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Harmonic Bergman spaces with small exponents in the unit ball

(GUANGBIN REN

Department of Mathematics, University of Science and Technology of China
Hefei 230026, P. R. China

Current address: Department of Mathematics, University of Aveiro
3810-193 Aveiro, Portugal

E-mail: rengb@ustc.edu.cn ren@mat.ua.pt

Received September 1, 2001. Revised November 19, 2001

ABSTRACT

The dual of the weighted harmonic Bergman space h? (IB) is shown to be the
harmonic Bloch space under certain volume integral paring for 0 < p < 1 and
—1 < a < oo ontheunit ball of R™.

1. Introduction
Let B denote the open unit ball in R™, n > 2. The weighted harmonic Bergman space
h? = h? (B) for p > 0 and o > —1 is the space of harmonic functions in L?(B, dv, ),

where dv,(z) = (1 — |z|?)*dz and dz is the normalized Lebesgue measure in B. For
any f € LP(B,dv,), write

51l = | [ )P ara(o) W.

If p = 0o, we denote h*>° the set of all bounded harmonic functions in B. It is a subset
of harmonic Bloch space B, which consists of all harmonic function f on B such that

| f|lz =sup (1 = |z|*) |V f(z)| < <.
z€B
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To study the weighted harmonic Bergman spaces in the unit ball, Coifman and
Rochberg [4] constructed the continuous projection P, of LP(B,dv,) onto h? for p €
(1,00) and o € N. (For the case of a € (—1,00) or more general weights, we refer to
see [5] and [3].) As a consequence, the following duality can be obtained (see [3] for
example):
hP* = hd

(0%

for p € (1,00) and ¢ = p/(p — 1), under the paring
< f,g>= /f dl/a (x), feht, gehl.

By extending the result of Coifman and Rochberg to the case of p = 1, Djrbashian
and Shamoian [5] proved that hl" = B; see also [13].

The purpose of this paper is to consider the remaining cases, namely identifying
the dual spaces of h2 when p € (0,1) and o € (—1,0).

Let 0 < p<1land —1 < a < co. The space LP(B, dv,,) is a quasi-Banach space;
i.e. it is a complete metric space with the metric d(f,g) = |[f — g]|} ., satisfying the
properties d(f, g) = d(f—g,0) and d(\f,0) = |A|Pd(f,0) for A € C. The Bergman space
h? is closed in LP(B,dv,). Let h2* denote the space of all bounded linear functionals
on h2. Then hE* is a Banach space with the norm

1F[] = sup{[F(f)] : |[f]lp. <1}

Our main result is the following theorem.

Theorem A

Suppose 0 < p <1 and —1 < a < co. Then
hP* =B
under the integral paring

< f,g>= lim f(m) g(@)(1 — |z[?) "t /pgy

r—1-—

where f € h?, and g € B.

We refer to [14] and [4] for the version of holomorphic Bergman spaces.

To prove the main result, we need to establish some basic results in the theory of
weighted harmonic Bergman spaces and harmonic Bloch space in the unit ball. These
will be included in Sections 2-5.
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2. Bergman projections

In this section, we show that Bloch space appears as the image of the bounded functions
under the weighted Bergman projections, which extends the result of Stroethoff [13]
in the unweighted case.

We shall be using the following notation: for z,y € B, we will write in polar
coordinates by = = |z|z’ and y = |y|y’.

We denote by P(z,y’) the Poisson kernel in B. It is known that

1 — o ly?
Play) = e =y
= S Y YY), zeB, y e B,
m,j

where Y™ is real function and {ij}j is the real orthogonal basis on 0B of spherical
harmonics of degree k (see [2]). Any harmonic function on B can be represented as

£(2) = 3 fong oY), 21)

where f,,, ; € C and the convergence is uniform on compacts in B.
For —2 < 8 < 0o and z,y € B, we define the weighted Bergman kernels

@l = X P D gy, 22)

m?j

Note that

Q5($7y):Qﬂ(y7x)a Qﬁ(xay):Qﬂ(yvx)'

When g = —1, we know that Q_1(x,y) = P(x,y). When § = 0, we denote Q(z,y) =
Qo(x,y) and it is known in [2] that

(n —4)|z|*|y|* + 8z -y — 2n — 4)|z|?|y|* + n

Q(l’7y) = 2Hy|$ _y/‘n+2 (23)

But in general Qg(z,y) has no explicit formula in closed form.
For —1 < 3 < 0o, we consider the corresponding integral operators, so called the
weighted Bergman projections,

Pof(x) = Cp / Qp(z, ) F(y)dvs(y).

where Cg = m

Theorem 2.1 ([4], [5])

Suppose 1 < p < 00, =1 < a < oo and 3> (14+«)/p—1. Then Pg is a continuous
projection from LP (B, dv,) onto hE,.
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Theorem 2.2
For any 8 € (—1,00), Py is bounded from L>(B) onto B.

