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ABSTRACT

Mixed automorphic forms generalize elliptic modular forms, and they occur
naturally as holomorphic forms of the highest degree on families of abelian va-
rieties parametrized by a Riemann surface. We construct generalized Eisenstein
series and Poincaré series, and prove that they are mixed automorphic forms.

1. Introduction

Let E be an elliptic surface over a Riemann surface X (cf. [3]). Then the space of
holomorphic two-forms on an elliptic surface is isomorphic to the space of cusp forms
of weight three for the corresponding Fuchsian group I' C SL(2,R) that determines
X if the monodromy representation is simply the inclusion map of I' in SL(2,R)
(cf. [11]). However, when the monodromy representation is not the inclusion map,
the holomorphic two-forms on the elliptic surface should be identified with mixed
cusp forms whose automorphy factors involve the monodromy representation and
the period map of the elliptic surface (see [2]). A geometric interpretation of such
mixed automorphic forms of higher weights can be obtained by essentially taking
the fiber product of a finite number of elliptic surfaces (cf. [4]). It is well-known
that Eisenstein series and Poincaré series provide basic examples of elliptic modular
forms (see e.g. [10]). The goal of this paper is to construct the analog of Eisenstein
series and Poincaré series for mixed automorphic forms.
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Let I' € SL(2,R) be a Fuchsian group of the first kind acting on the Poincaré
upper half plane H by linear fractional transformations. Let x : I' — SL(2,R) be
a homomorphism, and let w : H — H be a holomorphic map such that w(yz) =
X(7Y)w(z) for all v € ' and z € H. We assume that the inverse image of a parabolic
subgroup of x(T') under x is parabolic. If J : SL(2,R) x H — C is the automorphy
factor defined by J((¢ 2),2) = ¢z + d, then a mixed automorphic (resp. cusp) form
of type (p, q) is a holomorphic function f : H — C satisfying

fvz) = J(v,2)PT (x(7),w(2)) " f(2)

forally € T" and z € H that is holomorphic (resp. vanishes) at the cusps of I'. Various
aspects of mixed automorphic forms of the above type have been investigated in a
number of papers (see e.g. [1], [5], [8]). Mixed automorphic forms of several variables
have also been studied in connection with holomorphic forms on families of abelian
varieties (cf. [6], [7], [9]). In this paper we construct Eisenstein series and Poincaré
series that are mixed automorphic forms in one variable of type (2k + 2,2m) for
some nonnegative integers k and m.

2. Eisenstein series and Poincaré series

Let ' € SL(2,R) be a Fuchsian group of the first kind acting on the Poincaré
upper half plane H by linear fractional transformations. Let x : I' — SL(2,R) be a
homomorphism, and let w : H — H be a holomorphic map satisfying

(2.1) w(vz) = x(7V)w(z)

for all vy € I" and z € H. We assume that the inverse image of a parabolic subgroup
of I'" = x(I") under x is a parabolic subgroup of I' so that the I'-cusps and I'-cusps
correspond. In addition, we also assume that Imw(z) — oo as Im z — co. Thus we
can extend w to a map

H U {T-cusps} — H' U {I'-cusps},

which we also denote by w, such that (2.1) holds for all z € H U {I-cusps} and
veT. Let J:SL(2,R) x H — C be the automorphy factor of SL(2,R) defined by

J(g,w) = cw+d if
a b
g= <c d> € SL(2,R)
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and w € H. Thus we have

J(9g',2) = J(g9,9'2)J (g, 2)

for all z € H and g,¢' € G. Given a function f : H — C, an element v in I", and
nonnegative integers p and ¢, we define the function f|, v :H — C by

(Flpa¥)(2) = J(1:2) 7P T (x(7),w(2)) " f(v2)

for all z € H.

DEFINITION 2.1. Let p and ¢ be nonnegative integers. A holomorphic function
f:H — C is said to be a mized automorphic form of type (p,q) associated to T, w
and x if f satisfies the following conditions:

(i) flp,gy = fforalyel.

(ii) f is holomorphic at each I'-cusp.
The function f is said to be a mized cusp form of type (p,q) associated to T', w and
x if (ii) is replaced by

(ii)" f vanishes at each I'-cusp (see [5] for details).

