Collectanea Mathematica (el ectronic version): http://www.mat.ub.es’CM

Collect. Math. 50, 3 (1999), 289-302
(©) 1999 Universitat de Barcelona

The Baskakov operators for functions of two variables

M. GURDEK, L. REMPULSKA AND M. SKORUPKA

Institute of Mathematics, Poznah University of Technology,
Piotrowo 3A, 60-965 Poznan, Poland

Received June 1, 1998. Revised November 13, 1998

ABSTRACT

We study the Baskakov operators A,,, , and B,,, ,, in polynomial weighted
spaces of continuous functions of two variables. We give theorems on the
degree of approximation, the Voronovskaya type theorem and we prove some
differential propertiesof theseoperators. Some propertiesof Baskakov operators
of functions of one variable were proved in the papers[1]-[4].

1. Preliminaries

1.1. Let N:= {1,2,..}, Ng := NU {0}, Ry := (0,+00), Rg := Ry U {0}, R% :=
Ry x Ry and RZ := Ry x Ry. Similarly as in [1], for a fixed p € Ny, we define the
function w, on Ry by

(1) wo(z) =1, wy(x):=(1+aP)"* it p>1.
Next, for fixed p, q € Ny, we define the weighted function w, , on RZ by
(2) wp,q(% y) = wp(x) wq(y) )

and the weighted space C),, of all real-valued continuous functions f on R3 for
which w,, ,f is uniformly continuous and bounded on RZ and the norm is given by
the formula

(3) [fllp.g =W C)I= sup wp q(z,9) |f (2, 9)]-

(z,y)ERS
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For f € C, ,, we define the modulus of continuity

(4) w(f, Cp.gi t, 5) 1= Sup HAh,éf('a')Hp,qa t,s >0,
0<h<t,0<6<s

where Ay, s f(z,y) := f(z+h,y+8)— f(z,y) for (z,y) € R3 and h,§ € Ry. Moreover,
for fixed m € N and p, ¢ 6 No, let O}, be the set of all functions f € Cj, ; having

the partial derivatives W €Cpy,k=12,.

1.2. The Baskakov operators are defined by

®) i) = Yo (5). men

for functions f on Ry, where

(6) an k(x) = (n —l+k

i )a:k(l 4 z) "k,
([1], ef. [2]).

Moreover let B,, be the Baskakov-Kantorovich operators defined by

o (k+1)/n
(7) B, (f;x) ::Zanyk(x)n/ f(t)dt, x€Rg, neN,
k=0 k/n

for continuous functions f on Rg.
In the present paper, we shall consider the Baskakov operators

(8) mnfamy Zkzzoa ank )f<%aﬁ>7

J

% oo (j+1)/m (k+1)/n
O Bt =3 S ang@ansmn [* e [ g2y
0 k=0 J k

j= j/m /n

(z,y) € RZ, m,n € N, defined for functions f € C, 4, p,q € Ny
From (5)-(9), it follows that

(10) A,(1;2) =1 = B,(1;x) for zeRy, neN,
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(11) Apn(Liz,y) =1= Bya(l;2,y) for (z,y) €R3, m,neN.
Moreover, if f € Cp, , and if f(z,y 1(z) f2(y) for all (z,y) € R3, then

) = )
Aman(f(t, 2);2,y) = An(f1(t); ) An(f2(2)59),
B n(f(t,2);2,y) = B (f1(t); ) Bu(f2(2);v),

for (z,y) € RZ and m,n € N.

In Section 2 we shall give some auxiliary results. In Section 3 we shall prove
the main theorems.

In this paper we shall denote by My(a,b), k = 1,2, ..., the suitable positive
constants depending only on indicated parameters a, b.

(12)

2. Auxiliary results

2.1. From (5)-(7) we derive the following three lemmas, given for A,, in [1]. Let
o(z) == x(1 4+ z) for z € Ry.

Lemma 1
For alln € N and x € Ry

An(t—xz;2) =0, Bn(t—x;x):%,
At —pa) = 2D g () = 2Dy L

Lemma 2

Let L, € {A,,By,},ie. L, =A, foralln € N or L, = B,, for alln € N. Then
for every fixed x¢ € Ry there exists a positive constant M (xy) such that for n € N,
Ln((t —z0)% 1:0) < My(zo)n=2.

Lemma 3

Let L,, € {A,, By, }. Then for every p € Ny there exist positive constants My(p),
k = 2,3, such that

for all t € Ry and n € N.
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2.2. Applying the above results, we shall prove two lemmas.

Lemma 4

For every p € Ny there exists a positive constant My(p) such that

(13) Z <wp <§>>1 < Mu(p)n,

k=
©0 (k+1)/n
(19) ) 3 | gpama| o [ < M

for all t € Ry and n € N.

