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ABSTRACT
In this paper we study spaces AP (w) consisting of harmonic functions in B™
the unit ball in r™ and belonging to L?(w), where dw(z)=w(1—|z|)dz and
w:(0,1]—R* will denote acontinuousintegrablefunction. For weights satisfying
certain Dini type conditions we construct families of projections of L?(w) onto
AP (w). We usethisto get for 1<p<oo and 1+, =1, aduality A7 (w)*=a”" (w"),
where w’ dependson p and w.

1. Introduction and preliminaries

Let us denote by AP(w) the spaces consisting of harmonic functions in B™ the unit
ball in R" and belonging to LP(w) = LP(w(l — |z|)dz), where w : (0,1] — R*
will denote a continuous integrable function. The case w(t) = t* was studied in
[5, 8, 10, 12, 13] for @ > —1. Projections of LP((1 — |x|)?dx) onto AP(t%) for
different values 8 > —1, were defined in [5, 8, 12]. In particular, in [8], families of
continuous projections are constructed for every § > —1 and p > 1.
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50 BLASCO AND PEREZ-ESTEVA

In this paper we use the integral operators P, with kernels b, (x,y) related to
the measure (1 — |z|)*dx, o > —1, defined originally in [5] for & € N and we give
conditions (Dini type) on the weight function w related to o and p > 1, that make
P, a continuous projection of LP(w) onto AP(w). We use this to get for 1 < p < oo
and % + % =1, a duality AP(w)* = AP'(w’), where w’ depends on p and w.

We shall be using the following notation: for xz,y € B™, we will write x = Rx/,
y=ry’, with R = |2/| and r = |[¢/].

We denote by P(z,y) the Poisson kernel in B™,

— (rR)?
(1—2rRa’ -y + 7”2R2)n/2
o Z kzyk Yk( )

P(z,y) =cp

being {YJ’“} the real orthonormal basis on S™~! of spherical harmonics of degree
k. Hence, any harmonic function on B™ can be written as

f = Za;w Y.
k,j

where a;, ; € C and the convergence is uniform on compacts in B".
We define for « > 0 and z,y € B"

Z a L(2k ot nal jf}) (R)*Y ()Y () (1)

and the corresponding integral operator

Paf(@) = [ (1= lyD* (o) f(0)d,

which is well-defined for functions in L (z*~1).

We shall be using the operators of fractional differentiation D¢ defined by
¢(m+1)( )
D —d
o= [ 2D

if a =m+ B3,meNU{0} and 0 < B < 1;and D@(t) = ¢(¥)(t) if a € N.

Throughout this paper we shall denote €(z) = (1—|z|), forany x € R" or z € R
and we adopt the convention that C will denote a generic positive constant that may
change in each occurrence.



LP continuity of projectors of weighted harmonic Bergman spaces 51

2. Reproducing kernels and Projectors

DEFINITION 1. Let v,¢q > 0, and w a weight function.
1. We shall say that w is a d-weight (w € d,) if
t
t
/ w(s) g < O
0 S =1

2. w is said to be a b,-weight (w € by ), provided

1
t
/ W) 4o < o).
;s ta—1
3. We say that w € C, if t®w(t) is non-decreasing, for some a > 0.

The reader is referred to [1, 3, 4, 11] for some properties and uses of these type
of weights functions.

Let us first mention some procedures to get examples of such weights whose
elementary proofs are left to the reader.

Proposition 1

Let v,q > 0, and w be a weight function.
(i) If tw(t) is non-increasing for some b > 1 — q then w € b,.
(ii) If t*w(t) is non-decreasing for some a < 1 — then w € d .

1
(iii) If w(ts) < Cw(t)w(s) and % € L ([0,1]) then w € d,.
Next we give some basic but useful properties of the weights above.

Proposition 2

Let v,q > 0, and w be a weight function.
(i) If w € by, then for some C' > 0

1
w(t) > Ct1 ! log o tE (0,1]. (2)

(ii) If w € d, N b, then g > .
(iii) Let w € CN by for some q > 0. Then there exists C > 0 such that

w(2t) < Cw(t). 3)

provided 0 < t < % .
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Proof. (i) By the continuity of w, there exists C; > 0, such that w(t) > C1t9~1 for
t€[3,1]. Also, if t <1/2,

1 1
/ w(s)ds < / Mds < C’ﬂtl).
1/2 ¢ s7 =

Thus, %g) > £ and (i) follows after integrating this expression.
(ii) Is an easy consequence of (i).
(iii) Since w € by implies that w € b, for any p > ¢, we can assume that

t*w(t) is non-decreasing, for some a > 0 such that a + ¢ > 1. Now, if ¢ < 1/2, then

= — 1 > g=r, hence
w(t)  tw(t) " b
a1 gatgl < Ctw(t) t Sq-l—ads
1
< C/ w(s) ;o < Cw(t)7
. s9 ta—1
that is,