Proof. The boundedness of Pg from L>(B) to B is given by Theorems 7.6 and 7.5 in [5].
In particular P3L>°(B) C B. When 8 = 0, Stroethoff [13] proved that B C PyL*>(B).
We shall show that B C P3L>(B) for any 8 € (—1, 00).

To prove this we use Green’s formula in the form

ov ou
/B(UA’U —vAu)dV = /BIB <u8_n — va—n> das,

where dV denotes the Lebesgue volume measure on B, dS denotes the surface-area
measure on 0B, and 9/0n stands for differentiation with respect to the outward unit
normal.

Assume u,v € h*°. Since §+ 2 > 1, by Green’s formula we have

[ o)A = Py uty)dy = o
B
By the direct computation

A((L =y 2uly)) = =48+ 2)(1 = [y)?[(1 = [y[*) Reuly) — (B + u(y)],

where Ry = R+ s, s = f+1+n/2, I is the identity operator, and Ru(y) = Vu(y) -y
is the radial derivative. Consequently,

/B v(@)[(1 — |52 Rauy) — (8 + Dyu(y)]dvs(y) = 0.
Now taking v(y) = Qg(z,y) for fixed x € B we get

Ps[(1 — |2z]?) Reu(z) — (6 + 1)u(z)] = 0.

Namely,
= L — |z|>)Rsu(x T U o
we) =Py | g (- lePIRa@)| . weB wens ()

Since |Ru(x)| < |Vu(x)|, we find that 6 (1 — |z*) Rsu(z) is bounded in B for any
u € h*. This proves h™ C PgL>(B), Wh1ch yields the result B C PgL*°(B) by
applying the same approach as in the case of 5 = 0 ([13, p. 59]). More precisely,
let v € B and apply (2.4) to its dilates u,, defined by u,(x) = u(rz). Note that
Rsu = su+ Ru and (Rsu), = Rsu,, as pointed in [13],

(1 = [2[*) Rsup(2) — (1 = [2|*) Rou(z)

in L?(B, dv,) as r — 1. In fact, we consider the integral

/| o) Raure) — (1 — o) Ro(w) [ dva(a)
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and split the integral into two parts: 6B and B\éB. Since (1—|z|?)Rsu(z) € L*(B, dv,,),
we can make the integral over B \ 6B arbitrary small by choosing 6 close enough
to 1. Once ¢ is fixed, the integral over 6B clearly approaches 0 as r — 17. Take
a € (=1,—1+p(B +1)). By the boundedness of Pg on L?(B,dv,) and the fact that
u, — u, we see that (2.4) holds for any u € B. This completes the proof. O

3. Fractional derivatives

In order to identify the dual space of h when 0 < p < 1, we need to introduce a
certain type of fractional differentiation and integration.

Let h(B) denote the space of all harmonic functions in B and equip h(B) with the
topology of uniform convergence on compact subsets. Thus, a linear operator T on
h(B) is continuous if and only if T'f,, — T'f uniformly on compact subsets whenever
fn — f uniformly on compact subsets.

Lemma 3.1

For every 3 € (—1,00), there exists a unique continuous linear operator D’ on
h(B) such that

DY[Q(z,y)] = Qs(x,y), =z, y€B.
Proof. Recall that

Qute) = 3 O

| [y ™Y ()Y ()

and

Q) = 50 S Y )

)

If we define on monomials by

(B+1+m+n/2)
M1+ m+n/2)

DB (Je |y (a)) = = 2™V (') (3.1)

for all m and j, and extend D” linearly to the whole space h(B), then the resulting op-
erator D? has the desired properties. The uniqueness follows from the series expansion
of harmonic functions. This completes the proof. [J

It is easy to see that the operator D” can also be represented by

DPf(x) = lm > / Qs(x.y)f(ry)dy,  z€B.
B

In fact, this can be verified on monomials and so that on any harmonic functions by
applying the polar coordinates formula in integration:

[ f@e=n [ Lt [ rmdstnyar
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where do is the normalized surface measure on 0B. In particular, the limit above
always exists. If f € h°°, then

D f@) = = [ Qotan) fu)ay

Lemma 3.2

For every 3 € (—1,00), the operator D” is invertible on h(B).

