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ABSTRACT

In this paper, we show that if (uy,),>0 and (v,),>0 are two non-degenerate
binary recurrent sequences of integers such that (v, ),, >0 satisfies some technical
assumptions, then the diophantine equation |v,,| = ¢(|u,|) has only finitely
many effectively computable positive integer solutions (m,n). Here, for a non-
zero integer k we use ¢(k) to denote the Euler function of .

1. Introduction

Let r and s be two non-zero integers with r2 4+ 4s > 0. A binary recurrence sequence
(un)n>0 is a sequence such that uy and u; are integers and

Up42 = TUp4+1 + SUp for all n > 0.
Clearly, u,, is an integer for all n > 0. Let o and 3 denote the two roots of the equation
2> —rz—s=0.
It is well known that

(1) U, = ac” + bB" for all n > 0

where a and b are two constants which can be determined using formula (1) with
n = 0, 1. The binary recurrence sequence (uy),>0 is called nondegenerate if ab # 0
and o/ is not a root of unity.
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If (r, s) =1, up = 0 and u; = 1, then (uy)n>0 is called a Lucas sequence of the
first kind. For such sequences, formula (1) is

B a™ _ﬁn
@) Un =T 5

If (r, s) =1, up = 2 and u; = r, then (u,),>o is called a Lucas sequence of the second
kind. For such sequences, formula (1) is

(3) U, =" + 4" for all n > 0.

for all n > 0.

Let (upn)n>0 and (v,)n>0 be two nondegenerate binary recurrence sequences. As-
sume that

(4) Up+2 = M Upt+1 + S1Un forn>0
and
(5) Upto = ToUnt1 + SoUp forn>0

where T‘% + 4517 > 0 and r% + 4s5 > 0. Let a3, 81 and ag, (B2 be the roots of the
characteristic equation
% — rie—s =0

and

22 —rox — 59 =0,

respectively. Assume that |aq| > 31| and that |as| > |B2|. In particular, |a;| > 1 for
i=1, 2.

In what follows, we shall work with pairs of binary recurrence sequences (uy)n>0
and (vy,)n>0 satisfying at least one of the following assumptions:

Assumptions

A1) Not all four numbers aq, (1, aa, P2 are integers.
A2) log|ai| and log |as| are linearly independent over Q.
A3) la1| > max (|B1]?, [B2]?) > 1.

For any positive integer k, let ¢(k) be the Euler totient function of k. Our main result
is the following:

Theorem

Let (un)n>0 be a nondegenerate binary recurrence sequence. Let (vy),>0 be a
binary recurrence sequence satisfying one of the following two conditions:
(i) (vn)n>o0 is a Lucas sequence of the second kind;
(43) (vn)n>o0 is such that (ra, s2) is odd and sg is even.

Moreover, assume that the pair of sequences (uy,)n>0 and (vy,)n>0 satisfies at least
one of the assumptions A1-A3.

Let a and b be two nonzero integers. Then, the equation

(6) (b(’aumD = |bvn|

has finitely many solutions (m, n). Moreover, there exists a computable constant C
depending only on a, b and the sequences (uy)n>0 and (v, )n>o such that all solutions
of equation (6) satisfy max(m, n) < C.
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It would be nice if one could prove the above theorem without any of the assump-
tions A1-A3. Unfortunately, as the following example suggests, such a result would be
very hard to prove.

ExXAMPLE 1: Let v, = u,, =2" —1 for all n > 0. Let a = 1 and b = 2. Equation (6)
becomes

(7) (2" —1) =2(2m - 1).

Notice that if n = p is a prime such that u, = 2P — 1 is a prime (that is, if u, is a
Mersenne prime), then equation (7) is satisfied for n = p and m = p — 1. However, it
is not known that there are only finitely many Mersenne primes. In fact, the classical
conjecture is that there are infinitely many Mersenne primes.

We also present the following results:

Proposition 1

The only solutions of the equation

10m —1 10" -1
7>:b- 1<a, b<9and m, n>1

®) o(a-—5

are given by m =n =1 and b = ¢(a).

Notice that Proposition 1 asserts that the only positive integers x such that both
x and ¢(x), have only one distinct digit (when represented in the decimal system), are
precisely the integers x having only one digit.

Proposition 2

Let (Fy,)n>0 be the Fibonacci sequence given by Fy = 0, Fy = 1 and F, 4o =
Fot1 + F, for alln > 0. Also let (Ly)n>0 be the Lucas sequence given by Lo =
2, L1 =1 and Lyys = Lpy1 + Ly, for all n > 0. Then, the only solutions of the
equation

(9) ¢(Lm) = Ln

are (m, n) = (0, 1), (1, 1), (2, 0), (3, 0).
Moreover, the only solutions of the equation

(10) ¢(Fm) = Ln

are (m, n) = (1, 1), (2, 1), (3, 1), (4, 0), (5, 3), (6, 3).
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It also follows, by the theorem, that there are only finitely many Fibonacci and Lu-
cas numbers whose Fuler totient function has only one distinct digit when represented
in the decimal system. That is, each one of the equations

10" —1
(11) S(Fp) = b- 09 1<b<9
and

107 — 1
(12) S(Ln) = b- 09 1<b<9

has only finitely many solutions (m, n, b). In fact, following the idea of the proof of
the Theorem, one can compute upper bounds for all the solutions of equations (11)
or (12). The upper bounds obtained in such a way are, most likely, very large. An
elementary treatment of the above two equations would certainly be of interest.