%N/I@ds.

ta—1 54
Then, for ¢t € (0,1/4),
1 1
w(2t) < th1/ wis) s < thl/ W) 45 < Cun(t).
2t SY ¢ 87

It t e [1/4,1/2],

maxj /a2<s<1 w(s)

w(2t) < — w(t). O
(@) ming ja<s<1/2 w(s) Q
Lemma 1
a) Let 0 < 8 <1 and w € CNd, for some v > 0. Then there exists C > 0 such
that . (5) @
w(s w(t
/Ob mds S Ct’Y"ﬁB—l’ t e (0, 1] (4)

b) Let w € d, Nb, for g > 7.
If 0 < ¢ <~ and q1 + q2 > q then

1
w(t) w(s)
e dt < C ——F—.
/0 191 (s +t)92 - stitq2—1

— dy’
C) FOI"’}/ > —1 and for any x e sn 1, fS”*l W < C(’}/,n)ﬁ
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Proof. a) Since w € C implies that w(t/2) < 2%w(t), for some a > 0,

t/2 8 rt/2
/ _wls) g2 [T g oo vl
0 S'Y(t — 3)/8 0 0 s tr+6-1

On the other hand,

Ew(s) t ds w(t) ! dt
———ds < t)t? < .
/t/2 s7(t —s)P s < Cult) /t/z (t—s)fsrta = Ctﬁwﬁfl /1/2 (1—s5)8s7"¢

b) The proof follows from the estimates

S S
/&dtﬁi wt’y—%dtgc%,
A (5 + t)qz s J, tY sd1t+az

el el o 1 wlt) g wls)
s tq1(5+t)q2 —Js ta1+az - gq1ta2—q s t4 — 7 gnitg2—1"

c) The proof is immersed in [5], we include it here for completeness: using
spherical coordinates, we parameterize S"~! on a cube Q C R"~! . Then

ay’ s d¢
L (Jo' —y/|+ A"~ /Q (ly' (&) — ¥ (O + A"

where y'(§) = «’. Since |y (&0) — ¥ (€)|gn ~ [0 — &|gn-1 , then

d¢ <C 3 <c dg
/Q (I (€0) =5/ (€)1 + A"~ /Q (10 — €[ +4)" ~ /Rn—l (gl +4)"™

—C/mi?m_2 r=c(-Lt .o
N o (r+ Aty N A+l )
Lemma 2

Let a =m+ (>0, withm € NU{0} and 0 < 8 < 1, then
ba(l‘,pr’) — C(a)plfnpa [pn71+ap(x’p2yl)] )
Proof. An easy calculation shows that

[o% ,y_]._‘(’)/—i-].)l—‘(].—ﬁ) Y—a
DY = T—atl) r’=e. (5)

By (5), DYpn~1Htet2k = (1 — B)% p" 112k Then the proof follows after

expanding P(x, p*y’). O
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Theorem 1

Let o« > 0 and w € CNdy N by.
If v+ a > q, then

balwy) w(l — |a])
L o by < ©

Proof. Write a« = m + (3, with m € NU{0} and 0 < 8 < 1. Assume that 5 > 0 (the
case # =0 is similar).

ba (x,
/ Mw(l—]m)dy:/ +/ =0+ L.
B (L —1yl)7 1/4 B» Bn\1/4 B»

Notice that Proposition 2 (i) implies that tﬁ‘jll is bounded below by a positive

constant. Then, since b, (x,y) is uniformly bounded in B™ x iB”, it is enough to
estimate I5. Let a > 0 such that t“w(t) is non-decreasing, then Proposition 2 (i)
clearly gives w(1 —r?) < Cw(1 —r), and therefore

Iy = C’// 1x8y w(l —s)s" ' dy'ds
1/4 J gn—1 —S
[ba(z,m%y")]| 2y 17

<C’/ / w(l —r°)dy'dr

/2 Sn—1 1—T2 ( )
ba(

<C/ / ‘ xTy)‘w(l—r)dy’dr.

/2 Sn—1 1—T

By Lemma 2, this integral equals

! w(l—r) 1-n " am+1 n—1+a 2./ du
“Jouo <// Go "7 (G pet) 25

As in the beginning of the proof, it suffices to estimate

C/ / w(l —1)
Sn—1 /2 1—7‘

If we let y = % for y # 0, we have the following estimate (see [5]):

dr) dy'.

drdy’. (6)

du
(r—u)s

" am+1 -1+ 2,/
1/2 <aum+1 W Ple,uy )>

P(z,ry’)

ot ~ —n—m
‘ <Cla—g "™, (7)

Oorm+1
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for x € B™ and r > 1/2. Then by (7),

