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ABSTRACT

A transference theorem for convolution operators is proved for certain families of
one-dimensional hypergroups.

1. Introduction

The results in this paper are a natural extension to those in [5]. In that paper, a
transference-type theorem for convolution operators was presented in the setting of
developments in ultraspherical polynomials. Before going further we should explain
what we mean by “transference-type theorem”. The method of transference was in-
troduced by Coifman and Weiss in the Seventies (see [2]) and essentially allows to
transfer a convolution operator on an LP space of functions on an amenable group G
to an operator on an LP space of functions on some measure space M, by means of a
representation of G acting on LP(M). If the convolution operator on LP(G) has norm
N,, then the “transferred” operator on LP(M) has norm bounded by ¢N,,, where ¢ is a
constant that depends on the representation. In our case we do not have a group nor a
representation, but we can still obtain the same kind of preservation of L? inequalities
as long as we deal with certain families of hypergroups.

A hypergroup (see [1], [8] or [11]) is a locally compact Hausdorff space X with a
certain convolution structure % on the space of complex Radon measures on X, M (X).
Let 0, be the Dirac measure at a point x € X. Then the convolution é, * 6, of the two
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point measures ¢, and ¢, is a probability Radon measure on X with compact support
and such that (z, y) — supp (6, * &) is a continuous mapping from X x X into the
space of compact subsets of X, with the appropriate topologies which will be described
later. Unlike the case of groups, this convolution is not necessarily the point measure
0z.y for a composition = -y in X. The role played by the natural left translation of
a function f by z, in the group case, is assumed by the generalized (left) translation,
defined on a hypergroup by

T, f(y) = /X F() (8, #6,)(2),

for all y € X. Here, we denote by [ f du the integral of the function f with respect to
the measure p. For a commutative hypergroup (i.e. 65 * 6, = 6, * ¢, for all z, y € X)
the convolution of two functions k and f is given by

kx f(z) = /X k()T f () dn(y)

where 7 is a translation-invariant measure, called Haar measure of the hypergroup. All
these notions will be explained in full detail in the next section.

This convolution has many of the “nice” properties that one may expect. Among
others, if k € LY(X, n) and f € LP(X, n), then

1B fllp < KA1l (L.1)

It is therefore natural to study convolution operators of the type
Sk: LP(X,n) — LP(X, 1)
f — kxf
since, by inequality (1.1), Sg is bounded with operator norm less than or equal to
II£||1- In many situations, we deal with families of hypergroups defined on the same
space X, indexed by a parameter A > \g, each of them having Haar measure dny(z) =
(g(x)) dno(z) for some positive function g on X. It is obvious that, if &k € L' (X, 1))
and if we define the function h on X by h(z) = k(x)(g(z))°, for some 6 > 0, then
h € LY(X, nxr_s), and the two L' norms coincide. Inequality (1.1), then, suggests that
the two convolution operators S on LP(X, 7)) and S, on LP(X, na_s) are strictly
related to each other. More precisely, we will show that the operator norm of Sk,
ISk ||, is bounded above by the norm ||S, || in many significant examples, namely when
the family of hypergroups is one of the following:
1. Continuous Jacobi polynomial hypergroups of index (A, A), A > —1/2.
Continuous Jacobi polynomial hypergroups of index (X, ), A > 5 > —1/2.

Bessel-Kingman hypergroups.
Jacobi hypergroups of non-compact type of index (A, A), A > —1/2.
Jacobi hypergroups of non-compact type of index (A, 3), A > 5> —1/2.
All these hypergroups will be described in Section 3. The first case is precisely
the one we mentioned at the beginning (ultraspherical polynomials), while the third
case was in part discussed by R. O. Gandulfo in his Ph.D. thesis (see [4].)

The main result is stated in Section 4 (Theorem 4.6) in a general way, while all
the subsequent corollaries describe how the theorem applies to each particular case.
In Section 5 we prove all the lemmas that lead to Theorem 4.6.

G
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2. Hermitian hypergroups, definitions and properties

Let X be a locally compact Hausdorff space. Denote by M (X) the complex Radon
measures on X, by M1 (X) the complex Radon measures which are non-negative, and
by Mj(X) the probability Radon measures. Denote by C(X) the continuous complex-
valued functions on X, by C.(X) those with compact support, by Co(X) those which are
zero at infinity and by C(X) those which are non-negative and compactly supported.

Define the cone topology on M+ (X) as the weakest topology such that, for each
f € CH(X), the mapping pu — [y fdpu is continuous and such that the mapping p —
u(X) is continuous. From now on, any unspecified topology on M™*(X) is the cone
topology.

Let (i, v) — p+*v be a bilinear map from M (X) x M(X) to M (X). This mapping
will be called positive continuous if

1. pxv>0,if g >0and v >0.
2. The restricted mapping from M T (X) x M (X) to M+ (X) is continuous.

Let (X)) denote the collection of all nonvoid compact subsets of X. If A and
B are subsets of X, let K4(B) be the collection of all C' in (X)) such that C N A
is nonvoid and C' C B. We give K(X) the topology generated by the subbasis of all
Ky (V) for which U and V' are open subsets of X (see [9].) It is worth noting (see
[10]) that, if X is a metric space with distance d, the above defined topology of K(X)
coincides with the more intuitive Hausdorff topology, given by the Hausdorff metric:
for A € K(X) and r > 0, define

Vi(A) ={y:d(z, y) <r for some z € A}
and, for A, B € K(X), define the Hausdorff distance by

d(A, By =inf{r: AC V,(B) and B C V,(4)}.

DEFINITION 2.1. The pair (X, *) will be called a hypergroup if the following conditions
are satisfied.

H1. The symbol * denotes a binary operation on M (X), and with this operation,
M (X) is a complex associative algebra.

H2. The bilinear mapping (i, v) — p * v is positive-continuous.

H3. If z, y € X, then 6, * ¢, is a probability measure with compact support.

H4. The map (z, y) — supp(é; * 6,) from X x X to K(X) is continuous.

H5. There exists a (necessarily unique) element e of X such that 8, * 6, = 6. * 6, = 6,
for all x € X.

H6. There exists a (necessarily unique) involution z — z~ of X (that is, a home-
omorphism of X such that (x7)~ = =z) such that, for all u,v € M(X),
(u*xv)” =v~ % u~, where p~ (A) def u(A™) for all measurable A C X.

H7. For all z, y € X, the element e is in the support of ¢, * é, if and only if x =y~

A hypergroup (X, x) is called commutative if (M(X), +, *) is a commutative al-
gebra, and hermitian if the involution is the identity map. It is easy to prove that
every hermitian hypergroup is commutative.
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EXAMPLES: (a) Every locally compact group G is a hypergroup with its usual con-

volution structure. More precisely, 6, * 6, = 6,.4, e is the unit of the group, and
_def _q
= x .

(b) If G is a locally compact group and H is a compact subgroup with normalized
Haar measure wy, then the space of double cosets H\G/H = def {HzH,z € G} is a

hypergroup. The convolution is given, for point measures, by
OHeH * OHyH = / OHztyrdwr (1),
H

the identity is HeH and the involution is (HzH)~™ = Hx~'H.