Remark 2.2. A mixed automorphic form of type (p,0) associated to I', w and x is
a usual elliptic modular form of weight p for I'. On the other hand, if w and x are
the identity maps, then a mixed automorphic form of type (p,q) associated to T,
w and x becomes a modular form of weight p 4+ ¢ for I'. Mixed automorphic forms
of type (p,q) with p even can be identified with holomorphic forms of the highest
degree on the fiber product of a finite number of elliptic surfaces (see e.g. [4]). Mixed
automorphic forms can be extended to the case of several variables, and they are
linked to holomorphic forms on families of more general abelian varieties, (cf. [6],
[7], [8])-

Let s be a cusp of I' with 0s = oo for some o € SL(2,R). Then there is a
parabolic element o € I' such that as = s. By our assumption on x, x(a) is a
parabolic element of x(I'), and hence there is a cusp s, of x(I') and an element
oy € SL(2,R) such that

X(a)sy =8y, 0y8y = 0.

Given a function f:H — C and nonnegative integers k, m, we set

—2k—-2

(2.2) (f|(2k+2,2m)0-71)(z) = J(ffl» Z) J(Uglaw(z))dmf(o’*lz)
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for all z € H. Let I's = {y € I' | 7s = s} be the stabilizer of s in I', and let h be a
positive real number such that

1-{i1}_{i<(1) ff)n ’neZ}.

Then, for a nonnegative integer v, we define the holomorphic function ¢, : H — C
associated to the cusp s by

(2.3) ¢u(2) = J(0,2) 2] (0y, w(z))_2m exp(2mivoz/h)
for all z € H.
Lemma 2.3
If s is a cusp of I, then the associated function ¢, satisfies
¢u’(2k+2,2m)7 =y
for all v € T's.
Proof. For z € H and v € I'y we have
¢u(72) = J(0,72) 72T (0, w(y2)) 2" exp(2mivoyz/h)
= J(U, v2) 272 I (0, X(7)w(2)) "™ exp(2mivayz/h)
J(07,2) 72720 (7, 2) 2 T (o, x (7). w(2)) 72"
x J(x(7),w(2))*™ exp(2miv(oyo Yoz /h).
Since oyo ™! and oy x(7)o; ! stabilize oo, we have

l,w) = J(axx(v) Xl,ax ) =1

J(oy0~
for all w € H, and hence we see that
J(07y,2) = J(oyo ™", 02) - J(0,2) = J(0,2),
I(oxx(7),w(2)) = J(oxx(v)oy s oxw(2)) - T (oy,w(2)) = J(oy,w(2)),
and oyz/h = (070~ 1)oz/h = 0z/h + d for some integer d. Thus we obtain
¢ (v2) = J(0,2) 722 (
x J(oy,w(2)) "I (x(7),w(2))*" exp(2mivoz/h)
= J (7, 2)* 2T (x(7), w(2)) " 6w (2),

and therefore the lemma follows. OJ

7, Z)2k+2
)
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Let s be a cusp of I' as above, and set

(2.4) Plokto,0m)(2) = Z (bvl(2r+2,2m)7)(2)
YELAT

for all z € H. The convergence of this series will be proved in Section 3.

DEFINITION 2.4. The function P(V2k+2,2m)

automorphic forms if v > 1, and the function P(OQk3 +2’2m)(z) is called an Eisenstein
series for mixed automorphic forms.

(z) is called a Poincaré series for mixed

3. Convergence and holomorphy

In this section, we show that the series in (2.4) defining the function P, 1y 5., (2)
converges and is holomorphic on H.

Lemma 3.1

Let zy € 'H, and let € be a positive real number such that
Ny. ={2€C||z—2| <3} CH,

and let k and m be nonnegative integers. If ¢ is a continuous function on N3. that
is holomorphic on the interior of N3, then there exists a constant C' such that

W)l <C [ W()|(Im2) " (Imw(z))"dV

for all 2y € N. = {z € C | |z — 2| < €}, where dV = dxdy/y* with x = Rez and
y=Imz.