8m+1

8um+1

—n—m

u" TPz, u?y)| < Cla — w2y

Now, using elementary geometry we have that |z —y| ~ |2’ —¢/| + e(z) + €(y),
uniformly for z € B" and y € B™\3B", hence (6) is bounded by a constant multiple

of
/S"l </1;2 % </0r (I =o'l + (@) + 6(“))nm(70§7uu>ﬁ> dr) dy/

(Fubini and Lemma 1 (c))

</1 w()lv - E d7“> (e(@) + e(w)) ™" du

1—u ) 1—m
— /0 - S)ﬁ ds | (e(z) + €(u)) du
(Lemma 1 (a))
! w(l —u)
<C T du
/0 e(u)r+ti-1(e(z) + e(u))mJr

(Lemma 1 (b))

w(l — [z
< _—
SO et -

Corollary 1
If 0 < p < «, then

léwmmmm—wnﬁauw<mL4WP

Proof. Take w(t) = t*~1. Then w € dg for every 8 < o and w € b, if ¢ > . Hence
w € d, and the proof follows from Theorem 1 taking ¢ = o+ p/2. O
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Lemma 3 (see [12, Proposition 2.1])
Let a > 0, and let f be a bounded harmonic function in B"™. Then

Pof(z) = f(x).

Theorem 2

Let 1 < p <o0,0<y<aandw € CNd, N by, withq > ~. If a >

max{%% q — v} then P, can be extended as a continuous projection from LP(w)
onto AP(w).

Proof. Using Holder’s inequality with the measure €(y)*~!dy,
| P @ w1 ~ fol)da
BTL

< [ ([ el 156 ) ) wla ~ el

S/n (/n‘ba(ﬂ%y)! e(y)—”%m_ldy)p/p'

< ([ Bale P oy ) it - o) d

(let p = va’ in Corollary 1)

< [ ([ Bateal G et dy) )1 - el da

Bn

—c [ 1P an ([ el u - ) dy

n

Since w € CNdy Nby and o > q — v, Theorem 1 implies that the last estimate is
bounded by

C - |F )" w(l = y|)dy. O

Next theorem extends the results of continuity in [5, 12], (compare with [8,
Theorem 7.3]):

Theorem 3

For 3>0,p>1and § > 0 denote wg s(t) = t°P~! (log(%))ﬁ. If 8 < a then P,
can be extended as a continuous projection from LP(wg,s) onto AP(wg,s).
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Proof. An easy calculation shows that wg s € d,, if v < 8p and wg s € by if ¢ > Bp.
In particular, if we let 0 < ¢ < min{*5~ s ﬁp} v = 51’ —¢ and q = OBp+ ¢, the proof
follows from Theorem 2. [J

Given a > 0 and a positive weight function w we can represent the dual of LP(w)
as L¥' (w'), by the pairing (f, g) = [5n f( 1—|z|)* 'da, where w'(t) = £ S

w(t)yr’ =1
and 1 + L =1 "
P p’ ’

Corollary 2
Let 1 <p < 00, l—i— 1 =1land w € CNdy,Nby, with ¢ > . Also let
a > max{y, £ v,¢— 7} and w'(t) = (@1 /op(£)?'~1. Then
(AP(w))" = AP (w') (with equivalent norms)

under the pairing (f,g) = [ [( 2)(1 — |z)*! da.

Proof. It is clear that if f € A” (w’) then ®(g) = [4. f( —|z)*~! dx defines
a functional in (Ap(w))* and || @] < HfHLp (W)

Conversely, let ® € (Ap(w))*. Theorem 2 implies that ®; = ®o P, € (Lp(w))*.
Hence there exists a function f; € L (w) for which

D1(9) = | filz) g(z) w(l —|z|) dz

B

for all g € LP(w).
Since we clearly have ®1(g) = ®(Pa(g)), then

2100 = [ 5 ([ bato) a1~ ) dy) w1~ o) d

for all g € LP(w).
In particular, if g € C.(B™) we have

w10 = [ ([ valen) o) wlt = la dz ) g1~ ) ay
= | W) 9@~ y)* dy,

where f(z) = [gn ba(z,y) f1(y) w(l — |y|) dy is a well-defined harmonic function,
since f; € Ll( ).
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Moreover, since C.(B™) is dense in LP(w), and ®; € (Lp(w))* then

% e Lp/(w)7 or equivalently f € ) (w'"). Therefore it follows that

f € AP’ (w') and represents ®.
Finally, we need to prove that the correspondence f — ® is one to one:
Observe first that, from Theorem 2 and duality, one easily gets that P, is also
a projection from L? (w') into A? (w’).
Now assume that & = 0 is represented by f € A? (w'), then for any g € C,(B™),

0= [ 1) Pag) =D dy = [ 1) )1~ )" d.

Once again the density of C.(B") in LP(w) implies that f = 0.
Finally we use the open mapping theorem to obtain that the norms [|®|| and
[ £ll 1o (1ry are equivalent. OJ
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