All the hypergroups we consider in this paper will be intervals of the real line,
either compact ([0, 7]) or non-compact ([0, oo]). It is a fact (see [1], page 190) that
these hypergroups are hermitian, that the neutral element of [0, o) is 0 and that the
neutral element of [0, 7] is either 0 or 7. For this reason, in the following definitions
and properties, we will assume that the hypergroup (X, *) be hermitian.

DEFINITION 2.2. Let n be a positive Radon measure on X. We say that n is a Haar
measure if, for all x € X and for all f € C.(X), we have

//fd(S*(Sdn /f ) dn(y

This definition is more easily understood once we notice that [, f d(6, *6,) is the
generalization of the notion of translation of a function f(z -y) that one has in the
group case (see Definition 2.4.)

Theorem 2.3 (see [1], pages 28-41)

Every commutative hypergroup possesses a Haar measure 7, which is unique mod-
ulo a positive multiplicative constant and has support equal to the whole space X. Only
compact hypergroups admit bounded Haar measure 7.

DEFINITION 2.4. We define the generalized translation operators T, z € X, on C(X)

by
:/ Fd(6, +8,)
X
for all y € X.

The following proposition provides an overview of the basic properties of the
translation operators. Some of them are easy consequences of the axioms H1-HT7,
others are rather technical and we will refer the reader to appropriate references.

Proposition 2.5

(i) Forall p, v € M(X), we have pxv = [ [ (6,%6y) du(x) dv(y), where the integral
is taken in the Pettis sense.
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(ii) For all z, y, z € X and f € C(X) we have

Tef(z) = f(x)
T.f(y) = Ty f(x)
T:z:Tyf(z) = TyT:ztf(z)'

(iii) For all bounded f € C(X), the mapping (x, y) — T, f(y) is continuous on X x X.
(iv) If f € C.(X), then for allz € X, T, f € C.(X).

(v) Forallz,ye X, T,(1)(y) = 1.

(vi) Let 1 <p<oo. Forallz € X, f € C(X)NLP(X, n), we have

1Tz fllp < (1715

(Notice that the density of C.(X) in LP(X, n), 1 < p < oo, and the above property
allow us to extend the definition of translation operator to the spaces LP(X, n).)
(vii) For f € LP(X, n), 1 < p < oo, the mapping x +— T, f is continuous from X into
L*(X, n).
(viii) For all g, h € L*(X, ) and for all x € X, we have [ (Tpg)hdn = [, g(T h)dn.

Proof. (i) The two bilinear maps R; and Ry from M+ (X) x M (X) to M+ (X) given

by Ri(p, v) = pxv and Rao(p, v) = [y [ (6z % 6,) du(zx) dv(y) are positive continuous

and coincide when g and v are point measures. By the density in M (X) of the

finitely supported measures, R and Ry coincide on M (X), and therefore on M (X).
(ii) The first two equalities are trivial; for the third, observe that, using (i),

ToTyf(2) = (O % (02 % 62), f) = (0x % (0y % 62), f) = T, T f(2).

(iii) This follows from the continuity of the map = +— ¢, and axiom H2.

(iv) Continuity follows again from the continuity of the map x — 6, and axiom H2.
As for the compactness of the support, see [1], page 19. In all our examples, though,
X = [0, 27] (and the support of T, f is obviously compact), or X = [0, 00); in this case
the support of ¢, * 6, is always [|z — y|,  + y|, and this implies that T, f is compactly
supported.

(v) This is trivial.

(vi) This follows from the definition of Haar measure and the inequality

T f ()] < T (1F1P) (),

implied by Jensen’s inequality.

(vii) This is a standard “c/3 argument”. One has to approximate f in LP with a
function g € C.(X)

(viii) This is rather technical. See [1], page 34. J

DEFINITION 2.6. For g and h in L'(X, n), the convolution of g and h is given by

g+ h(z) = /X Tog(y)h(y) dn(y) = /X 9(y)Toh(y) dn(y).
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Proposition 2.7

Let 1 <p<oo. Ifgisin L'(X, n) and h is in LP(X, 1), then the function g * h
belongs to LP(X, n) and we have

lg * 2llp < llgll[IAll-

Proof. This is an easy application of Minkowski’s inequality and Proposition 2.5.
(vi). O

3. Examples of one-dimensional hermitian hypergroups

One-dimensional hypergroups are those for which the space X is R, T, R or a compact
interval [0, a], a > 0. It can be proved that for any hypergroup (X, ) where X is either
R or T, the convolution arises from the group structure of R or T respectively (see [1],
page 189). We are mainly interested in the remaining two cases: X = [0, o) or
X = [0, a] (this second case can always be reduced to the case X = [0, 7]). These, as
we said in the previous section, are hermitian hypergroups.

Before we present the three main examples that will be studied in this chapter, let
us state some preliminary definitions. Recall the Gaussian hypergeometric function

dof x~ (@) (D)k
Fi(abse;z) % S 1R
? 1(a’ 76’ Z) k=0 (C)kk:! z ’

where a, b, c € C, ¢ # 0, =1, =2,..., (a)k def ala+1)...(a+k—1) and |z| < 1.
Considered as a function of z, there is a unique analytic continuation to {z € C: z ¢
[1,00)}. For any a > > —1/2, define the measures m, 5 on [0,1] and m3 on [0, ]
by
1
Ga,p(1 —02)2 A= 120  qy if a > B> —3

dmflx,,e(v) = 1
dby(v) ifa:ﬂz—§
where )
! - 2T (o + 1)
([ a—ﬁ—luwﬂdU) - ,
s = ([ 0-) T3+ (@)
and )
cpsin®’ 0 do if 3 > -5
dm?(0) =
B 8o + 6 1
90 T O 4= =
a("=) 0 s -
where

1

cp = </Owsin2’89d0> = %
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ExAMPLE 3.1: The continuous Jacobi polynomial hypergroup.
This is sometimes referred to as the dual Jacobi polynomial hypergroup. The
Jacobi polynomials are defined by

+ 1—t

where o, 8 > —1, n = 0,1,2,... For fixed a and 3, P%# is a real valued polynomial
of degree n, and {P%#}2°  are orthogonal on the interval [—1,1] with respect to the
weight function (1 —¢)®(1 + t)?. We shall use the normalized Jacobi polynomials

det PpP(t)
PSA(1)

RYP(t)

1-1¢
=,F <—n,n+a+ﬁ+1;a+1;T>,

so that R%A(1) = 1.