Proof. We shall prove only (13) because the proof of (14) is analogous. From (1)
and (6) it follows that

St o (5) ot [ o (3)

which implies (13) by Lemma 3. [J

Lemma 5

Let Ly, n, € {Amn,Bmn}. Then for every p,q € Ny, there exist two positive
constants M;(p,q), i = 5,6, such that

1
‘Lm,n ( 3 >
Wp,q(1, 2)

and for every f € Cp 4 and for all m,n € N

(]-5) §M5(paQ>7 mvnENa

p,q

(16 Lo (Mg < M) £l
0
(7) stz < Matp.ym sl .
b,q
0
(18) —Lna(f;2,9)| < Msp,q)nlfl,,
8y b,q

. . o, . . 1
Hence, Ly, is a linear positive operator from the space Cy 4 into C,, .
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Proof. Let Ly, ,, = A pn. From (1), (2) and (12) we get

p gl 5) A (ﬁ r) = (@), (ﬁt) o)) (w4, (ﬁ)y))

for all (z,y) € RZ and m,n € N. Applying Lemma 3 and by (3), we obtain (15).
For f € C, , we get by (2), (3) and (8)

which by (15) implies (16). Moreover, we get from (8)

ot st (£.5)]

g (fiz,y ‘
which implies, by (1)-(3) and Lemma 3 and Lemma 4,

0
wp,q(xa y) ‘%Am,n(f; z, y)’

<l § (5) 3 by 2] (v (D)t ()

< Ma(p) My(p) m ||f||p7q7

which yields (17) for Ly, », = Amn-
The proof of (18) for A, , and the proof of (15)-(18) for B, , are analogous. [J

| Amn(F ) < 1 F 1l |4

, m,n €N,
Pq

7.]

=0 k=

3. The main results

3.1. First we shall prove two theorems on the degree of approx1matlon of functions
f e Cpq by Ap,, and By, ,. We shall denote by gg, % or fl, fr the partial
derivatives of f.

Theorem 1

Suppose that f € C’1 with some p,q € Ng. Then there exists a positive
constant M~ (p, q) such that for all (x, y) €R? and m,n €N

wp,q(x Y) ‘Am n(fiz,y) —

(19) < Mi(p,q) {Hf upqw Ty }
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and

Wp, q(m Y) |Bm n(fiz,y) —

(20) < My(p.q) {!f \pq\/i Iy ‘ﬁ}

Proof. Let (z,y) € R% be a fixed point. Then we have

ft,z) — fx,y) /f uzdu+/f x,v) for (t,z) € R2.

From this and by (11) we get

Apn(f(t,2);2,y) — flz,y) = mn(/f tzduxy)

A </y fv(x,v)dv;fv,y) .

/t v

v Wp,q(U; 2)
1 1

<|If -

< |fzllp.q <wp,q(t, 2) - wp,q(m,z)> it — x|,

(21)

But by (1)-(3) we have

/m (s 2)du

< 1 f2llp.g

and analogously

fola,v)dv
Yy

<71 L 1 oy
Z — .
= Wl \ o @, 2) ™ wy () Y

Using these inequalities and by (12), we get for m,n € N

t
wpyq(xvy) ‘Amw (/ fqi(ua Z)du;x,y)‘

t
< wpg(z,y)Amn (/ fo(u, z)du ;w,y>

< el { A (D) + A (0|
12 wa) A (i) {ntebn (i) + A (- ol ).
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and analogously

wp,q(x7y) ‘Am,n </ f{,(x,v)dv;x,y)‘
Yy

< 1l fatan (M) + 4002 = sl

By the Holder inequality, (10), Lemma 1 and Lemma 3, we get for m € N

A (1t = ali2) < {Ap((t = 2)%50) A (L)} 7 < %

and

< Mz(p) o

Analogously, for n € N, we obtain

An(lz—yly) <22

wq(y)An <’Z _y’;y) < My(q) #-

wq(2)
o 151, 22}

Combining these, we derive from (21)
for all m,n € N. Thus the proof of (19) is completed. The proof of (20) is analo-
gous. [

Wpq [ Amn(f(t 2);2,9) — f(z,9)] < Mio(p, q) {!fé

Theorem 2

Suppose that f € C, , with some p, q € Ny. Then there exists a positive constant
Mi1(p, q) such that

(22) wpq(2,y) |Amn(f32,9) = f(2,9)] < Mii(p, @) w (f, C.gi |/ % V #) ’
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Wy, q(2,Y) | Bmn (f52,y) — f(2,9)]
(23) SMH(p,q)w(f,Cpq;\/(p(x)—i_l,\/go(y)—’_l)

n
for all (z,y) € R2 and m,n € N.

