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ABSTRACT

It is well-known that the existence of transversally intersecting separatrices of
hyperbolic periodic solutions leads, in a typical situation, to complicated and
irregular dynamics. Therefore, in the case of atwo-dimensional mapping or a
three-dimensional flow, with this transversality property, there is no non-trivial
analytic or meromorphic first integral, i.e., a function constant along each tra-
jectory of the system under consideration. Additional robust conditions are ob-
tained and discussed that guarantee the absence of such an integral in the many-
dimensional case, regardliess of the finite dimension in question (the strongest
analytic non-integrability). These conditions guarantee also the absence of any
non-trivial analytic one-parameter symmetry group, and, more generally, an-
alytic or meromorphic vector fields generating a local symmetry, i.e., a local
phase flow commuting with the system under consideration. Furthermore, the
analytic centralizer of the system is discrete in the compact-open topology. A
differential-topological structure of theinvariant set of “quasi-random motions”
isstudied for this purpose. The approach used is essentially geometrical. Some
related topics are also discussed.

119


Administrador



120 DovBYsH

Contents

1. Preliminaries, formulation of the problem, and statement of results ...... 121
2. Preliminary definitions for number sets ............. ... ...l 130
3. Linearization of the mapping on separatrices.

Induced map of the Grassmannian space bundle ....................... 131
4. A lemma on a linear contraction map ............ ..ottt 136
5. The main result and a discussion ................. . iiiiiiiiiinnn.... 140
6. Proof of main Theorem 2. Nonautonomous

linearization on stable or unstable manifolds .......................... 149

6.1. Two basic Lemmas and proof of the main Theorem ............... 149

6.2. Proof of Lemma 5. Nonautonomous linearization ................. 152
7. Modifications of condition 2) of main Theorem 2 ........................ 171
8. The case of a diffeomorphism close to a direct product .................. 176

Acknowledgments . ... ... 181

Appendix A. Exponential separation, cocycles,

and the construction of the adapted metric ............... ... .. ... ... 181

Appendix B. Geometrical digression:

induced mappings of k-jet bundles ......... ... ... L 185

References . .......ooooiiiiii 194

It is well-known, due to G. D. Birkhoff, S. Smale, L. P. Shil'nikov, V. M. Alekseev,
and Yu. I. Neimark, that the existence of transversally intersecting separatrices
of hyperbolic periodic solutions leads, in a typical situation, to complicated and
irregular dynamics. Therefore, in the case of a two-dimensional mapping or a three-
dimensional flow with this transversality property there is no non-trivial analytic
first integral, i.e., a function constant along each trajectory of the system under
consideration. (In essence, the non-integrability in this situation was pointed out
by H. Poincaré. His statement [42, Paragraph 397] concerning the complication
of a network pictured by intersecting separatrices is well-known.) We will obtain
and discuss conditions that guarantee the absence of such an integral in the many-
dimensional case, regardless of the finite dimension in question. This is the strongest
analytic non-integrability and the Hamiltonian character of the equations (which is
of no importance) is not supposed here. The conditions obtained guarantee also
the absence of any non-trivial analytic one-parameter symmetry group, persist un-
der small perturbations, and can be constructively verified for concrete dynamical
systems in mechanics and physics. A differential-topological structure of the set
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of “quasi-random motions” is studied for this purpose. An interesting construc-
tion of “nonautonomous linearization” by Y. Yomdin is used in our proof and the
accompanying and related geometrical objects will be also discussed in detail.

The author avoids many clear but cumbersome formalities by replacing them by
simple descriptive geometrical considerations. Rigorous mathematical arrangements
of the presented proofs (if they are not completed) are easy and left to the reader. On
the other hand, an emphasis on the underlying geometric constructions is pursued.
Some basic concepts and geometric objects related to building symbolic dynamics
in a wide class of dynamical systems will be briefly premised to the statement of the
problem and discussed while proving the main result and the auxiliary propositions.
These ideas will be systematically used in the sequel on two levels: to construct real
symbolic dynamics as well as some invariant (with respect to the diffeomorphism
under consideration) objects in the phase space, M, and in its tangent bundle, T M,
and to build and analyze “nonautonomous linearizations” on stable and unstable
manifolds.

Some results presented here were earlier reported by the author at a few meet-
ings and published in Russian in 1991 (in some sources difficult to access). An En-
glish version containing the main result without a detailed proof appeared in [17]'.
A simplified result concerning the case of a single hyperbolic point was announced
in [18] and will be reproduced at the end of Section 1.

The forthcoming parts of the present paper will be devoted to further deve-
lopments of the basic result and to some applications in mechanical and physical
problems (such as a three-component homogeneous Yang-Mills field, a spherical
pendulum with the horizontally oscillating point of suspension, the planar problem
of more than three point vortices in an ideal incompressible liquid, and the planar
problem of more than two bodies attracting by the Newton law).