In the case a > 3 > —1/2, we are in the fortunate situation in which the Jacobi
polynomials satisfy the so-called hypergroup-type product formula. Define the function
® on [0, 7] x [0, 7] x [0,1] x [—1,1], taking values on [0, 7|, by

1 1
®(x,y,v,cos) 4 arccos (5(1 —v?)(cosx + cosy) + 5(1 + v?) cos x cos y
L 1 2
+ sinxsinyvcosf — 5(1 —v9) |.
The product formula is (see [6] and [7])
™ 1
R*P(cos ) R*P(cosy) = /0 /0 Rf{’ﬂ(cos ®(z,y,v,cos6)) dmaﬁ(v) dmzﬁ(Geta),

where « > > —-1/2,n=1,2,..., z,y € [0, 7]

Note that, if « = 8 = —1/2, R*P are the Tchebichef polynomials of first kind,

that is R, /% /? (cos z) = cos(nx), and the product formula reduces to the well known

formula
cos(nz) cos(ny) = % cos (n(z +y)) + % cos (n(z —y)).

The Riesz representation theorem guarantees the existence of a probability mea-
sure g7 € My([0,]) such that, for every continuous f on [0, ]

™ ™ 1
|t = [ [ 5@ y.0.c0s0)) dim, o) dm o),
0 0 0

so that, taking f = R o cos, we get

R%’ﬁ(cosx)Rﬁ’ﬁ(cosy):/ R>P(cost) dugf(t).
0
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We can now define a convolution product on M ([0, ]) as follows: if v and A belong to
M([0,7]), define v x X\ by its action on f € C([0,7]) by

/Oﬂfd(u*)\) def /07r /07T (/Oﬂfdugf) dv(z) d\(y).

Thus 6, * 6, = ngﬁ

Let us check that ([0, 7], %)q g is a hypergroup. All the axioms H2, H3, H5 and
H6 follow easily from the definition of ug‘f and * (here, the identity of the hypergroup
is 0 and the involution is the identity map, so that, as we said, the hypergroup is
hermitian.) As for axiom H1, all we have to check is the associative property: the
equality

/Wfd((V*A)*v)z/ﬁfd(V*(A*'V))
0 0

is easily verified when f = R% o cos and follows, by density, for any continuous f. In
order to prove that axioms H4 and H7 hold, we need to find out what the support of
,ugf is. Suppose first that a > 3 > —1/2; then supp(,ugf ) coincides with the range of
the function ®(z,y,-,-). Define z = ve’’; as v and 6 vary in their respective domains,
z varies in DT = {|z| < 1, imz > 0}. Also, defining A = /(1 + cosz)(1 + cosy) and

B = /(1 —cosz)(1 —cosy), we get

A+ Bz|? -2
cos [q)(x,y,v,cos 9)] = %

A+Bz|2—2 .
% varies between

If0<z+y < then A > B and, as z varies in DT,

7(’4_?2_2 = cos(z + y) and 7(’4“?2_2
|A4+Bz|?—2
2

= cos(z — y).
If 2 +y > 7, then
Thus supp(ugy) = [l — yl, min(r, z + y)].

Similar arguments show that supp(u$’) equals

varies between —1 and cos(z — y).

1
[|z — y|, min(m, z + y)] if a>p=—=

2

o —yl, 7 —|z+y—nl]] if a:ﬁ>_%

1

{lr—y}U{lr—lz+y—7ll} if a=p=—3

Axioms H4 and H7 follow now easily.
The translation operators are, by definition, given by

T;“ﬁf(y)—/o fd(éx*éy)—/o fdﬂg:?g

™ 1
:/o /0 f(@(x,y,v,COSQ))dm;ﬂ(v)dm%(Q)-
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Finally, it is easy to check that dn, g(z) o (1 —cosz)®(1 4 cosz) sinx dzx is the
Haar measure of the hypergroup: the equality

/ ! TP f(y) dna,gy) = /0 ' f() dna.s(y)

0

is trivially true when f = R%” o cos (follows from the orthogonality of the Jacobi
polynomials) and can be extended by density to the whole C([0, 7]).

Let us analyze in detail the case « = 3 = —1/2. In this case, the translation
operator is

1

Tl,_l/Q’_l/Qf(y) = if(q)(x,y, 1, 1)) + %f((l)(ﬂﬁyu 1, _1))

1
= §f(arccos(cos T cosy + sin x sin y))
1
+ §f(arccos(cos Z cosy — sin z sin y))
1 1
= Qf(\xfy’)Jer(W* lz+y— )

and the convolution is given by

ks flz) = /0 K(y) T2 2 £(y) dy

1

=5 [ Mo =+ 5o+ = 7]

Let K and F be the 27-periodic even functions given on [—7, 7] by K (z) = k(|z|) and
F(z) = f(|z|). We can write the convolution K % F' in the group T

KxF(z)= | K(y)F(z-y)dy
The function K x F' is an even 27-periodic function, and for = € [—m, 7], we have

KxF@) =K« F(la)) = [ K@)F(al - y)dy

-7

O iy
= [ kel )y + / k(y)F (2] — y) dy
- /07r k(y) [F(z] +y) + F(|z] - y)] dy

_/Owk(y)[f(w—\$!+y—7ff)+f(!\x’—y’)] dy = 2k * f(|2]).

Thus, the convolution we just defined on [0, 7] when o« = 3 = —1/2 coincides, modulo
a multiplicative constant, with the convolution on T.
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ExAMPLE 3.2: The Bessel-Kingman hypergroup.
Let X = [0,00) and o > —1/2. Recall that the Bessel function of first kind and
index « is given by

& oy o2t
Jo(T) _;F(k+1)f‘(/~c+a+1) (5) ’

a series converging on the complex plane cut along the ray (—oo,0].
For any A\ € [0, 00), consider the function

() = { 2°T(a + 1) J&%? if Az # 0
1 if Az = 0.

The functions j§(z) are real and satisfy
VA>0, Vx>0, [j¥(z) <L

Moreover, they satisfy the product formula (see [11], page 5)

@5t = [ 53 (Vi = 2eycosd) dm? (o).
0

Note that, for a = —1/2, j/\_l/2(a:) = cos(A\z) and the product formula reduces to

cos(Ax) cos(\y) = % cos (A(z —y)) + % cos (A(z +y)).

Once again by the Riesz representation theorem, for any x,y € [0,00), there exists a
probability measure g , such that, for all f € Co([0, 00))

/ fdusg, :/ f <\/x2 +y2 — 2xycos€> dm?2(0).
0 0

Note that, since the range of /22 +y2 — 2zycosf is [|z — y|,z + y] = supp (g ),
Wy, is compactly supported. We can now define a hypergroup-type convolution on
M ([0, 00)): for any v,y € M([0,00)), define v« by its action on f € Cy([0, 00))

/Ooofd(uw) def /OOO /OOO </Ooofdug7y> dv () dvy(y)

so that 0, x 6, = pg .

We will indicate this hypergroup by ([0, c0), %), or, for reasons that will become
clear later, by ([0,00),%)q,a. Just as in the previous example, we can check that
([0,00), %) is a hypergroup with identity equal to 0 and involution equal to the identity
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map, all the axioms being, at this point, easily verified. The translation operator is,

by definition, given by
/ [ d(65 * 6y) / fdug,

_/ <\/x2+y —2:1;ycos€>dm (0).