Proof. Let z; be an element of N, and consider the Taylor expansion of ¥ (z) about
z1 of the form

P(z) = Z an(z —21)".
n=0

We set N/ ={z € C||z— 2| <e}. Then N, C N3, and we have

2m e >
Y(z)dxdy = / / Z anr™ e drdd = relay = weP(z1).
N, 0 JO n=o
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Hence we obtain

pla)] < ()™ [ f(e)ldady
(Im 2)F 1 (Tm w(2))™
ey [ I )

(Im 2)F=1(Imw(z))™

sm&ml/ (2| (Im 2 (T w(2))™dV,

N35
where

Cy = inf {(Imz)" ' (Imw(2))™ | 2 € N3. } .
Thus the lemma follows by setting C' = (7e2C;)~ L. O

If U is a connected open subset of H, then we define the norm || - [ on the
space of holomorphic functions on U by

nmw:ﬁwvmma“wmmm%m
where v is a holomorphic function on U.

Lemma 3.2

Let {f.} be a Cauchy sequence of holomorphic functions on U with respect to
the norm || - ||y. Then the sequence {f,} converges absolutely to a holomorphic
function on U uniformly on any compact subsets of U.

Proof. Let {f,} be a Cauchy sequence of holomorphic functions on an open set
U C 'H. Then by Lemma 3.1, for each z € U, there is a constant C' such that

‘fn(z) - fm(z)| S Can - meU
for all n,m > 0. Thus the sequence {f,(z)} of complex numbers is also a Cauchy
sequence, and therefore it converges. We set f(z) = lim,, o frn(2) for all z € U.
Let zy € U, and choose 6 > 0 such that
N3s={2€C||z—2| <36} CU.
Using Lemma 3.1 again, we have

forall z € Ns ={z € C| |z— 2| < 6}. Given e > 0, let N be a positive integer such
that ||fn, — fmllu < €/(2C") whenever m,n > N. For each z € N, if we choose an
integer n’ > N so that |f,/(2) — f(2)| < /2, then we obtain

‘fn(z) - f(z)‘ < ‘fn(z) - fn’(z)’ + }fn’(z) - f(Z)| <e
for all n > N. Thus the sequence { f,,} converges to f uniformly on Ns and therefore

on any compact subsets of U. Hence it follows that f is holomorphic function on
U.O
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Let ¢, be as in (2.3), and let {s1,...,s,} be the set of all I'-inequivalent cusps
of I". We choose a neighborhoods U; of s; for each ¢ € {1,..., u}. Then we have

(3.1) /1“ - |py(2)|(Im 2)P(Imw(2))?dV < oo,

where p and ¢ are nonnegative integers and

(3.2) H =H - O Ui

i=1~el

Theorem 3.3

The series in (2.4) defining P, (2k+2 omy(2) converges absolutely on ‘H and uni-
formly on compact subsets, and, in particular, the function Plonio, 2m)( z) is holo-
morphic on H.

Proof. Let sq,...,s, be the I-inequivalent cusps of I' as above, and let zg be an
element of H. We choose neighborhoods W of zy and U; of s; for 1 < ¢ < u such
that

(3.3) {(yeT |yWNW £0} =T.,, YWNU; =0

for all v € I" and 1 < ¢ < p, where I, is the stabilizer of zp in I. Then, using (2.3)
and

Imyw = [J(y,w)[ 7% - Imw,  Imw(yw) = [J(7w(w))| 2 - Imw(w)

for vy € I' and w € H, we have

Z (¢V’(2k+272m)7>(z) (Imz>k+1<lmw(2))mdv
~eT N\

< / ST @k s2,2m7) ()] (Tm 25 (I w(2)ymdV

~yel\T

Hp(lj2k:+2,2m)HW = /

-y / 16, (72)|(Imy2) "+ (Imw(y2)y"dV

~eTA\T

_ Z/ 16 (2)|(Im 2)*+ (Tmw(2))™dV.