Proof. Let fj s be the Steklov function of f € C), 4, defined by the formula

h 6
(24) Fuotas) = 35 [ [ s+ wy oy

(r,y) € RZ and h,é§ € R,. From (24) it follows that
1 h I
Fustea) = Fag) = [ du [ Bunsleie
ho Jo 0
2f<>—i/5A fla,y +v)d
O h,6\Z,Y) = he Jy h,0J\Z, Y T v)av
1 6
= 7< / (Ah,vf(x7y) - AO,vf(xvy)) d’U,
hé Jo

3f<>—i/u fla+uy)d
8y h,6\T,Y _hé . 0,6 (T T Uu,y)au

h
- % /O (Au,éf(xv y) - Au,Of(may)) du.

Thus, by (3), (4) we get

(25) s = fll,q < w(f,Cpgihs6),

(26) Ofn.s < 20w (f, Cpgi s ),
Ox - ’

(27) Ofns < 267w (f,Cpgi by 6),
ay p.q 7
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for all h,6 > 0. Hence, we can write

Wy, (T, Y) [Am n(f(E, 2); 2, y) — f(2,9)]
< Wy (@, y) {{Am,n (f(E,2) = frs(t, 2); 2, y)|
+ [Amn (frs(t: 2);2,y) — frs(z,y)l
+1fns(@,y) = flz,y)l} == 51 + 2 + Ss.

By (3), (16) and (25) it follows that
S1 < NAmn (f = frsi ), < Ms(p, @) |1f = frell,,
< M5(p7 q) W (fa Cp,q; ha 6) )
53 < W(f, Cp,q;hvé) .
Applying Theorem 1 and (26) and (27), we get

s an{ |20 (D Jone| D)
< 2Mx(p,q)w (f, Cp,g; b ){h_lr \/7}

m
Consequently, we derive from (28)

Wy g (T, Y) [Am (5 2,9) — f(z,9)]
(29) §M12(p7 ) (f’ PQ? 7 {1+h_1\/%+6_1\/#}

for all (z,y) € R?, m,n € N and h,§ > 0. Now, setting h = 1/% and 6 = 1/#
0 (29), we immediately obtain (22).
The proof of (23) is identical. [J

(28)

Theorem 2 implies the following

Corollary 1

Let Ly, n, € {Amn, Bmn} and let f € Cp , with some p,q € Ny. Then for every
(z,y) € RE,

(30) im Ly (fiz,y) = f(2,9).

m,n— o0

Moreover, the assertion (30) holds uniformly on every rectangle 0 < x < a, 0 <
y < b
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3.2. In this part we shall prove the Voronovskaya type theorem.

Theorem 3

Suppose that f € Cg,q with some p, q € Nyg. Then for every (z,y) € R%

B)  lmn {Aua(fie) — few)) = P )+ B gy,
and

im0 By n(f;2,y) — fz,9)}
(32)

= L)+ F ) + @) i) + o) Fy . 0) )

Proof. We shall prove only (31) because the proof of (32) is similar. Let (x,y) be a
fixed point in Ri. By the Taylor formula for f € Cg’q, we have

ft,2) =f(z,y) + folz,y)(t —2) + fi(2,9)(z = y)
b3 ()t = 27+ 272, (o, 0)(E — 2)(z — 9) + fy (o 0) (=~ 9)°)
+(t, 22, y)V/ (- )t + (2 - y),
for (t,2) € R2, where (-, ;2,y) = ¥(-,-) € Cy4 and ¥(z,y) = 0. Thus, we get
Apn (f(t,2);2,y) = f(,y) + fo(@,y) An(t — 252) + fu (2, ) An(z — y5 )
45 (el ) An((t — )5 ) + 262, (0, 9) Au(t — 752) An(z — ;)
@) Az = )% y)}
+ A (0082 V=) + = y)hay)

(33)

Applying the Hélder inequality, we have

‘An,n (w(t, z) \/(t —z)t+ (z -y, y)‘
(34) < {Ann (02 2);2,9) Y2 {Ann (E—2)* + (2 —y)*i2,9) }
= (A (Pt 2)52,9) }2 {40 ((E—2)52) + An (2 = 9)"59))

Corollary 1 implies

1/2

1/2

(35) lim A, , (wz(t, 2);x, y) = *(z,y) = 0.

n—oo
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Using (35) and Lemma 2, we obtain from (34)

(36) lim n A, , <1/J(t, )Vt -2+ (2 —y)hz, y) =0.

n—oo

Using (36) and Lemma 1, we derive (31) from (33). Thus the proof is completed. [J
3.3. Now we shall prove some analogue of (30) for derivatives of L, .