It might be worth mentioning that one can conclude that an equation such as
(6) has only finitely many solutions even in instances when none of the assumptions
A1-A3 is satisfied. For example, in [3], we found all solutions of the equation

(13) o(l2™ +y™) = 2" + 37|

where x and y are integers and m and n are positive integers. Aside from some trivial
solutions for which m = n =1 and |z + y| = 1 and from two parametric families of
solutions for which z =y € {2, 3} and m = n + 1, the only solution of equation (13)
is (z, y, m, n) = (3, 1, 2, 1). Using considerations similar to the ones employed in
[3], we also found all solutions of the equation

(14) P(a™ —y™) =" +y"

where x, y, m, n are positive integers (see [4]).
As related results, we mention that all solutions of the equation

(z)(Fm) =2"

or

¢(Lm) = 2"

were found in [5]. In fact, in [5], we also found all members of either the Fibonacci or
the Lucas sequence for which the divisor sum is a power of 2. Finally, in [6], we found
all solutions of the equation

()

where m > 2k. Equation (15) has no solutions for k > 4.
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2. Preliminary results

The proof of the Theorem uses estimations of linear forms in logarithms of algebraic
numbers.

For any non-zero algebraic number ¢ let H({) be the height of (. Let (1, ..., (
be algebraic numbers, not 0 or 1, of heights not exceeding A1, ..., 4;, respectively. We
assume A, > eform =1, ..., I. Put Q =logA;...log A;. Let F = Q((3, ..., ;) and
let dp = [F : Q]. Let ny, ..., n; be integers, not all 0, and let B > max |n,,|. We
assume B > e. The following result is due to Baker and Wiistholz.

Theorem BW ([1])
If (7" ...¢)" # 1, then

(16) ¢ = 1] > exp(—(17(1 + 1)dp)*' T Qlog B).

In fact, Baker and Wiistholz showed that if log (1, ..., log(; are any fixed values
of the logarithms and A = nylog(; + ...+ n;log(; # 0, then

(17) log |A| > —(161dg) > "* Qlog B.

Now (16) follows easily from (17) via an argument similar to the one used by Shorey
et al. in their paper ([7], p. 66).

We also need the following p-adic analogue of Theorem BW which is due to Yu
(see Theorem 4 in [9]).

Theorem Y ([9])T

Let 7 be a prime ideal of F lying above a prime integer p. Assume that ord,;(; =0
fori=1, .., I. If (7" ... (/" # 1, then there exist computable absolute constants C;
and Cy such that

Cal de
log” p

(18) ord. (("...¢)" — 1) < (Cildy) Qlog(diB).

Let now (u,)n>0 be a nondegenerate binary recurrence sequence given by formula
(1). Assume that || > |3|. Then

Theorem S ([8])

There exist computable numbers C7, Cy and C3 depending only on a and b such
that

(19) [P T > Juy,| > |aftC2len for all n > Cj.

T Here we use Theorem 4 on page 275 in [9]. However, in [9] the bound is quadratic in log(d2 B).
Kunrui Yu has informed us that the dependence of the bound is, in fact, linear in log(d2 B), and that the
apparent quadratic dependence of the bound in [9] on thisterm is just a misprint.
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Let now (uy,)n>0 and (v,)n>0 be two nondegenerate binary recurrence sequences
given by recurrences (4) and (5) respectively.
The following Technical Lemma is essential in the proof of the theorem.

Technical Lemma

Let (un)n>0 and (vp)n>0 be the two nondegenerate binary recurrence sequences
given by formulae (4) and (5). Let vy > 1, 72 > 0, 3 > 0 and 74 > 0 be fixed
constants. Let A be a positive rational number and let m and n be positive integers
satisfying the following four conditions:

(20) M < ||um|| <72,
(21) log H(A) < y3(logm)™,
(22) | Aty | > |vn]

and

(23) Alay|]ar|™ # |az||az|™.

Then, there exists a computable constant C' depending only on the numbers ~y; for
i=1, ..., 4 and on the sequences (un)n>0 and (vy)n>o such that, if m > C, then

| Aty | — |vn]

(24) o]

> exp(—(logm)7412),

Proof of the Technical Lemma

By Ci, Cs, ... we denote positive computable constants depending only on the
constants 7; for i = 1, ..., 4 and on the sequences (u,)n>0 and (v,)p>0. By Theorem
S and inequalities (20), it follows that there exist computable numbers Cy, Co, C3, Cy
and Cj such that, if n > C7, then
(25) logv1 < log|up,| —log|v,| < (m + C2)log|as| — (n — Cslogn)log|as|
and

(26) (m — Cylogm)log|ai| — (n + Cs) log |as| < log |um,| — log |v,| < logva.