0
If « > —1/2, by a change of variable we obtain that for all A > 0, for all z,y > 0 and
for all f € C([0,)),

/ F(2)Wa(z,y,2)2>* T dz

where W, is the function, invariant under any rearrangement of the three variables,
given by
2172ar\(a+1) ((x+y)2_z2)a71/2(22_(z_y)2)a71/2
Wa (xa Y, Z) = \/%F(a—',-%) (zyz)2e

0 otherwise.

iflr—yl<z<z+y

def

2atl dz. Tt is now easy to see that dn,(z) =

In particular, ug  (2) dz = Wo(z,y, 2)z
2?2t dz is a Haar measure:

/oooTaf //f o(@,y, 2) dna(2) da(y)

/ £(2) / 58 W) Wa (2, 2, 9) di(y) o (2)

/f]o )75 (2) dna(z /f ) dna(z

since j§(z) = 1. In the case @« = —1/2, it is easy to check that the Haar measure is
dn_1,2(x) = dz. In this case, the translation operator is given by

_ 1 1
T2 f () = Sf (@ +9) + 5 f (v = y))
and the convolution by
1

b fl@) = 5 [ KOG +0) + 5l = o) dy

Let K and F be the even functions on R given by K(z) = k(|z|) and F(x) = f(|z]).
We can write the convolution (on the group R) of these two functions, obtaining an
even function K % F'. Note that

K F(a) = K F(ol) = [ KG)F(sl =) dy
') 0
- / K F(a| -y dy+ [ k(—y)F (2 — y)dy

— 00

- / " k@) [F (] — ) + Flal + )] dy
_ / TR [l — vl) + £l + )] dy = 206 % £)((a]).
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Thus, the convolution in the Bessel-Kingman hypergroup of index a = —1/2 coincides,
modulo a multiplicative constant, with the convolution on R.

ExXAMPLE 3.3: Jacobi hypergroups of non-compact type.

These are the non-compact analogues of the hypergroups presented in the first
example.

For a > > —1/2, for € C and for ¢ € [1,00), let the Jacobi function RSP (t)
be defined by

1-—t
ORIt <—M7u+a+ﬁ+1;a+1;7>.

Once again we have a hypergroup-type product formula for these functions. Define
the function ® on [0, 00) X [0,00) x [0, 1] x [—1, 1] taking values in [0, 00) by

1 1
O (x,y,v,cosb) o argcosh(§(1 — v%)(cosh x + coshy) + 5(1 + v?) cosh z cosh y

1
+ sinh 2 sinh yv cos § — 5(1 - v2)>.

Note that, if we fix x and y, the range of this function (as a function of v and
cosf), is [[x —y|,z +y]. To see this, call z = ve?; as v and cosf vary in their
respective domains, z varies in D¥. Defining A = y/(coshz + 1)(coshy + 1) and

B = /(coshz — 1)(coshy — 1), we get

A+ Bz|? -2
cosh (@(x,y,v,cos 0)) = %
It is easy to see that, as z varies in DT, % varies between cosh(z — y) and

cosh(z + y).
The product formula is (see [3])

g 1
Rﬁ’ﬂ(cosh a:)Rfj’ﬁ(cosh y) = /0 /0 Rfj’ﬁ(cosh ®(z,y,v,cos0)) dméﬁ(v) dm%(@).

For any z,y € [0,00), by the Riesz representation theorem, there is a probability

measure ug‘f on [0, 00), with support equal to [|z — y|, x + y|, such that, for all f €

Co([0,00))

o) s 1
/ fdug‘f = / / f(<I>(x7y7v7cos 0)) dm}lﬁ(v) dm%(&).
0 0o Jo

We can now define a hypergroup-type convolution on M([0,00)): for any v, A €
M ([0, 00)), define v * X by its action on f € Cy(]0,00))

/Ooofd(u* N /OOO /OOO (/Ooofdug;f) dv(z) dA(y),
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so that 6, x 0, = ,uwvﬁ As usual, this structure makes ([0, 00), %), into a hermitian
hypergroup (all axioms are now easily verified) with identity equal to 0. The translation
operators are, by definition, given by

TP f(y) /fdé*é /fdug‘f
0

:/ / f(q)(a;,y,v,cosG))dmaﬁ(v)dm%(Q).
o Jo

The Haar measure is

dne,p(z) def (coshz — 1)*(coshz + 1)P sinh z dx
= (coshz — 1) P (sinh z)?°*+1 dz.

This is easy to prove in the case a = § = —1/2. Otherwise the proof follows in a
similar way as in Example 2, thanks to the existence (see [3]) of a function W, g(z,y, 2)
invariant under any rearrangement of the variables z,y, z, and such that

T8 f(y) / J()Wa(x,y,2) dia,s(2).

As a final remark, note that if « = f = —1/2, this hypergroup coincides with the
Bessel-Kingman hypergroup of index —1/2. Thus, the convolution between two func-
tions in this hypergroup coincides with the convolution on R of the associated even
functions.

4. A transference theorem

Define the family B o {(, 3) : @« > B > —1/2}. Suppose that (¢/, ') and (o, )
belong to B. We say that (o, 8') > («a, §) if and only if

e >a>p=0p>-1/2, or

e =p>a=0>-1/2.

Let (X, *)o 5 and (X, %), 3 be two hypergroups, both taken from the same family
among those introduced in the previous section and suppose that (o/, 5') > («, 3) (note
that if two Bessel-Kingman hypergroups are considered, then the only possible choice
sa' =0 >a=0>-1/2.)

Recall that, in any possible case, the translation operators are given by

TP f(y) / / (z,y,v,cos)) dmi,ﬁ(v) dm%(@)
for appropriate choices of ® which, we repeat, are

1 1
®(x,y,v,cosf) = arccos (5(1 —v?)(cosz + cosy) + 5(1 + v?) cos x cos y

1
+ sinxsiny v cosf — 5(1 —'1)2))
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for the continuous Jacobi polynomial hypergroup,

®(z,y,v,cos0) = /22 +y2 — 2z cosf
for the Bessel-Kingman hypergroup, and
®(x,y,v,cos6) = argcosh(%(l — v?)(coshx + coshy) + %(1 + v?) cosh x cosh y
+ sinh x sinh yv cos  — %(1 - v2)>

for the Jacobi hypergroup of non-compact type.

DEFINITION 4.1. With the above assumptions, for any ¢ € [0,7/2], define the
(a, B, 1)-pseudo-translation operators by

g 1
T;"ﬁ’wf(y) déf/o /0 f(@(x,y,vsinw,cosﬁ)) dma’ﬁ(v)dm%w)

ifo >a>p=p>-1/2, and

~—

™ 1
120050 = [ [ 5000, cos05im ) dmd o (0)im 0

= / f(®(z,y,1,cosfsin w))dm%(ﬁ)

0

ifo =0 >a=p>-1/2.
The next lemma allows to obtain a translation operator associated to (o, 3") as
an average of (a, (3,1)-pseudo-translation operators.