~yel \T
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In order to estimate the number of terms in the above sum, let 4" € T" and set
E={yeT |y YWnNyW #0 forsome ~" €T}
Then by (3.3) we see that v'W € H’ and
IDAE] < T \Lsy'T, | < [Taq

where | - | denotes the cardinality. Thus, using this and (3.1), we have

> [ lu@tn ) tme)mav

YET AT w
< |FZD\/ ]qﬁl,(z)](Imz)kH(Imw(z))de < 00.
TR

Hence we obtain || P, 5 5,,)[lw < 00, and by Lemma 3.2 we see that P, ., ,,,(2)
converges absolutely on W and uniformly on compact subsets of W. Thus it follows
that the function Plia 2m)(z) is holomorphic on W, and therefore is holomorphic

on H as well. [J

4. Cusp conditions

In this section, we show that the function P, 5 ,,,)(2) is holomorphic at each cusp
for all nonnegative integers v and that it vanishes at each cusp for v > 0.

Lemma 4.1

Let s' be a cusp of ' such that o's’ = oo with o’ € SL(2,R), and let o} €
SL(2,R) be an element with o} w(s) = co. Using the notation in (2.2), the function

¢, given in (2.3) satisfies the following conditions.

i s’ is not I'-equivalent to s, then there exist positive real numbers an
i) If s i t I ivalent t then th ist iti 1 b M and )\
such that

(4.1) | (D0 l(2ht2,2my0" ™) ()] < M]z| 7272

whenever Im z > A.
(ii) If s’ is T-equivalent to s, then there exist positive real numbers M and X\ such
that

(4.2) ‘(¢u\(2k+2,2m)0/71)(z)‘ <M
whenever Im z > \. If in addition v > 0, then we have
(4.3) (vl 2rt2,2m)0" ") (2) = 0

as Im z — oo.
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Proof. Using (2.2) and (2.3), for z € H we have

(¢u|(2k+2,2m)0/_1)(2) = J(U/_laZ)_Zk_2j(‘7;<_l7w(z))_2m
x J (o, 0/_12)_%_2J(UX,w(a’_lz))_

x exp(2mivoo’ " /h).

2m

If oo'~t = (¢ 2) and if Im z > 2|d|/|c|, then we have

|J(0,0" " 2) - J(o' 7, 2)| = |J (00", 2)| = |cz + d|
> lellz] = Id| = |ellz] = (|e]/2)Im 2
= lellz] = (Iel/2)]z] = |e]|=l/2.

ANy

On the other hand, if o/, ~! = (‘CI,I Z:) and o, = (% s”), then we obtain

| 7(0}, " w(@))[[J (o, w(0"2))] = |dw(z) + d'l|"w(0’ " 2) +d"].

Since Imw(z) — oo and w(o’~12) — w(s’) as Im 2z — oo, there exist real numbers
A, N > 0 such that

| J(o, " w(@)[[J (o, (0’ 2)) = A

whenever Imz > X. We set A = max(\,2|d|/|c|). Then, whenever Imz > \, we
have

|(@ul (2t 2,2my0 ™) (2)] < (Jell2]/2) 722 A7 exp(—2mvoo’ (Im2) /h) .

Thus (4.1) holds for M = (|¢|/2)72¥72A~2™ exp(—27voo’\/h), and therefore (i)
follows. As for (ii), if s’ is equivalent to s, we may assume that o = ¢’. Thus we
have

(¢V|(2k+2,2m)al_l) (Z) = J(17 Z)_2k_2‘](0-;17w(2)) o
x J(oy, w(a_lz))_2m exp(2mivz/h) .

Since J(1,z) = 1, we obtain (4.2) by arguing as in the case of (i). O

Theorem 4.2

Let so be a cusp of I'. Then the function Py o 5., (z) is holomorphic at sq for

all nonnegative integers v. Furthermore, P/, (z) vanishes at sq if v > 0.