Proof. We define an operator Dz on monomials by

Dy (™Y (0") = el )

and extend Dg linearly to the whole space h(B). Then the operator Dg is continuous
linear operator on h(B), and it is the inverse of D%. O]

When 3 > 0, the operator D” and Dg can be considered as a fractional derivative

and integral of order (8 respectively.

Lemma 3.3

Suppose —1 < 8 < oo and f, g are bounded harmonic functions in B. Then
_ 1 __
z)g(x)de = ———— | DPf(z)g(x)(1 — |z|?)’dz.
[ f@@s = s [ DM @@ - laP)

Proof. The desired identity follows from the integral form of D?, the reproducing
property of Pg, and Fubini’s theorem. [

4. Estimate of Bergman kernels

In this section, we present the estimates on the gradient of fractional derivative of
weighted Bergman kernels. These improve and extend the corresponding results in [5]
and [10].

Theorem 4.1

Let —1 < a, B < o0. There exists a positive constant C' such that for any x,y € B

(i) |D2Qu(z,y)| < C|lylz — y/|~ "o,
(i) |VaDBQao(z,y)| < C|lylz — /|~ T,

To prove this theorem, we need some lemmas.
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Lemma 4.2

Let 0 < 6 < A. Then, for any points x and y in B,

/‘1(1—15)5--1 & 1
o ltlyle —y'* 7 6(A=0) [lyle —y'}°
Proof. Note that for any t € [0,1] and z,y € B
lyle —y'| < 2ltlyle — /|- (4.1)
Indeed, from the triangle inequality we have

ltlyle —y'| = 1—t,
ltlyle =1 = [lylz —y'[ = (1 = 1), (4.2)
so that summing them up to yield (4.1).

If ||ylx —y'| > 1, then from (4.1) we have |t|y|x —y’| > 1/2. Combining this with
the inequality ||y|z — y'| < 2, we have

1 (1 _ t)6_1 2)\ 22)\—6 1
Tt < — < s
o [tlylz — '] 6 6 lylz —v|

Now assume ||y|x — 3| < 1 and denote r = 1 — ||y|z — ¢/|, then 0 < r < 1 and
1—r=|ly|lz —y'|. From (4.1) and (4.2) we have

L—rt=1—t+t|ylr —y'| < 3ltlylz —y'|.

As a result

1o _ 6t 11 _ 61
/ &dt < 3>\/ &dt
0 0

tlylz —y'|* (1—tr)*
A 1
< A
S S L
1

<Ci——5—-
Iyl —y'|*=°
This completes the proof. [J
Let F' be the hypergeometric function (see [6], [12]):

F(a,b;c;s) = i Msk

for a, b, c € R and ¢ neither zero nor a negative integer, where the Pochhammer symbol
(a)o=1and (a)y =ala+1)---(a+k—1), k € N. We need some known properties of
hypergeometric functions:


Javi
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(i) Bateman’s integral formula

M ' c—1 _ p\p—1 a. b ts
TG | e et (43)

with ¢, > 0 and s € (—1,1).
(ii) For any integer m ([12, p. 69])

F(a,b;c+ p;s) =

F(—m,b;c;1) =

(D" +a—c)m
(©)m

The following identity furnishes the hypergeometric function with an integral re-
presentation; see [11, p. 40] for the special case.

F(—=m,a+m;c;1) = (4.4)

Lemma 4.3
Lett>1, \é Randr € (—1,1), then

(] — 2)t=3)/2 =1yp(L
(1—wu?) I'(5Hr(3) tt o,
du = FMA+1—25202). 45
/1 (1 —2ru+ 22" (%) AT (45)

Proof. Let C)\,(u) be the Gegenbauer polynomials. They can be defined by the gener-
ating function

1=2ru+r) =)0 (4.6)
m=0
where
(Nm
m)!