Lemma 4.2

With the above assumptions, we have

, /2
T8 f(y) = /0 TP § ()0 (1)

for any f € C(X). Here mq o is a probability measure on [0, /2] defined by

~ def . . o — o) —
dMa,o (V) = o ,a(sing)? 1 (cos ) =1 dop,

The proof of this lemma, as well as the proof of the next two, will be given in the
next section.

DEFINITION 4.3. For any f € C.(X) and for any b € X, define the function f, on X

by
def

fb(x) = f(\I/<mvb))
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where
&(x,0,0,1) ifd >a>p=p>-1/2
U(z,b) ¥
O(z,b,1,0) ifa' = >a=p8>—1/2.

The next lemma explains how one can write an L” norm in (X, %), g as an

average of LP norms in (X, %), g.

Lemma 4.4

There exists a positive measure fin,o,3 on an interval I C X such that, for all

feC(X),

a5 = [ 1oV B0
Lemma 4.5

There is a change of variables Q = (Q1,Q2),

Q: X xI— X x[0,7/2]
(a,b) — (z,7)

with Q1(a,b) = ¥(a,b), such that, for any G € L'(X x [0,7/2],10 .50 @ Ma.ar), We
have

/2
/ / G ) s () A (1) = / / G(Q(a,b)) i 5(a) dpter o 5(b)
0 X I1JX

and

a,, a,b «
TGS fly) = T2 fo(y).

We can now state and prove the main result of this paper.

Theorem 4.6
Let k € L*(X,n4 p). Define the function h on X by

ba) = k(o) G (x)

Obviously h € L'(X,n4.5). Suppose that the operator norm of h, as a convolution
operator on LP(X,n,.3),1 < p < 0o, equals Ny(h). Then the operator norm of k, as a
convolution operator on LP(X, 1, ), is bounded above by N, (h).
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Proof. Let f € C.(X). For the sake of clarity, denote by %, s the convolution on
(X, *)qa,p and by LZ,B the space LP(X,7q,3). Then, using Lemma 4.2,

(krar D) = [ KO S s
w/2
= [ k@) [T 0) A (0) it )
X 0
/2
- / h(y) / TP f(y) dinvg,ar (V) dn,s(y).-
X 0

Thus, using Jensen’s inequality and Lemmas 4.4 and 4.5, we get

I s £ = /X

_ /X "
S/ [/"/2 /Xh( VT2 f(y) dnja,p(y)
/ / " / )T () dna s (y)
/ / ‘/ )T5 02 F(y) dita,s(y)

[ h(y)Tgﬂfb@)dna,ﬁ(y)pdna,ma)dua,a/ﬁ(b)

= [0 Pl it 5®) < N [ 1501 o 52
= N 171,

p

/2
/ hy) / TP F(y) dfenor () drio s (4)| ditor ()
X 0

/2

p

RIS F(y) dnja,s(y) difia,a (V)| dnar g (2)

p
dmoe,a’ (17[))1 dna’,ﬁ/ (1‘)
p
dﬁla,a’ (w) dﬁa’ﬁ’ (x)

p

1o, (a) dpt o 5 (D)

By the density of C.(X) in L[, 4, the theorem is proved. [J

The following corollaries show how Theorem 4.6 applies specifically to the various
examples studied in Section 3. The next two corollaries deal with the continuous Jacobi
polynomial hypergroups. Here p is a real number, 1 < p < co and LZ 3 denotes the
space LP([0, 7], (1 — cosz)*(1 + cos )" sin z dx).

Corollary 4.7
Let o/ > ' > —1/2.

(a) Let a € [#',a’). Suppose k € L, 5 and define h(x) = k(z)(1 — cosz)® .
Obviously h € La B Suppose that h, as a convolution operator on LZ,,@/ has

norm N,(h). Then k, as a convolution operator on Li/,g/: has norm bounded
above by N,(h).

def
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(b) Let v € [~1/2,3"). Suppose k € L, 5 and define

h(z) def k(z)(1 — cos ) (1 4 cos z)? ~.

Obviously h € L}La. Suppose that h, as a convolution operator on L%, , has norm
N,(h). Then k, as a convolution operator on Lg,ﬂ/ has norm less than or equal
to Np(h).

Proof. Part (a) coincides with Theorem 4.6, since (o, 3') > («, 5’). As for part (b), ap-
ply Theorem 4.6 twice; first to the case (3, 5') > (a, «), and then to (¢, ") > (5, 7).
]

Corollary 4.8

Let o/ > ' > —1/2, and let k € L}I,ﬁ,. Let H be the 2w-periodic even function
on R, given on [—m, 7| by

H(z)

k(|z)(1 = cos2)® (1 4 cosz)? | sin .
Let N,(H) be the smallest constant such that, for all even functions F' € LP(T),
[ H * F||pory < Np(H)||F|| o (r).-
Then k, as a convolution operator on Lg,ﬁ,, has norm less than or equal to N,(H)/2.
Proof. Apply Corollary 4.7. (b) with a = —1/2, and get

Vo fllge <INy IFIEs,

where h(z) = k(z)(1 — cosz)®* (1 + cosz)? sinz. By the observations at the end of
the presentation of the Jacobi polynomial hypergroups, we see that N,(h) < N,(H)/2,

[ s sran= [

This proves the corollary. [

since

H * F(x)
2

p N.(H p
dmg[ a >] 115

,—1/2'

The next two corollaries deal with the Bessel-Kingman hypergroups. Here we
have 1 < p < oo and LE, will denote LP([0,00), 22 1dx).

Corollary 4.9

Let o/ > o> —1/2, and suppose k € L.,. Define h(z) o k(z)z2@ =) Obviously
h € LY. Ifh, as a convolution operator on L?,, has norm Ny(h), then k, as a convolution
operator on LE,  has norm less than or equal to N,(h).
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Proof. This corollary follows directly from Theorem 4.6, just put 3/ = o and
0=ca U

Corollary 4.10

Let o/ > —1/2 and let k € L Define, on R, the even function H(x) =
k(|z|)|z|** 1. Obviously H € L*(R). Let N,(H) be the smallest constant such that,
for all even functions F' € LP(R),

|H % FIE ) < NG IFIL .

Then k, as a convolution operator on L%, has norm less than or equal to N,(H)/2.

Proof. Apply Corollary 4.9 with @ = —1/2 and then proceed as in the proof of
Corollary 4.8. [

The next two corollaries involve the Jacobi hypergroups of non-compact type.

Here we have 1 < p < oo and L, ; denotes the space L ([0, o0}, (coshz —1)*(coshz +

1)? sinh z dz).

Corollary 4.11
Let o/ > ' > —1/2.

(a) Let a € [#,a'). Suppose k € L}, p and define h(x ) def k(x)(cosha — 1)* ~«.
Obviously h € L} - Suppose that h, as a convolution operator on L o, has
norm Ny(h). Then k, as a convolution operator on LY, 5, has norm bounded
above by Ny(h).