Theorem 4

Let L, ,, € {Apn,Bnn} and let f € C'];q with some p,q € Ng. Then for every
(z,y) € R

0 0
(37) i () = Pey)
8 8

Proof. We shall prove only (37) because the proof of (38) is identical.
a) Let (z,y) € R be a fixed point. From (8) and (6) it follows that

o j ok
%An,n(f,-ﬁ,y) 1+$ Zzand ank f<E’E>
7=0 k=0
A, j\T)an k\Y) ] f<_7_>
3:(1—1—3:);;:0 3(@) an k() n’'n
= = A (f(E2); >+—” Ay (tf(t,2);2,y), n€EN
1+ n,n 2 )5 LY LIJ(1+I’) n,n )L Y), N .

By the Taylor formula for f € C, , we have

ft,z) =f(2,y) + falz, y)( z) + fy(z,y)(z — )
+x(t, z 2, y) V/(t — )2 + (2 — y)? for (t,z) € RZ,
where x(-, s z,y) = x(+,-) € Cpq and x(z,y) = 0. From this and by (10)-(12) we get
o Ana(42)509) = — T {f (o) + Fo(o9) Anlt — 232)

+ (@) Anlz = i) + Ann (X(82) VE— 2P+ G = y)%2y) |
gy V@0 AE) + Fiwy) An(e( — 232)

+ fy(@,y) An(t;2) An(z — y3y)

A (6 2) VE= 2P+ = g)%ay) }, neN.

(39)




300 GURDEK, REMPULSKA AND SKORUPKA

But by Lemma 1 we have for x € Ry and n € N.
An(t;z) = x,

40 T T
(40) A (t(t—a)i2) = Ap((t — 2)%2) + A, (t—:v;m):w.

n
Consequently, we have

gAn,n(f(t, z);x, y)

(1 ( (¢, Z)(t—f‘f’)\/(t—x)g+(z—y)2;a:,y).

By the Holder inequality, (10), (12), Lemma 1 and Lemma 2 it follows that

)

(1
A (01 2)(0 = VT2 F (2 =P
< {Apn 0252, 9)} AL (= 2)%2) + Ay (= 2)%2) An (2 — 1))

<M13(37 y 1{Ann( (t;z ;x,y)} /2‘
Corollary 1 yields

1/2

lim Anm (X2(t) z);x,y) = ¢2(1‘,y) =0,

n—oo

and so
(42) lim nd,, (x(t2)(t = 2)V/(E= 22+ (z = y)%,y) =0,

From (41) and (42) we obtain (37) for A, .
b) Let (z,y) € R? be a fixed point. Arguing as in the case of the operator A, ,,,
we get

0 n
%Bn,n (f(t7Z),$,y) - _1 T

(G+1)/n p(k+1)/n
ZZG”J ank(y jn/ /k f(t, z)dtdz

=0 k=0

B n(f(t,2); 3,y)

n

= f(z9) {_1 T x(lix)An(t;x)}

n n s (G+1)/n
+ folz,y) {1—1—$Bn(t$;$)+:v(1+:v)za"’j(m)j/ (tl‘)dt}

=0 J/n

aea) { B ) + S A B - i)
n o J 2
Tt a5 () @,k () (ﬁ - l‘> n" I kn (2, y)
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for every n € N, where

(J+1)/n (k+1)/n
Lon(@,y) = / dt / Xt VE— 22+ (- -y
j/n k/n

Now, using Lemma 1, (10)-(12) and (40) and by

00 (G+1)/n 1
Zanj(x)j/ (t— 2)dt = Ay (it — 2);7) + — A, (£ 2)
4 ’ . 2n
j=0 J/n
1
_wlto) @
n 2n
we obtain
(43) 0 B (F(t 20 y) = Fog) + —" Zo(a,y)
817 n,n 9 9 7y — Jx 7y I(l +’I) n Jy )
where

Zule) =30 Y- @) ) (£ ) 2Ly

Moreover, by the Holder inequality we have
GHO/m p(et1)/n 1/2
Laaepl <o 4 [ [ ) - 0P + -y sy
j/n k/n

Hence, using the Holder inequality and (10)-(12), we get

n? | gn(, )|

| Zn(z,y)| < ZZanJ(m) an k(y) ‘% —

§=0 k=0

< (A (=052, 9) ) {Bun (31 2) [(E = 202 + (2 = )% s0.9) } 2

< {An ((t — )% m)}l/z {an (X4(t, z);m,y) (Bn((t — m)4;x)

+2B,((t — 2)%2) Bo((z — )% y) + Ba ((2 — 9)*9) )}1/4’

which, by Lemma 1 and Lemma 2, yields

(44) | Zn (2, 9)| < Mys(z,y)n " (Bun (X't 2);2,9)) ™.
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Corollary 1 implies

lim B, , (X4(t,z);x,y) =t (z,y) =0, for (z,y) € Ri,
n—oo
which used to (44) gives
lim nZ,(z,y) = 0.

n—0o0

Consequently, we obtain from (43)

n—o0

0
lim %Bn,n(f(ta 2);2,y) = fo(z,y).

This completes the proof of (37). O
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