In particular, there exist constants Cg, C7, Cg, Cy, Cip, C11 and Cp2 such that,
if min(n, m) > Cg, then

(27) —C7 — Cglogm < mlog |az| — nlog|as| < Cy + Ciglogm
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and
(28) Ciim <n < Ciom.
For m > Cg we may write
|um| = lazl[aa|™ + €1|by|| B |™

and
|vn| = |az||az|™ + €2|ba]|B2|™

where €1, €3 € {—1, 1}. Therefore
(29)  |Aum| — |vn] = (Alax|Joa|™ — |ag|lo2|™) + (Aer|b1]|B1]™ — e2]bz|B2]™) > 0.

We now analyse the expression

a _
(30) (Aol  lagllal”] = Al o1 (21 oy | gl
Alay|

which is non-zero by (23). Let C13 > Cg be such that if m > Ci3, then

~s(logm)™ > log (H<@)> .

|a]

In this case,
|az]

max <H(A), H(w

)) < v3(logm)7.
Since |ag|/|a1| is algebraic of degree at most 4 and A is rational, it follows that

|az| ) < a2

<5-max | log H(A), lo (H(—)) < 5y3(logm)7*
Al g H(A), log o] "3(logm)
for m > Ci3. Let Ci4 be an upper bound for log H(|ay]|) - log H(|az|). Let Q =
5v3C14(logm)7*. Finally, let B = max(m, n). From now on, assume that m > Cy5 =
max(C12, C13). It follows, by inequality (28), that n < m?2. Hence, log B < 2logm.
From formula (30) and Theorem BW, it follows that

(31) 1ogH(

(32) |Alay||aa|™ = |az||az|™| > Alay||a|™ - exp(—27213 673 - Cl4(logm)74+1).

Moreover, since A is rational, it follows that

& 4 ﬁ > exp(—7ys(logm)™) > exp(—7s(logm)”* ).

From inequalities (32) and (33), it follows that

|Alay||on|™ = |az||az|™| > |a1||oa|™ exp(—ys - (272" - 6 - C1q + 1) - (logm)?*+ 1)
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or

(34)  |Ala1|lea|™ = |az||az|™| > |a1]|oa|™ exp(—Cie(log m)™**1) for m > Cy5
where Cig = 73 - (27213 -6 - C14 + 1). One can show, by using a similar argument, that
(35)  |Ala1||ea|™ — |az||a2|™| > |as||aa|™ exp(—Ciz(logm) ™) for m > Cs.

Now let C19 = max(C1g, C15) and let Cop = max(Chg, Ci7). From equations (34) and
(35), it follows that

(36)  [Alaa||aa|™ — [az[[az|"| > max(|ai||a1[™, |as||az|") - exp(—Cao(logm)+1)
for m > C19. We now show that if
(37) Alar||oa|™ — [az]|az]™ <0,

then m is bounded. Indeed, assume that inequality (37) happens. From inequality
(29), it follows that

(38)  [Alar|laa|™ — lagllaz]"| = —(Alas|lea[™ — [az||aa|™) < Alba[[B2]™ + [b2]G2|".

Assume, for example, that A|by||B1|™ > |b2]|B2|™. In this case, from inequalities (36)
and (38), it follows that

laq || |™ exp(—C’gg(log m)'““) < 2A|b1 |51 ™

or
le% m
‘B—i < 2A\b1|]a1]_1 exp(Cgo(log(m)“H)
or
(39) mlog ‘%‘ <log A + C21 + Cop(logm)?+ 1
1

for m > Cy9 where Cy; = max(0, log(2|b1||a;|~1)). Since A is rational, it follows that
A < H(A). Therefore

(40) log A <log H(A) < v3(logm)™*.
Inequality (39) implies that

(41) m log \%\ < Car + 73(log m)™ + Cao(log m) "+
1

Inequality (41) implies that m < Cas. The case A|b1||51]™ < |bz2||B2|™ can be treated
similarly.
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In conclusion, there exists a constant Ca3 such that, if m > Cas, then
(42) Alay||ar|™ = laz||az|™ > 0.
We now show that
(43) | At | — U | > %|a2|a2|nexp(—020(log m)““)

for m enough large. Indeed, by formula (29) and inequalities (36) and (42) for m > Cas,
it follows that

[ At | — [vn| = [Alas[Jar|™ — Jaz[laz]"] + (Aei[b1][51]™ — e2ba||B2]")
> |a2|]a2|” . exp(—C’zg(log m)““) + (AGl‘blHﬁl‘m — 62|b2”ﬁg|n).

Hence, in order to prove that inequality (43) holds when m is large enough, it suffices
to show that the inequality

1
(44) §|a2||042|n -exp(—Cao(log m)™ 1) > [Aeq|by||B1|™ — ea|ba||Ba|™|

holds when m is large enough.
Assume, for example, that Alby||G1|™ < |ba||B2]™. Then, it suffices to show that

1
5!(12!\042\" - exp(—Cao(log m)"Hh) > 2[by [ B2|"

or
le n
‘5_2 > 4|bs||az| ™" exp(Coo(log m)"+1)
2
or that
(45) nlog ‘%’ > Cay + Coo(logm)™*+!
2

for m large enough where Coy = max(0, log(4|bz||as|™!)). Using inequality (27), one
concludes easily that inequality (45) is satisfied for m > Cys. It follows that inequality
(43) is also satisfied for m > Cys in this case.