(i\r)b'm2uF(—m,m+)\+ 1;3/2;u?). (4.7)

Cop(u) = (1) =2 F(=mym+ A 1/25u%),

s () = (~1)™

To calculate the integral in (4.5), we apply (4.6) and (4.7). Then we deduce that it is
only needed to evaluate the integral

1
/ (1 —u®)ED2E(—m,m+ X;1/2;u?)du
-1
or rather, an integral over the interval (0,1) by the simple change of variables t = u?.
For this integral, we first use Bateman’s integral formula (4.3) with s = 1 then apply
(4.4), so that it can be represented by Pochhammer symbols. What comes out of the
calculation of the integral in (4.5) then turns out to be a series which by the definition

is a hypergeometric function as desired. [

Lemma 4.4
Let a > —1 and 8 € R. Then for any x € B
(1= [22)5, 8>0,

— [y?) 1
log ——— =0
/ |\as|y—:cf|n+a+ﬁ WrAleTTE A0
1, 8 <0.

The notion a(x) ~ b(z) means the ratio a(x)/b(z) has a positive finite limit as
|z| — 1.
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Proof. Denote the above integral by J, g(z). From Stirling’s formula we need only
to show

Ja,p(x) =

F(%+1)F(a+1)F<n+a+ﬁ 2+0¢—|—ﬁ

1 2
T(a+2+1) 2 2 + * |93!>

For any continuous function f of one variable and any n € dB, we have the formula
(see [2, p. 216])

o) = — L&) [ ez
| H(< G >)i0(0) = gty [ (0w

where the symbol < (,n > stands for the inner product in R™. Taking f(u) = (1 —
2ru + r2)~(+tetB)/2 for fixed r € (0,1) and combining with Lemma 4.3 we have

_ 2\~ (n-+a+B)/2 I'(3) ! (1 — u2) (=372
/%(1 2r < ¢, > 4r?) " Ede(() = NE=E )/ (1—2ru+r2)(n+a+ﬁ>/2d“

+a+pB 24a+08 n ,
—F .
< 2 2 2"

Consequently, from the polar coordinates formula we get

1
Ja,p(t) = n/ - / (1= 2rlz| <a',n > +r2a]?)~ (et 2dg(()
oB

2
—C’/ F(n—l—a—i—ﬁ’ —i—a—i—ﬁ’n 2|a:|2>dr
2 2 2’

The assertion now follows from Bateman’s integral formula (4.3). O

Proof of Theorem 4.1 We first consider the case § = 0 and a = k € {0} UN. Since

Qa(z,y) = Qu(lylz,y’), we may assume y € IB.
Fix ¢y’ € OB and denote r = |z|. We have the induced formula

0
N —
Qry1(r,y") = < I (k‘i‘ 1+ )) Qr(z,y)
and the formula 5
Z - vak—i—l(xv y/) = TEQK+1(:E’ y,)
Recall that Q_1(x,y) = P(x,y) is the Poisson kernel. Starting from P(x,y), by
induction on k € {—1,0} UN we find
0 / 11— (n+k+1)
|§Qk($,y)|ﬁc|x—y’ )

Q)| < Cla — o/ |~ P,
|V2Qrt1(x, y')’ < COlx — y/’—(n—l-k—l-l).
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It means |Qr(,y)| < Cllylz —y'|~"* and |VoQusr (2, y)| < Cllylz — 3/ |7+
for k € {0} UN.
For non-integer «, denote k = [a] + 1. By definition we have

92 1
Qa(x; y) — m/{] tn+2a+l(1 _ tz)k_a_le(tx,ty)dt

and

2 1
VeQaol(z,y) = / trt2etl(q _g2kmemly Qp(te, ty)dt.

'k —a) J
The desired results follow from Lemma 4.2 and the estimates on @ and VQy.

In the above, we use induction and start from P(z,y) to obtain the estimates
of Qu(z,y) and V,Qns(x,y). In the similar way, we can use induction and start from
Qa(z,y) for given « to obtain the estimate on Rg(z,y) = D2Qu(x,y) and V. Rg(z,y).
In fact, all the formulas above remain true if Q (x,y) is replaced by the corresponding
Rg(z,y). This completes the proof. O

5. An inequality

The following lemma will be needed in the proof of the main result. It is essentially
due to Fefferman and Stein [7].