(2k+2,2m)
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Proof. Let T's, C T be the stabilizer of the cusp sg, and let {6} be a complete set of
representatives of I's\I'/T's,. Given 6, let {n} be a complete set of representatives
of 716 N, \Is,, so that we have I' = ]_[6777 I's6n. We set

Dus (2) = Z(¢u|(2k+2,2m)577)(2)

n

for all z € H. Then we have

Plrsoom (2) = DY (dulrrz2mon)(2) =Y v, (2).
) n 8

By Theorem 3.3 there is a neighborhood U of sy in ‘H such that P(l’2k+272m)(z)
converges uniformly on any compact subset of U. Hence, if ocgsg = oo with o €
SL(2,R), then the function

v -1 _ —1
P(2k+2,2m)’(2k+272m)0—0 - Z ¢u,5 ‘(2k+2,2m)0—0
5

converges uniformly on any compact subset of {z € H | Im z > d} for some positive
real number d. Therefore it suffices to show that each ¢, s|(2k+2,2m)00 ! is holomor-
phic at co and that it has zero at oo if v > 0. First, suppose that §sg is not a cusp
of Ts. Then §71T';6 N T, coincides with {1} or {41}, and hence we have

¢V,6

(2k+2,2m)0()_1 =C- Z (¢u\(2k+2,2m)500_1‘7077‘70_1)
n€ls,

with C =1 or 1/2, respectively. Applying (4.1) for s = §sg, 0 = 006~ !, we obtain
(D0l (21t2,2m) 006 1) (2)] < M|z| 722
for all z with Im z > A for some M, A > 0. Thus we obtain

(4.4) |(Dv.5l2hs2.2m)00 )(2)] < 2M Y |z + ab| 7272,
a€Z

where b is a positive real number such that

oolsy o5t - {£1} = {j: <(1] i’) o € Z}.
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By comparing the series on the right hand side of (4.4) with the series ), a2k=2,
we see that it converges uniformly on any compact subset of the domain Imz >
A. Hence it follows that ¢, s|(2x+2,2m)00 1 is holomorphic at co. Furthermore,
Gus | (2k+2,2m) T ! vanishes at oo because the right hand side of (4.4) approaches
zero as z — 0o. Next, suppose 0sg is a cusp of I'y. Then § 71T, NT, is a subgroup
of I'y, of finite index; hence the sum on the right hand side of

bu sl (2hr2,2m)T0 " = Z (60 (2hr2,.2m)000 "oonoy )
n

where the summation is over n € § 11,6 N T, \Is,, is a finite sum. Using (4.2) for
s =8sg and o = 096!, for each § we obtain

|(60]2kr2,2m)b00 ) (2)| < M

for all Im z > A for some M, \ > 0. For each n € I'y, we have

_ 1 b
”U”UOIZi(o ﬁl)

for some (8 € Z; hence we have

‘(¢V,6|(2k+2,2m)0-0_1)(z){ <M

for all Im z > A, and it follows that ¢, s|(2x+2,2m)00 ! is holomorphic at co. Further-
more, if v > 0, then by (4.3) we have

(60l (2k42.2m)805 1) (2) = 0
as Im z — oo; hence we see that ¢V,5|(2k+2’2m)00_1 vanishes at oco. [

Theorem 4.3

. . . 0
The FEisenstein series P(2k 42.2m)

(z) is a mixed cusp form for T of type (2k + 2,2m).

(z) is a mixed automorphic form and the

. , . y
Poincaré series P(2k+2’2m)

Proof. Using the relations

J(v,v'2) =J(,2) " I, 2),
T(x(7), x(7)w(2)) = T (x(7),w(2)) " T (x(17), w(2))
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for v,7 € T" and z € H, we obtain

P(V2k+2,2m)(7,2) = Z (¢u\(2k+2,2m)’7)(7/2)
~yel',\I'

= 3 T A2 F I (x(), w(v'2) (v 2)
YET AT

_ J(fy’,z)2k+2J(X(7/)vw(z))2m

x> T ) 2T (x (), w(2) T (v 2)
YET T

/ / 2m 5y
= J(fy 72)2k+2J(X(’7 ),w(z)) P(2k+2,2m) (Z)

for all v/ € I and z € H; hence Pk 42,0m) satisfies the condition (i) in Definition 2.1.
Therefore the theorem follows from the cusp conditions given in Theorem 4.2. [J

Remark 4.4. If w and x are the identity maps, then P(O%Jrzzm) (2) and Pl 49 9,m)(2)
for v > 0 are the Eisenstein series and the Poincaré series, respectively, for elliptic
modular forms for I' of weight 2(k 4+ m + 1). Poincaré series were also considered
in [5] for mixed cusp forms of type (2,2m).
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