The case A|b1||B1|™ > |ba||F2|™ can be treated using a similar argument.

Assume therefore that inequality (43) holds when m > Cas.

From inequality (43) and Theorem S, it follows that

| Aty | — [vn |

1 — ogn
o] > 5’@2”0&2‘ Cslog exp(—ng(logm)M‘H)

= exp(C% — Cslog|az|logn — Ca(log m)MH)

for m > Ca5 where Cys = max(0, log(|az|/2)). Hence, in order to prove that inequality
(24) holds when m is large enough, it suffices to show that

(46) exp (026 — C3log |as|logn — Cyp(log m)““) > exp(—(log m)74+2)
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holds when m is large enough. Notice that inequality (46) is equivalent to
(logm)¥4*2 > Cop(logm) " + C3log |az|logn — Cog
which, by inequality (27), is certainly true for m > Ca7.
The technical lemma is therefore proved. [
For any non-zero integer k and any prime number p, let ord, (k) be the power at

which p appears in the prime factor decomposition of k.

Lemma 1

Let (un)n>0 be a nondegenerate binary recurrence sequence. Then, there exist
three computable constants C1, Cy and C3 depending only on the sequence (uy)n>0
such that, if p is a prime number and u., # 0, then

2

(47) ordy (uy,) < min <C’1m + Cy, Cs P

Togp log(4m)> .

Proof of Lemma 1
Assume that u,, is given by formula (1) for all n > 0. Let |a| > |3|. Denote
p = ordp(u,y,). By Theorem S it follows that

2 < p < | < [
where C; depends only on a and b. Hence,
p < (m+Cy)logy la| =m - Cy+ Cs

where Cy = log, |a| and C5 = C log, |a|.

The fact that
P2

ordy(up,) < Cs g p

log(4m)
for some computable constant C3 follows immediately from Theorem Y. [

Lemma 2

Let n be a positive integer and let t be a real number such that ords(¢(n)) < t.
Then

(n) 1
4 —r > .
(48) n — t+2
Proof of Lemma 2
See, for example, [3]. O

Lemma 3

Let (vp)n>0 be a nondegenerate binary recurrence sequence satisfying either one
of the following two conditions:
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(1) (vn)n>o0 is a Lucas sequence of the second kind.
(2) (vn)n>o0 is such that (r, s) is odd and s is even.

In this case, there exist two computable constants C'; and Cy such that
(49) ords(vy,) < Cy for all n > Cs.

Proof of Lemma 3
Throughout this proof, we assume that (v, ),>0 is given by the recurrence relation

Un42 = TUnt1 + SUp forn=0, 1, ...

Assume first that (vy,)n>0 is a Lucas sequence of the second kind and that s is
odd. We distinguish 2 cases.

Case 1. r is even. We first show that u,, is even for all n > 0. Indeed this follows
easily by induction using the recurrence formula and the fact that both vg = 2 and
vy, = r are even. We now show that

1 if n =0 (mod 2),
ords(vy,) =

orday(r) if n=1 (mod 2).
Assume, for example, that 2 | n. Then,
v, = a" 4 " = (@2 4 g% — 2072372 = 02/2 + 252 =2 (mod 4)

because s is odd and u,, /5 is even. Hence, ords(v,,) = 1if n is even. Now write r = 2#¢”
where ¢ > 1 and ' = 1 (mod 2). We prove, by induction, that ord(vaxy1) = p for
all £ > 0. This is certainly true for kK = 0. Assume that this is true for k. From the
recurrence relation, we conclude that

V2 (k41 V2k+1
(50) V2(k41)+1 = TV2(k41) T SV2kt1 = 2#“7”/% + Q#SW'
By the previous arguments and the induction hypothesis both numbers

Va(k+1 V2k+1
pf 20D ond s 2kt
2 2mu

are odd integers. From formula (50) it follows that orda(va(s41)41) = p- The induction
is therefore complete.

Case 2. ris odd. Reducing the recurrence formula of (v,,),>0 modulo 2, it follows
that
Unt2 = Unt1 + Uy (mod 2).

Since vg = 2 =0 (mod 2) and v; = r = 1 (mod 2), it follows that v, = F,, (mod 2)
where F), is the n’th term of the Fibonacci sequence. It is well known that 2 | F),
if and only if 3 | n. Hence, ords(v,) = 0 if 3 f n. Assume now that n = 3k. Let
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wr = (®)F + (83)*. Notice that (wy,)n>0 is a Lucas sequence of the second kind
satisfying the recurrence

W42 = (7’3 + 3rs)wp+1 + 3w, for all n > 0.
Since 73 + 3rs = 0 (mod 2), it follows, by Case 1, that

1 if k=0 (mod 2),
ordy(r? + 3s) if k=1 (mod 2).

ords(v3g) = {

Assume now that (v, ),>0 is such that (r, s) is odd and s is even. Let F = Q(«)
and let m be a prime ideal of F lying above the prime number 2. Since 7 divides s
but 7 does not divide r, it follows that 7 divides exactly one of the ideals [a] and [3].
Assume that 7 | [@]. Let v be an upper bound for ord,(b). Finally, let C; > = be such
that v, # 0 for n > C; (the existence of such a constant is guaranteed by Theorem
S). If n > C4, then

ord,(v,) = ord;(aa™ + b6™) = ord,(bG") = ord,(b) < .