Lemma 5.1

For every 0 < p < 1 and —1 < o < o0, there exists a positive constant C' such
that

/IB f@)|(1 = )7+ P dz < O lp.a

for all f € hE.

To prove this result, we need to establish the subharmonic behavior of |f|” on
Moébius invariant metric balls for any harmonic function f.
For any y,w € R", it is easy to verify

lylw — (1 = Jw[*)y'| = |Jwly — (1 = [w]*)w'],
so that
ly[Pw — (1 = [w|*)y| = [yll[w]y — (1 = w]*)w’]. (5.1)

For any a € B, denote by ¢, the Mobius transformation in B. It is an involution
automorphism of B such that ¢,(0) = a and ¢, (a) = 0, which is of the form (see [1])

|z —afa— (1 —|af*)(x —a)
a = 5 , X € B. 5.2
¥ (ZE) Hx\a—x/\z a,x ( )
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From (5.1) we have

a = = . 5-3
2= e = = Tafa— ] )
By (5.2), a simple calculation yields
|z| 2
) —al = —E (1~ jap?). 5.4
fealo) —al = 1~ fap) (5.0

For any a € B and 6 € (0,1), we denote

E(a,6) ={z € B: |p.(x)| < 6},
B(a,6) ={z €B: |z —a|] < 6}.

Clearly, E(a, ) = vq(B(0,9)).
Lemma 5.2
Let z,w € B and y € E(w, ). Then

1-6 146
gllale — o) < llaly — 2'| < 1

|z|w — 2’|

Proof. From (5.3) we have |¢ ,(w)| = |¢w(y)|, so that y € E(w,d) is equivalent to
w € E(y,6). By the symmetricity, we need only to prove the right inequality. Since
l|zly — 2’| <||z|(y — w)| + ||z|]w — 2’|, it is enough to show

[lz]w — ]

for any y S Ew(’l,U7 (S)

Denote n = ¢ (y), then y = ¢u(n) and |n| < 6. From (5.4) and the simple
inequality 1 — |w| < ||z|w — 2'|, we get

5 ) 5 ,
_ — _ <~ (1— < _
ly —wl = leow(n) —wl < 71 = w) < ;—2lelw - 27,

as desired. (I

Lemma 5.3
Let 6 € (0,1) and a € B, then

B (a, g(l - |ay2)> C E(a,6) C B (a, %(1 - |ay2)> : (5.5)

Proof. If z € B(a, £(1 — |al?)), then from (5.3)

|pa(@)] =
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If z € E(a,0), then from (5.4)

0

o~ a] = [pa(pa(e)) — o] = 1221 oz < 2

Talva(@) -] (1= lal).

This completes the proof. [1

Denote
dr(w) = (1 = [w|*) " dw,

which is a M&bius invariant measure on B; see [1]. It is easy to see

6
(B0, 6)) = 7(B(0,8)) = n/o (1 — 2) "y,

Lemma 5.4

Let p € (0,00) and 6 € (0,1). Then there exists a positive constant C' such that
for any harmonic function f in B

[f(@)F <C [f(w)[Pdr(w), — zeB. (5.6)
E(x,6)

Proof. In Lemma 5.2, we take x = y and = = w respectively, then get
CH1—|w) <1—[y? <CA~w), ye Bwbd) (5.7)

Assume f is harmonic in B. Then |f|? has subharmonic behavior by the result of
Fefferman and Stein [7]:

F@)P < Crm / flPd,

B(z,r)

whenever r < 1 — |z|, where C' is a constant depending only on p and n. This yields
(5.6) by taking r = £(1 — |z|?) and then applying Lemma 5.3 and (5.7). O

Proof of Lemma 5.1 Assume f € h¥,. From Lemma 5.4

[f(@)|P <C |f (w)[Pdr(w).
E(z,6)

Since (1 — |y|?) ~ (1 — |z|?) for y € E(z,8), we can find a positive constant C' such
that
(@) < C(L—J2*) TP f][q

for all f € hZ. For 0 < p < 1, we can write

|[f(@)] = [f@)P|f ()7
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and use the above inequality to estimate the second factor. Now integrate both sides
with respect to dvg with f = —n + (n + «)/p and apply Fubini’s theorem to yield the
desired inequality. [J

6. Proof of main result

With all the preparations above, now we can give the proof of the main result. Our
proof also suits to the case p = 1, with approach different from [5] and [13].

