
wavelet, 1. (€): Thedua scaling function, (. (d): The dual wavelet, .

ExaMpPLE C: We begin with the analog of Example A, corresponding to u{ equal to
a multiple of the Haar high-pass filter,

-3 i
Nlc(f):j(l—e 9,
which forces

1 , . . . . ,
A (€) = 57 (=36 — 3¢ 1 226 4 226 — 128 4 1280 — 22¢ ™
— 22e7 "% 4 3e7 M 4 3e7 %),
The resulting & trous wavelets, which possess one and five vanishing moments, respec-

tively, are depicted in Figure 4, (a) and (b). Since each scaling function is symmetric
about 2 = 0 we see that ¢¢ and ¢© are anti-symmetric about = = i.
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Figure4: Examples of spline atrous wavelets. (a): The wavelet, ¢C. (b): The dua wavelet, $€. ():
Thewavelet, ¢ . (d): The dual wavelet, p.

ExAMPLE D: Finally, we consider another example in which the vanishing moments

are not shared evenly between the two a trous wavelets, but with this example we will
assign two vanishing moments for uP with the shortest possible filter. Letting

(—3+6e 7 —3e "),

o =

py(€) =

and

il (&) 3e™ 46t — 16e’* —38+90e ¢ —38e 2% — 166~ 3¢ 4 6~ + 3¢,

192
we obtain the & trous wavelets, ¢ and ¢2, pictured in Figure 3, (c) and (d). As in
the Burt-Adelson case, by assigning even numbers of vanishing moments to the & trous
1

wavelets we obtain wavelets with symmetry properties, in this case about z = 3.

These four examples show the flexibility present in the design of & trous wavelets
for use in the negative dilations of a generalized quasi-affine frame arising from a
given biorthogonal system. This flexibility grants us total control over the number of
vanishing moments in analysis and synthesis or the relative filter lengths and permits
the creation of symmetry properties for the a trous wavelets not present in the original
biorthogonal wavelets, ¢ and zﬁ We did notice, however, for our two biorthogonal
systems that even numbers of vanishing moments leads to symmetry properties while
odd numbers of vanishing moments yield anti-symmetry properties for the resulting a
trous wavelets.
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7. Conclusion

The main intent of this work is to establish a connection between the a trous algo-
rithm and quasi-affine systems and to demonstrate how this connection can be used
to obtain frames for L?(R™) beginning with appropriate & trous systems. Using tech-
niques associated with the bracket product we extended the multiresolution operators
common in analyses of affine systems to the quasi-affine setting. This analysis lead
to the observation that the behavior of the quasi-affine multiresolution operators re-
sembles the a trous algorithm and, motivated by this observation, we showed that for
negative dilations the original generating wavelets could be replaced by appropriately
chosen a trous wavelets and the resulting GQA systems would constitute dual frames
for L?(R™). Lastly, we considered examples of GQA systems for L?(R) with primary
focus on the design of the a trous wavelets in terms of a given 2-band biorthogonal
wavelet system.
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