Hence, ords(vy,) < 2ord,(v,) < 27 for n > C;. The lemma is, therefore, completely
proved. [

Lemma 4

Let 0 <xz; <1 fori=1, ..., s be real numbers. Then,
(51) 1—(1—21)(1 —x9)..(l —x5) <1+ 22+ ... + 5.

Proof of Lemma, 4
We proceed by induction on s. If s = 1, then inequality (51) becomes equality.
Assume that inequality (51) holds for some s > 1. Then,

1—(1—a1)..(l—z)(1—zeq1) = (1= (1 —z1)..(1 —25)) + 51 (1 — 1) ... (1 — )
<x1+ ..+ x5+ 2541 U

3. The proofs
We are now ready to prove the theorem.

Proof of the Theorem

By C4, Cs,... we denote computable positive constants depending only on a, b
and the sequences (up)n>0 and (vyp)n>0. Let (m, n) be a pair of positive integers
satisfying equation (6). We may replace the sequence (uy,)n>0 by (aun)n>0 and the
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sequence (vp,)n>0 by (bvy)n>0. From Theorem S, it follows that |u,,| > 1 for m > Cj.
From Lemma 3, it follows that there exist two constants C's and C3 such that

(52) orda(v,) < Co for n > Cs.

We may assume that Cs is an integer. Let C4 > Cj be such that if m > Cjy, then
n > (3. Assume that m > Cy. Write

(53) [um| = Py 5> ..pL"

where p; < po < ... < p; are prime numbers. Since at least ¢t — 1 of the above primes
are odd, it follows that

t — 1 < orda (¢(|um|)) = orda(Jvn|) < Co.
Hence,
(54) t < Cs.

From Lemma 2, it follows that

Lol 1
|Um‘ 02 + 2
Hence,
(55) 1<‘|“m“§02+2<02+3:05 for m > Cy.
Un,
We now find upper bounds for the primes p; for i = 1, ..., t. We use induction to

prove that there exists a constant Cg such that, if m > Cg, then
(56) pi < 2(logm)?.

Let ¢ = 1. Write

(57) lon|  O(luml) _ H (pi — 1)‘

Hence,

(58) 1_H<1_i) P % N T el 1
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We first assume that:

(60) |ax|laa|™ # ag||az|™.

We shall return later on and prove that inequality (60) holds when m is large enough.
From inequalities (60) and (55), it follows that the hypothesis of the Technical Lemma
are satisfied for vy =1, 79 = C5, A =1, v3 = 1 and 4 = 0. By the Technical Lemma
and inequality (59), it follows that

@ > || — [Vr]

> exp(—(logm)? for m > C4.
" ] P( (log )) 4

(61) log p1 < (logm)? 4 log Cy < 2(logm)? for m > Cs.

Assume now that there exists ¢ with 1 < i < ¢ and a computable constant C7 such
that

(62) logp; < 2(logm)? for j=1, ..., i and m > C7.
Let
i
=1 P

Formula (57) may be rewritten as

|Um| ]=Z+1 pj
or
t
1 || At | — |vn]
64 1-— (1 — _> =1- — _
(64) 11 Dj Ai|up| Ailup|

j=i+1

From Lemma 4, it follows that

C t—1 1 1 1
2 ST +...+—>1—H(1——)
Pi+1 Pi+1 Pi+1 bt st

Ailtum] = [va]
65 = ml ]
(65) T

Assume, for the time being, that

(66) Ailay||oa|™ # |az||aa]™.
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We shall return later on and prove that inequality (66) holds when m is large enough.
We apply the Technical Lemma with v; = 1, 70 = Cs and A = A;. From the induction
hypothesis and the formula of A;, it follows that

(logm)? — 1

log H(Al) = ngHpj = ij < ZQ(IOgm)Qj = 2(logm)2 . (log m)2 -1
j:l j:l j:l

2(logm)? i i
= W . ((log m)2 — 1) < 3(10gm)2 for m > 08.

Thus, we may take v3 = 3 and 4 = 2¢. Since

02 Az’um‘ - ‘Un’
>
Di+1 Az’um’

> exp(—(logm)*?)

or
log pir1 < (logm)?t+Y 4 log Oy < 2(logm)?(+D for m > Cy.