(b) Let a € [—1/2,/"). Suppose k € L}J/,ﬁ' and define

h(zx) et k(z)(coshz — l)a/*a(coshm +1)F e,

Obviously h € Léya. Suppose that h, as a convolution operator on L%, , has norm
Ny(h). Then k, as a convolution operator on Lg,ﬂ/ has norm less than or equal
to Np(h).

Proof. Part (a) coincides with Theorem 4.6, since (o, ') > (a, 8’). As for part (b),
apply Theorem 4.6 twice; first to the case (',5') > (a,«), and then to (¢/,5) >

(8',6). 0

Corollary 4.12
Let o/ > 3 > —1/2, and let k € L}, - Let H be the even function defined on R
by
H(z) & k(|z])(coshz — 1) (coshz + 1)| sinh .

Let N,(H) be the smallest constant such that, for all even functions F' € LP(R),
1H 5 Fl| ey < Np(H)||F| e )-

Then k, as a convolution operator on LY, 5, has norm less than or equal to Ny(H)/2.

Proof. Apply Corollary 4.11. (b) with & = —1/2, and then proceed as in the proof of
Corollary 4.8. I
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5. Proofs of the lemmas

In this section we will prove Lemmas 4.2, 4.4 and 4.5. Let us begin with a technical
lemma.

Lemma 5.1
For any A >0, v >0 and § > 0, we have

A
2 2\Y,26—1,7 _ A2v+26,—1
/0 (A v ) v dv=A Qyy6.6-1-

Proof. By substitution, v = Au, we obtain
A 1
v, 26— ) v, 26— 5 —1
/0 (A2 — 1)2) vy = AP T2 /0 (1 — uz) w2 ldu = AP T2 4yy5-1- U

Proof of Lemma 4.2. The proof of this lemma does not depend on the choice of the
function @, it only depends on the indices (o, 3) and (o, 3); we have therefore five
possible situations.

Case 1. Suppose o > o > = (3 > —1/2. In this case, according to Defini-
tion 4.1, we have

/2
| T ) i (0)
/2 pm pl
:/ / / f(d)(x,y,vsinw,cosﬁ))dmiﬁ(v)dméw)dﬁqa’a/(w)
0 0o Jo ’

w/2 s 1
= qaﬁqa,ﬂ/ / / f((b(x,y,vsinzp,cos 0))(1 —pH)aB1y28+ gy
0 o Jo
dm%(@)(cos )2(e' =) =1 (gjp qp) 2t gy

w/2 pm psing
= Go.890 / / / f(<1>(93, Y, U, COS 9))(sin2 Y — u2)°‘_'6_1u25+1du
0 o Jo
dm3(6)(cos )2 =) =T gin 4 dip

1 ™ 77/2 ’
= o.f90 o / / f(®(z,y,u,cosh)) / (sim2 W — u2)a7671(cos )2le’—a)=1
0 0 arcsin u
sin ¢ dip dmZ(0)u*’ T du.
Notice that the innermost integral equals fo 17u2(1 —u? — t2)°"f8’1t2(0‘,’°‘)’1dt,

which, by Lemma 5.1, equals (1 — uz)a/_ﬁ_lq;/l_ﬁ_lya/_a_l.

Thus, we may conclude that

/2
/0 ToB £ (y) dfig o (1)

1 ™
= aplo'a / / S (®(z,y,u,cos0)) dm3(6)(1 — u?)® A1y 2+ gy,
0o Jo

do'—B—1,0' —a—1

q , q /’ ’ e
- epmee e f(y) = T f(y).
do’'—B—1,0'—a—14a’ .3
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Case 2. Suppose o > a =3 =’ > —1/2. In this case we have
/2
| T @i )
0
/2 pm pl
= / / / f(<I>(:L', Y, vsina, cos 9)) dm(lxﬁ(v) dm%(@) dme o (V)
0 o Jo

/2 pm ,
= [ [ r@Gsin.cos0)dmd 0)dig o (0) = T 1)
where the last equality is obtained by means of the substitution siny = v.

Case 3. Suppose o > a === —1/2. Then
/2
| i e v)

w/2 ’
e [ U@ 1) + (@ sin g, ~1)] (cos ) v

1
= awage [ 5@ 1) + @0, )] (1= 02) o = T ),

Case 4. Let o/ = ' > a = > —1/2. In this case, according to Definition 4.1,
we have

/2
| i ()
/2 pm
:/ / f(@(:p,y,l,cosﬁsinw))dm%(@)drﬁa,a/(w)
0 0

/2 pm
=cg qa’,a/ / f(q)(x,y,l,cosﬁsinqp))(sinO)Qﬁ
0 0
df(cos )@ =) =1 (sin )21 dep.

Changing variables in the innermost integral, namely letting cosfsiny = cost, we
obtain that the last integral equals

/2 77/2—}-1# 512
8 Qo a/ / (z y,l,cost))(sin2w—0082t)
sin ¢ dt(cos 1) 2@ =) =1 gin 4 dyp
T /2
=340 /0 f(®(z,y,1,cost)) sint/ o tl(sin2 Y — cos?t)P~1/2

(cos1))2(' =) =L gin o dap dt

- blnt
= ¢y qa/,a/ f(<I>(x y,l,cost smt sm t—u )ﬁ 1/2 2(a —)=1 14, dt
0 0
e / F(®(,y, 1, cos 1)) (sint)* dt = To7 f (y).
qa’—%,a’—a—l
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Case 5. Suppose finally that o/ = ' > o = = —1/2. Then

/2
/0 T8 § () e o (1)

/2 ’
“dwcage [ 5@ s 0) + @1 —sin )] (cos ) v

qa’,—1/2
2

4 7. 1cos ) (i) dv]
/2

-t | " F(@(y, 1, cos ) (sin ) dp
2 0

_ o’ ,—1/2

260/

/2
[ @Gy tcos i) s

T fy) =T f(y). O

Unlike the case of the above proof, the proofs of Lemmas 4.4 and 4.5 depend
heavily on the functions ®. For this reason, we will prove these two lemmas separately
for each of the families of hypergroups we are studying.

5.2. Continuous Jacobi polynomial hypergroups
Case (a). Suppose first that o/ > a > 3 =’ > —1/2. In this case we have

dne.p(x) = (1 = cos2)*(1 + cosz)? sinz dz = (1 — cos 2)* P (sin 2)*’ 1 da

1 b
V(z,b) = ®(x,b,0,1) = arccos <(1 + cosx)# — 1>
I= [O’W]
[N 1 b athtl ’
dita,ar,8(b) = g 2’ ( +2005 ) (1 —cosb)* > Lsinbdb

1 b
x = Q1(a,b) = ¥(a,b) = arccos ((1 + cos a)ﬂ — 1)

¥ = Q2(a,b) = arcsin (1 + cosb sina )

2
\/(1 + cosa)l%COSb (2 -1+ Cosa)l%ws'b)
Proof of Lemma 4.4. With the above definitions we have

P
/I ”fbHLp([om]muﬁ)d/ia,a’,ﬁ(b)

o [T 1+ cosb
I, / / f <arccos ((1 + cos x)ﬂ - 1))
2 Jo Jo 2

1 b Oé+ﬁ+1 ,
(sin )2+ da (#) (1 —cosb)® ~* 1sinbdb.