Theorem 6.1
Suppose 0 < p <1, -1 <a < oo and = —n+ (n+ «)/p. Then h2* = B under
the integral paring

< f,g>= hI{l f(ra)g(z)dvg(z), feht, gebB.
r—1= Jp

Proof. Assume F € h2*. Let f € h? and denote f.(z) = f(rz). It is easy to see
II1f = frllpa — O as r—17,

so that
F(f) = tim F(f,).

r—1-

Fix r € (0,1). By Theorem 2.1 we can write

fle) = Bfo@) = 2 [ £ 0)Q )y, aeB.

We claim that 5
Pt = = | WP

where on the right hand side we think of F' as acting with respect to the running
variable x.

In fact, the interchange of the functional F' and the integral can be justified as
follows. Since f, can be uniformly approximated by polynomials as in (2.1), it suffices
to assume that f,. is a monomial in (2.1). Then we consider the integral on a slightly
smaller ball sB with s € (0,1). Under these circumstances, the series expansion of
the kernel function inside F' given in (2.2) easily produces the desired equality. More
precisely, let f.(x) = |z|™Y;/" ('), and fix s € (0,1). Let y € sB, then Q(-,y) is
bounded harmonic in B by (2.3) or Theorem 4.1, such that

| 5 0FPQ@ds= [ L@F | S+ /2l Y | dy
sB sB k,j

-/ D (k4 n/DF (2l Y @)Y ()Y () )+ dy.
S k_]
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By the dominated convergence theorem, we can interchange the sum and the integral
above, since the series of the integrand above converges absolutely and uniformly in
B x sB, which follows directly from

Y ()l < CRU=D2 - ([2));
|[F(ja*Y ()] < ClIF|[kR¢ 272, (6.1)

Consequently, applying the polar coordinates formula in integration and the fact that
{YJ’“} is orthogonal, then letting s — 1~ we get

| 5P Qdy = P [ (k4 nf2)Y 0V W)l dy = S (),
B B

which proves the claim.
Fix x € B and denote

h(y):m y € B.

By the series expansion of @ in (2.2), h is a bounded harmonic function in B. From
Lemma 3.3

== [ ks = g [ 5 DR,

Let g = DPh with 8= —n+ (n+ «)/p, then

nF(ﬁ+1)

F(f) = lim fr( )9(y)dvs(y)

r—1-

for every f € h2.
It remains to show that g € B. For simplicity we rewrite ¢ = DPh by omitting
the constant factor. Then

We claim that
9(y) = F(DJQ(z,y)),

and 5 5
—g(y)=F <—D5Q> :
Ay, ) dy; "
Indeed, the interchange of functional F’ and fractional or ordinary differentiation should

be verified. This can be proved similarly as above, namely using the series expansions
of kernel functions @, D?Q and %Dﬁ Q. Notice that the action of D? on monomials

is given by (3.1), and the action of a%j on monomials Y, can be represented as the

linear combination of Ylm_l.
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From the claim,

o) = [P0 )5

(1—1yl?)

D5@Q)| = ¥l
where 5
uy(z) = (1= [y*) 5- DﬁQ(w y).
Since Q(z,y) = Q(y, z), by Theorem 4.1 we have

1— |y
ylz — y'|n+A+L

uy ()] < C

It follows from Lemma 4.4 that
||uy||p7a <C.

Therefore

(1—1yl?)

This implies (1 — [y|?)|Vg(y)| < CIIF|I.
Conversely, assume g € B. We now show that the formula

0
Tg(y)’ = |Fluy]| < |IFI| ||uy|lp.o < ClIFI.
Yj

F(p =t [ f@a@ (- lef) e, e,
defines a bounded linear functional in k2, where = —n + (n + a)/p.

By Theorem 2.2, there exists a function ¢ € L (B), such that

9(z) = Pgp(x Cﬁ/Qﬁ z,y)p(y)dvs(y), r € B.

Using Fubini’s theorem and the reproducing property of Pg, we easily obtain

/B Jr(@)g@) (1~ J2f2) d = / )o@ (1 — [y?)

By Lemma 5.1, we have

/f o o) dr,  fen,

and

LAl < Cllgllz<[f]lpa- O
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