The induction is, therefore, complete.
We now use Theorem BW to show that m is bounded. Rewrite equation (53) as

m m __ M1 Mt
aof" + 0187 =pit..py
or

by || B1|™ 1 _
o7 B 128" < o= L
(67) a1l ay alal b1 ---Dy

Let Cy be such that inequalities (56) hold for i =1, ..., t and m > Cy. Let Cy¢ be an
upper bound for both H(a1) and H(a1). Let

t
Q= H(al)H(a1>H10gpz~
i=1

From inequalities (56), it follows that

t
(68) Q< Ciy H 2(logm)? = 2¢C% (logm)**=1) < €11 (logm) 2

i=1

where C1; = 2¢2C%, and C12 = C3(Cy — 1). Let B be an upper bound for m and pu;
fori =1, ..., t. From Lemma 1, it follows that B < C13m + C14. From equation (67),
Theorem BW and inequality (68), it follows that

2(t+2)+7

b
1og‘—1‘+mlog‘@ > —(17(t +3)) Qlog B
ai aq
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or

(69) mlog )%‘ + log ‘Z—H < Cq5 - Ch1(log m)c12 log(Cism + Chy)

where C5 = (17(Cy + 3))2(C2+2+7 Inequality (69) shows that m is bounded.
Hence, the theorem is proved once we show that both inequalities (60) and (66)
hold when m is large enough. Denote Ag = 1. Assume that

(70) Ailar||aq|™ = |ag]|az2|™ for some i =0, ..., t—1.

We first show that if equation (70) holds, then the rational numbers A; can take only
finitely many values. Let F = Q(aq, a2) and let dp = [F : Q]. Clearly, dp < 2. Let A
be a common denominator of a; and ao; that is, a positive integer such that both Aa;
and Aag are algebraic integers. Let a] = Aa; and a), = Aag. Rewrite equality (70) as

(71) Ajlay|aq ™ = Jag||as|".

Taking norms in (71) we get

(72) A Na(|ay ) Ne(Jaa )™ = Ne(|as|) Ne(Jaz])".

Using formula (63), one concludes easily that equation (72) forces
pi | Ne(Jai])Nr(Jeal).

Hence, p; < Cig. From formula (63) and the fact that p; < ... < p; < Cyg, it follows
that A; can take only finitely many rational values. For simplicity, denote A = A;.

In order to show that m is bounded, we use the fact that the pair of sequences
(un)n>0 and (v, )n>o satisfies one of the assumptions A1-A3.

Case 1. The pair of sequences (un)n>0 and (v, ),>) satisfies Al.

Assume that aq € Z. If |aq||oq|™ € Q, it follows that |a;||a|™ is invariant under
the action of the Galois group G = Gal(F/Q). Hence,

lax||aa[™ = [b1]]B1]™

or

Qg |™ b1
73 —‘ - ‘— .
( ) B a
Equation (73) has a unique solution m. In particular, m is bounded.
Assume now that |a1||az|™ € Q. From equation (70), we conclude that Q(ay) =
Q(a). Moreover, by conjugating equation (70), we get

(74) Alby|[B1]™ = [b2]|Ba]™.
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From formula (29), we get
(75) |Atm| = o] = Alb1[[51]™ (€1 — €2).

If €1 = €2, we get |Auy,| = |v,,| which contradicts the fact that ¢ < ¢. Hence, e; —eg = 2
and formula (75) becomes

(76) | At | — |vn] = 2A]b1]|B1]™.

Equation (26) shows that |b1]|31|™ € Q. In particular, |a1||a;|™ € Q which is a case
already treated.

Case 2. The pair of sequences (uy)n>0 and (vy)n>0 satisfies A2.

Assume that both a; and ao are integers. Rewrite equation (70) as
(77) o[ oz | 7" = |azllas | TTATE

Since a1, as € Q and A can take only finitely many rational values, it follows that the
right-hand side of equation (77) can take only finitely many rational values. Let C7
be such that

(78) jordy (Jazllas| A7) | < €7
for all the prime numbers p. Write

o | :qi‘l ...ql’\l

and
o =qi* ... q"
where ¢; < ... < ¢ are primes and A\; >0, v; > 0fori =1, ..., . Equation (77) and
inequality (78) imply
(79) |Aim — v;in| < Ci7

for i =1, ..., l. Since log|a;1| and log |az| are linearly independent over Q, it follows
that the set
{(z, y) | Nz —viy| < Ci7 fori=1, .., I}

is a bounded set in the zy-plane. This shows that m is bounded.

Case 3. The pair of sequences (un)n>0 and (vn)n>0 satisfies A3.