P
(1 —cosz)* P
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Applying the substitution cost = (1 4 cos (E)# — 1 to the innermost integral, we
obtain that the last expression equals

qo‘#/ / |F(®)]P(1 + cost)? (cosb — cost)® sint(1 — cos b)™ ~* L sin b dt db
o Jb

t
= qa270¢ / |f()|P(1 4 cost)? sint [/ (cosb — cost)*(1 — cosb)® ~* L sinbdb| dt.
0 0

Note that the expression within square parentheses equals
l—cost ,
/ (1 —cost —u)®u® ~*"'du
0
/ 1 ’ ’
= (1 —cost)” / (1 —v)** ~*tdv = (1 — cost)® 2q;/17a.
0

Therefore we have

J 150101 0
:/0 FOP(L+cos )’ (1~ cost)™ sintdt = |72, 0, - O

Proof of Lemma 4.5. We can look at the change of variables @) as a double change of
variables, as follows

1 b
cost = X = (1+cosa)7+cos -1
1
sinzgsiny = Y = sina—i_TCOSb

where (X,Y) € DT. The first change of variables is easily understood; as for the
second, for a fixed a, as b varies in [0, 7], the point (X,Y’) moves along the segment
joining (—1,0) with (cosa,sina), and as a varies in [0, 7], the above segment sweeps
the whole D*.
Note that
sinb 1+ cosb

dX dY =sin® zcosy drdy = (1 —i—cosa)T Tdadb.

Thus,

/2 pm , , ,
Qa',a/ / G(z,9)(1 — cosz)* (1 + cos )7 sin z dz (sin )22+ (cos 1) 2@ =)~ 1dy)
0 0

— QaQ’,a/ / G(Q(a,b))(l —COSG)Q(l +cosa)ﬁsinada
0 0

(1 + cos b>a+ﬁ+1

5 (1 — cosb)® ~*Lsinbdb,
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which proves the first part of the lemma. As for the second, note that by definition

Tg’l’?&%(a b) / / ®(Q1(a,b),y,vsin(Qs(a, b)), cos b)) dm}lﬂ(v) dm%(@),

whereas

TP fy(y) / / fo(®(a,y,v,cos6)) dmf, 5(v )dm%(@)

= /0 /0 f(\Il(q)(a, Y, v,co80), b)) dm}xﬁ(v) dm%(@).
All there is to prove is that

D (Q1 (a,b),y,vsin(Q2(a, b)), cos 9) =v (<I>(a, Y, v,cosb), b)
for all a, b, y, v, 0 in their respective domains. This is a long but elementary calculation

that we shall not show here. In fact, the function ()2 has been chosen in such a way
that the above equality is satisfied. [J

Case (b). Suppose now that o/ = 3" > a = [ > —1/2. Then we have

dne.p(x) = (1 — cos2)*(1 + cosz)’ sinz dx = (sinx)**da

e pr(z) = (1 — cos ) (1 + cosz)? sinz dx = (sinz)?* *dzx

U(z,b) = ®(x,b,1,0) = arccos(cos x cos b)
1=1o.3]
dﬂa,a’,ﬂ(b) o’ (COS b)2(0‘+1) (Sln b)2(a —a)— ldb

x = Q1(a,b) = (a, b) = arccos(cos a cos b)

i b
) = Q2(a,b) = arcsin ( PN acos ) .

V1 —cos?2bcos?a

Proof of Lemma 4.4. With the above definitions we have

/2
/0 HfbHip([o,ﬂ7na,ﬁ)d/~‘a,a’,6(b)

TI’/2 ’
= Qaua/ / | f(arccos(cos z cos b)|” (sin ) 2> dx(cos b)>(*+ 1) (sin b) (@ ~*) L db.
o Jo

Applying the substitution cost = cosz cosb to the innermost integral, we obtain that
the last expression equals

w/2 pm—b ,
Qo' ox / / |£ ()] (cos® b — cos? ) sin t dt(sin b)2(@ =¥ ~L cos b db
0 b
™ m/2—[t—7/2| ’
= Qo' / |f(t)|Psint / (cos? b — cos? )% (sin b)2(@ ¥ "L cosbdb| dt
0 0

™ sint
=o' / |f(t)|Psint [/ (sin®t — uQ)O‘UQ(O‘,_a)_ldu] dt
0 0

= e / | F(B)P (sint)* 1t = / |F(#)]P (sint)>
do’/,a'—a—1 Jo 0

where the second to last equality follows from Lemma 5.1. [



150 GIGANTE
Proof of Lemma 4.5. Once again, we can look at the change of variables () as a double

change of variables
cosx = X = cosacosb

sinzsinyy = Y = sinacosb

where (X,Y) € DT. Thus
dX dY = sin? z cos ) dx dip = cos bsinbda db

and we have

/2 T ) )
qa',a/ / G(z,v)(sin2)?* T dx(siny)?* ™! (cos ¢)2(a —)=L )
0 0
7r/2 s )
= QO/,a/ / G(Q(a,b))(sin a)?* T da(cos b) 2@+ (sin b) 2@ ~) 1 gp,
0 0

which proves the first part. Just as in the previous case, in order to prove the second
part of the lemma it is enough to show that

@(Ql(a, b),y, 1, cosfsin(Q2(a, b))) = \I/((I>(a, y, 1, cosf), b).

The left-hand side equals

V1 —cos2bcos?a

= arccos(cos a cosbcosy + sinysina cos bcos ),

. . sin a cos b
arccos | cosacosbcosy + sin(arccos(cos acosb)) siny cos ¢

which equals the right-hand side. [J

5.3. Bessel-Kingman hypergroups
We only have the case o/ = 3’ > o = 3 > —1/2. Therefore

)
r = Q1(a,b) = ¥(a,b) = Va?+ b>
)

¥ = Q2(a,b) = arcsin <\/a%ﬁ)
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Proof of Lemma 4.4. With the above definitions, we obtain

| 10 g 050
e [ [
0 0
= Qa’,a/ / ]f(t)\p(t2 _ bz)at dt b2(a/—a)—1db
0 b
[e'e) t
=t [ 15O [ [ bz)ab2(“/a)1db] "
0 0
B qafa/ | F(O)PE  dt :/ |F ()P,
9o’ 0’ —a—1 Jo 0

where the second to last equality follows from Lemma 5.1. [J
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Proof of Lemma 4.5. The change of variables is better understood in terms of Q~!:

(a,b) = Q (z,v) = (zsint, x cosv),
thus da db = x dx di. Therefore,
w/2 poo , /
do’ / / G($, ¢)$2a +1d.’L‘ (sin w)2a+1(COS ¢)2(a *a)*ldd)
0 0