From formula (29), we get

(80) Altm| = un| = Aer[by]|51[™ — e2|ba[ G2
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Let

t
I 7

j=i+1

We first show that w,, is a prime when m is large enough. Indeed notice that

A]um|—\vn]—li[( ) Hp P(|uml)

j*l
- Hp - 1 ( d)(wm))
(81) :A€1|bl||51|m*€2|bz|\52|"-

Assume now that w,, is not a prime. It is clear that if k is any positive integer which
is not a prime, then

k

k_¢(k)>3

for any proper divisor d of k. Indeed, this follows, for example, by noticing that the
k/d integers

k
d, 2d, ..., =-d
b ) b d
are less than or equal to k and are not coprime to k. In particular,
W
Wm — QZ)(wm) > :
Pi+1
Hence,
n 7'—1
Aer|b1|[B1]™ — e2ba][ B2 HPM — 1)(wm — ¢(w))
_ Wy, Al |
82 > p“"lp-—l—:—.
(82) ]1;[1 ’ (v )pi+1 Pi+1

Assume, for example, that A|b1|[51]™ > |b2||B2|". From inequality (82), it follows that

Alug,
(83) DAl B1]™ > Aer[ba]|[Ba]™ — €slbal|Bal” > '—1
it
Hence,
(84) [

p = e —
S NIFACE

From Theorem S, it follows that there exist three constants Cig, Ci9 and Cyy such
that

(85) g O > Juy,| > |ag M Creleem for m > Cyp.
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From inequalities (84) and (85), it follows that

for m > Cy.

041 m— 021 1ogm 022
(86) pint > |

On the other hand, since w,, is not prime and p;;1 is the smallest prime divisor of
Wy, it follows that w,, > p? 1~ Hence,

e 217’L72C'21 logmf2C’22
(87) ‘a1’m+C18 > ‘um’ > |wm’ > p?_,_l > ’ﬁ_l‘ for m > Cgo.
1

By taking logarithms in inequality (87), we conclude that
af
(m+ Cig)log|ai| > (m — Ca1 logm — Caa) log ’?‘
1
or
(651 (X%
(88) mlog ‘?‘ < Chglog|aq| 4 (Ca1 logm + Caz) log ‘?’
i i

Since |aq| > |B1?, it follows that inequality (88) holds only for finitely many values of
m.

The case Alb1||B1|™ < |b2||B2|™ can be treated using similar arguments together
with inequality (27) and the fact that A can take only finitely many values.

Hence, if m > Cys, then w,, = p;+1. In this case, equation (81) becomes

(89) Aer[by||Br]™ — e2|b|G2]" = Hp i — 1) (wm Hp (pj —1).

Since max (|f1], |B2]) > 1, we may assume that |$1] > 1. Rewrite equation (89) as

(90)  AballBi]™ |1 = eaealon| AT ool 1Bl 7| = T 0 s - ).

Jj=1

We know that p; < p; < Ci¢ for j =1, ..., i. From Lemma 1, it follows that there
exists Cyy such that

(91) py < Coy log(4m) for j =1,

In particular,

Alba|Ba ™|t = eaerlba| 7 ool Bo[1 81| = TT 24~ (s = 1)
j=1

(92) < 0166024 log(4m) _ 01%5 log(4m)
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where Cos = Cs - Coy > tCy. On the other hand, let Csg be an upper bound for
log(|b1|7*A7L|ba|) - log |B1] - log|B2| and let B be an upper bound for max (m, n).
From inequality (28), we know that B < Cy7ym. By Theorem BW, it follows that

1-— 6261|b1|71|b2||ﬁ2|n|ﬁ1|7m‘ > exp(—6813026 log B)
(93) > exp(—68"2Cag log(Carm)).

By combining equation (90), inequalities (92) and (93), and by taking logarithms, we
get

(94) log(Alby|) + mlog |B1| — 68'°Cag log(Carm) < Cas log Cig - log(4m).

Inequality (94) shows that m is bounded.
This finishes the proof of the Theorem. [

Proof of Proposition 1
Let (up)n>0 be the sequence

10" —1
95 n = .
(95) un = s
Assume that the equation
(96) p(aum) = buy,
has a solution (a, b, m, n) withm >1and a, b€ {1, ..., 9}.

We first show that n = m — 1. Indeed, on the one hand, one has

10" -1

10™ — 1 > auy, > ¢(auy,) = buy, > uy, = 5

Hence, m > n. We now show that m > n. Let P be the largest prime dividing ;.
From a result of Carmichael (see [2]), it follows that P > m if m > 12. In particular,
P > 10 for m > 12. One can check that P > 10 for 2 < m < 12 as well. In particular,
P fab. If p =ordp(uy,), it follows that

(97) = ordp(buy,)
and
(98) p—1=ordp(¢(aun)).

Equations (97) and (98) show that the equation ¢(au,,) = bu,, is impossible. Hence,
m > n.
We now show that m = n + 1. Indeed, since

(99) ords (¢(aum)) = orda(bu,) = orda(b) < 3,
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it follows, by Lemma 2, that

9(10™ — 1) S bun P(aun,) .
10m —1 = au,, aUy, O
or
(100) 45-10" — 45 > 10™ — 1.

Inequality (100) shows that n > m — 1. Hence, n =m — 1.

Let p; be the smallest prime divisor of u,,. We show that p; > 13.

Assume p; = 3. Since 3 | uy,, it follows that 3 | m. Hence, 37 | us | wy,. It follows
that 36 | ¢(au,,) = bu,. Since u,, is odd and b < 10, it follows that 3 | u,. Hence,
2 | n. This contradicts the fact that m is even and n =m — 1.

Clearly, p1 # 5.

If py =7, then 7 | uy,; hence, 6 | m. In particular, 3 | u,, which is a case already
treated.

If p = 11, then 10 | ¢(au,,) = bu,,. This is impossible because (10, u,) =1 and
b < 10.

Finally, if p; = 13, then 13 | w,,; hence, 6 | m. In particular, 3 | u,, which is a
case already treated.

Since p; > 13, it follows that (u,,, ab) = 1. Since n = m — 1, it follows that
(U, un) = 1. In particular, (t,,, bu,) = 1. This shows that u,, is square free. From
inequality (99), it follows that u,, is a product of at most 3 primes.

We show that wu,, cannot be prime. Indeed if p = u,,, then p =1 (mod 5). This
shows that 5 | ¢(au,) = bu,. Since 5 [ u,, it follows that 5 | b. Hence, b = 5. In this
case bu, is odd. However, the only positive integers k such that ¢(k) is odd are 1 and
2. This contradicts the fact that m > 1.

We now show that b is 8. This is certainly true if u,, is a product of 3 different
primes. On the other hand, if u,, = p1p2, then p1ps = u, = —1 (mod 4). This shows
that at least one of the two primes p; and ps is congruent to 1 modulo 4. This implies
that b = 8. Since (a, uy,) =1, it follows that

(101) 8tum—1 = buy, = dlaum) = d(a)d(um).

Since ¢(u,,) is divisible by 8 and u,,—1 is odd, it follows that ¢(a) is odd. Hence,
¢(a) = 1. We may suppose that a = 1. Equation (101) becomes

(102) O () = 8Upy—1.
Suppose now that u,, = p1ps where p; < ps. Then,

2-10m1 47 _10m -1 o 10mTi -
9 N 9 9
= Um — 8Upm—1 =p1p2 — (p1 — 1)(p2 — 1)
(103) =p1+p2—1<2ps.
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Hence,
10m~1 +35
(104) pp> 30
9
It follows that
Um, 10m -1

D1 10

=T < — <
9y ~ 10m—1 435

which contradicts the fact that p; > 13.
Finally, assume that wu,, = p1p2ps where p; < ps < p3. Then,

2-10m 1+ 7 _1om—1 . n0m-t -1 Cw —8un
9 9 9 " me
= p1pap3 — (p1 — 1)(p2 — 1)(p3 — 1)
(105) = p1p2 + p1p3 + p2ps —p1 — p2 — p3 + 1 < 3pa2ps.
Hence,
2-10m"1+7
D2p3 > o

It follows that
U, 3-10m -3

= < <
9paps 2-10m=1 47
which contradicts the fact that p; > 13. O

15

P1

Proof of Proposition 2

The proof is very similar to the proof of Proposition 1. We shall treat only equation

(9) and leave equation (10) as an exercise to the reader.

One can check that the given solutions are the only ones for m < 8. From now

on, assume that m > 8. Since
Ly, > ¢(Lm) = L,

it follows that m > n.

We now show that ords(L,,) < 2. Indeed, the sequence (Ly)x>0 is periodic modulo
8 with period 12. Moreover, by investigating the values Ly for k =0, 1, ...

concludes easily that Ly is never a multiple of 8. Since
ords(¢(Lyy,)) = orda(L,) < 2,

it follows, by Lemma 2, that

or

(106) AL, > L,
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From equation (106), we conclude easily that n > m—2. Indeed assume that n < m—3.

From inequality (106), we get

ALy 32> 4Ly 2 Ly = Lyy1 + Lyy—2=2Ly, 2o+ Ly 3 =3Ly, 3+ 2L, 4

or
Lm—S > 2Lm—4
or
Lm—4 + Lm—5 > 2Lm—4
or

met') Z Lm74

which is certainly false for m > 8. Hence, n € {m — 1, m — 2}. In particular,
(L, Lp)=1. Hence, L,, is odd and squarefree. Since ords(¢(L,,)) = orda(L,) < 2,

it follows that L,, is either a prime or a product of two distinct primes.
If L,, = p1, then

Lm_Ln:Lm_¢(Lm):pl_(pl_1):1

or
1:Lm_LnZLm_mel :Lm72

which is certainly false for m > 8.
Finally, if L,, = p1p2 with p; < ps, then

Ly — Ly =Ly — (L) =pip2— (1 —1)(p2— 1) =p1 +p2 — 1 < 2ps

or
2112 > Lm - Ln > Lm - Lm—l = Lm—2.
Hence,
P = L_m < 2Lm _ 2(mel +me2) _ 2(2Lm72 + me?)) < 6.
D2 Lm72 Lm72 meg
Since

L2 —5F2 =4(-1)%  fork=0, 1, ..,

it follows that p; # 5. Since p; is odd, it follows that p; = 3. Hence,

Ly
Lin = Ln =L = $(Ln) = 3p2 = 2(p2 = 1) = pp + 2 = " 42

or

6=2L,,—3L,>2L,,—3L,,_1=2L,,_1+2Ly,_o—3Ly,_1=2L,,_o— L1

=2Lpm-2 — (Lm—2 + Lm—3) =Lm-2—Lm—3=Lpn_4.
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Hence,

Lm,4§6<7:L4

which contradicts the fact that m > 8. O
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