=o', / / G(Q(a,b))a>*tda b @'~ 1gp,
0 0

As for the second part of the lemma, we have that T S’lﬁ(&%(a’b) f(y) equals

T

[
|

S—

(V@i(@ ) + 97 +2Q1(a by cos Fsin(Qa(a, b)) ) dm2(9)

0

<\/a2 + 0% + y? 4 2ya cos 0) dm?(0)

/
fo (\/a2 + 42 + 2ya cos 0> dmi(&) = T(f"ﬁfb(y). O
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5.4. Jacobi hypergroups of non-compact type

Case (a). Suppose first that o/ > a > 3 = ' > —1/2. In this case we have

dne,p(x) = (coshx — 1)*(coshz + 1)B sinh z dx
= (coshz — 1) P(sinh )?*Hdz

U(z,b) = ®(,b,0,1) = argcosh((l + Coshm)H—cToshb B 1)
1= 1[0,00)
o) = 55 (1 s (;OShb)awH(Coshb ~ )%~ Lsinh bdb
z = Qi(a,b) = ¥(a,b) = argCOSh((l + cosh a)1+C—OShb — 1)
HCfOShb sinh a

¥ = Q2(a,b) = arcsin

\/(1 + cosha)“‘cfos}lb ((1 + cosh a)HCfOShb _ 2)

Proof of Lemma 4.4. With the above definitions we have

J 150101,y

/ [ 1 hb
= %_a/ / f <argcosh((1 + cosh x)i - 1))
2 Jo Jo

2
1 h a+p+1 ’
(sinhx)mﬂdx(—i_%“)) (coshb — 1)* ~*~ 1 sinh b db.

P
(coshz —1)27A

Applying the substitution cosht = (1 + cosh )

Iteoshd _ 1 o the innermost integral,

we obtain that the last expression equals
q ’ oo rb ’
%/ / |f()|P(1 4 cosht)*(cosht — cosh b) sinh t(coshb — 1) ~*~Lsinh bdt db
o Jo

=% [ FOP L+ cosht)sinh
0

t
X [/ (cosht — cosh b)®(coshb — 1)* ~*sinh bdb | dt.
0
Note that the expression within square parentheses equals

cosht—1 ,
/ (cosht — 1 —u)®u® ~*"'du
0

1
= (cosht — 1) /0 (1 —v)*® > tdv = (cosht — 1)* 2‘1@_/17(1'
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Therefore, we have

p
10101, a0

:/0 |f(t)|p(1+cosht)ﬁ(cosht—1) s,mhtdt—HfHLp(OOO)77 o) O

Proof of Lemma 4.5. We can look at the change of variables () as a double change of
variables, as follows

coshr = X = (]_ + cosh a)1—|—+08hb -1

sinhzsiny = Y = sinhaHCf()Shb
where (X,Y) € Ht e {X?2-Y?>1,X >0,Y >0}. The first change of variables
needs no explanation; as for the second, for a fixed a, as b varies between 0 and
oo, the point (X,Y) moves inside HT along the line passing through (—1,0) and
(cosha,sinha), and as a varies in [0, c0), the above ray sweeps the whole H*.

Note that

sinhb 1 4+ coshb

dX dY = sinh® z cos 1) dz dip = (1 4 cosha) 5 5 da db.

Thus,

/2 ) ,
Go’ o / / G(z,1)(coshz — 1)* (coshz + 1)? sinh z dz(sin ¢)?* !
(cos )2 =) =1y,

Q(a,b))(cosha — 1)*(cosh a 4+ 1)” sinh a da

(LEosab) ™ (cos b — 1)~ sinh b,
which proves the first part of the lemma. As for the second, note that by definition
1o 88 g, / / (Q1(a.b). v, vsin(Qa(a. ). cos 0)) dm}, 5 (v) dm3 (0).
whereas
TP fy (y) / / fo(®(a,y,v,cos0)) dm,, 5(v) dm3(6)
= [ st v cos0).0) am o) am o),

All there is to prove is that

i) (Q1 (a,b),y,vsin(Q2(a, b)) ,cos0) =W (<I>(a, y,v,cosb), b)



154 GIGANTE

for all a,b,y,v, 0 in their respective domains. We leave the proof to the reader. [

Case (b). Suppose now that o/ = 3’ > o = > —1/2. Then we have

= (coshz — 1)*(coshz 4+ 1)? sinh z dz = (sinh z)?**dx
— (cosh — 1) (cosh + 1) sinhx de = (sinh )+ da
‘I’(»”Ua b) = ®(z,b,1,0) = argcosh(cosh z cosh b)

dpta.ar 5(D) = qar o (cosh b)) (sinh )@ ~) 1 qp
x = Q1(a,b) = V(a,b) = argcosh(cosh a cosh b)

sinh a cosh b
y )

Q2(a,b) = arcsin
\/ cosh®beosh?a — 1

Proof of Lemma 4.4. With the above definitions we have

/ 1ol 000y 0y b5 (0)

/ / argcosh (cosh z cosh b)) ‘ (sinh z)?**™dz(cosh b)2(a+1)
(sinh b)2(¢' ) =14,

Applying the substitution cosht = coshx coshb to the innermost integral, we obtain
that the last expression equals

/ / (t)|P (cosh? ¢t — cosh? b)® sinh ¢ dt(sinh b)>(® =)~ cosh b db

t
= Qo' .0 / |f(t)|P sinht [/ (cosh? t — cosh? b)*(sinh 13)2(0‘/_0‘)_1 coshbdb} dt
0 0

oo sinh ¢
= Qo' 0 / |f(t)|P sinh ¢ [/ (sinh?t — u2)°‘u2(a/_a)_1du] dt
0 0

= dolo / | £ (£)]P (sinh ¢)2 1 dt = / |F(£)]P (sinh ¢)2 T dt,
0 0

qo’ 0’ —a—1

where the second to last equality follows from Lemma 5.1. OJ
Proof of Lemma 4.5. Once again, we can look at the change of variables @ as a double
change of variables

coshr = X = coshacoshb
sinhzsiny = Y = sinhacoshb
where (X,Y) € HT. Thus

dX dY = sinh® z cos v dz dip = cosh bsinh bda db
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and we have
71‘/2 [e%) , /
Qa/,a/ / G(z,v)(sinh )% +1dx(sin¢)2°‘+1(cos¢)2(a _a)_lcw
0 0
= qo' 0 / / G(Q(a, b))(sinh a)?***da(cosh b)2(**D (sinh b) (@ )1 qp,
0 0

which proves the first part. Just as in the previous case, in order to prove the second
part of the lemma it is enough to show that

(I)(Ql(a7 b)7 Y, 17 cos 6 Sin(Q2(av b))) = ‘I/((I)((% Y, 17 COs 9)7 b)
The left-hand side equals

argcosh (cosh a cosh b cosh y + sinh(argcosh(cosh a cosh b))

sinh a cosh b )
\/ cosh®beosh?a — 1
= argcosh(cosh a cosh b cosh y 4 sinh y sinh a cosh b cos 6),

sinh y cos 6

which equals the right-hand side. [J
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