1. Preliminaries, formulation of the problem, and the statement of results

Firstly, we recall the definition of a topological Markov chain (TMC) and how
it is determined by a directed graph. The term “topological Markov chain” was
introduced by V. M. Alekseev [2, Part 1] although the corresponding mathematical
object can be found in earlier papers. In the English mathematical literature it is
usually referred to as “subshift of finite type” going back to S. Smale [47] (because
there is a natural one-to-one topological equivalence between topological Markov

L Note that [17] contains inaccuracies in Remark 5 and Lemma 4 that are corrected in the present paper.
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chains and Smale’s subshifts of finite type). Consider a finite set ( “alphabet”) L
containing m < oo elements and equipped with the discrete topology. One can put
L ={1,...,m}. Denote by Q = H:fﬁoo L the Tychonoft product of a countable
collection of copies of the space L, i.e., the space of doubly-infinite sequences w =
[wn eL:—o0o<n< —}—oo] equipped with the topology such that

wk) = [wﬁbk):HGZ]ﬁw:[wn:nEZ] as k — 400 <=

wk —w, as k— +oo foreach neZz,

and by T:Q — €, the shift homeomorphism by one symbol to the left. Each zero-
unit matrix II = (7ri7 j);nj:l of size m x m defines a closed T-invariant compact subset
QO c Q by the following condition:

w=[w,] €M = 7, =1 forall n.

Wn+41

DEFINITION 1. The restriction T' | QM is called a TMC with m states
{1,....m} =L

and transition matriz 1I. Each sequence w € € is called a “word”, and a sequence
w € Q! (containing only admissible transitions determined by the matrix), an “ad-
missible word”. If m; j = 1 for all the pairs (7, j) (i.e., the transition from every state
into every another one is possible) then Q = Q! and the TMC T |  is called a
Bernoulli shift on the set of m elements (states).

It is convenient to represent a TMC by the directed graph with vertex set £

and edges (7,j) whose initial vertices (origins), ¢, and terminal vertices (ends), j,
form pairs (4,j) such that m; ; = 1. Without loss of generality one can suppose
that a TMC is “conservative”, i.e., each vertex ¢ € £ happens to be a “transition”.
This means that there are vertices j7,7~ € £ such that - = m; j+ = 1. Indeed,
removing the remaining vertices, if any, does not lead to a change of the set Q! of
admissible words.

For a wide class of diffeomorphisms one can establish the topological equivalence
of a TMC and the restriction S | A of the diffeomorphism S to some locally maximal
invariant set A. This means the presence of a topological conjugacy v: Q' — A,
i.e., a homeomorphic mapping, 1, such that the diagram

T|Q!

o Qn
g v
A A

S|A
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commutes. The key idea in constructing the topological equivalence 1: Q' — A is as
follows. In the phase space, M, of the diffeomorphism S: M — M, one can choose

non-intersecting closed sets D;, ¢ € L, such that to each edge (i,7) of the graph
I' there corresponds a nonempty intersection, l; ; = S(D;) N D;, and the “Markov
property” is satisfied: the intersection

“+ oo
ﬂ S_ann = 1/}(("))
n=—odo
is nonempty and consists of a single point if w € Q. The so-called “itinerary
scheme”, which will be discussed in the sequel, is constructed for this purpose. Now
we consider the following situation studied by V. M. Alekseev.

Let ¢; (1 < i < 1) be hyperbolic periodic points of a diffeomorphism S of an
n-dimensional manifold M and W™, W;r be their outgoing and incoming invariant
manifolds (separatrices)?. Suppose that for any i the dimensions of WZ-jE are equal to
n* (so, nt +n~ =n), r; (1 < j < s) are transversal homo- and heteroclinic points,
so that as m — +00, S (r;) tends to the orbit of the point g;+(;y, and W .- () W; )
intersect transversally at the point 7;. One can assume that distinct points g;,7;
do not belong to the same orbit under S. The orbits of the points ¢;,r; are said
to form a homoclinic structure. Let us build the directed graph I' which contains
non-intersecting closed circuits, v; (1 <4 <), and paths, 7; (1 < j < s), consisting
of N; edges and joining origins and ends placed arbitrarily on the circuits 7;- (;) and
Yi+(j)- Moreover, the number of edges in the circuit 7; equals to the period of ¢;. By
V. M. Alekseev’s theorem [3], for any open set U containing the orbits of the points
¢; and r;, there exist N; and an open set V' C U such that the restriction S | A of
S to the maximal S-invariant set A located in V is topologically conjugated to the
topological Markov chain (subshift of finite type) T | Q! determined by the graph
I, and ¢;,r; € A.

The motions on this set are said to be quasi-random if the topological entropy
(see, for instance, [4]) of the topological Markov chain T | Q! is positive.

Proposition 1

This condition is satisfied if and only if the graph ' contains a connected
branched subgraph I (maybe identical with T"), i.e.,

1) for any two vertices a,b of the graph I, there is a path on I'" with origin a and
end b, and

2) there exists a vertex being the origin of at least two distinct edges or, equivalently,
there exists a vertex being the end of at least two distinct edges.

Otherwise the graph I' consists of a finite number of circular subgraphs.

2 It is common do denote W~ as W (unstable manifold) and W+ as W* (stable manifold) .
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Proof. The sufficiency of these conditions was proven in [2, Part 1]. The necessity
is easily established using the representation of the transition matrix in the normal
block-triangle form (see, for example, [21]). Very simple details are omitted here.
To a connected graph, there corresponds the so-called indecomposable TMC [4]. O

Let a set A’ C A correspond to the graph I'V. In the sequel, it is the motions on
the set A’ that will be called to be quasi-random. Restricting Alekseev’s theorem
to some part of the homoclinic structure, if necessary, we can assume that the full
graph, I', coincides with the subgraph I". It is this homoclinic structure that will be
considered in the sequel. In particular, one can consider the case of one homoclinic
point.

It is well-known that in the two-dimensional case (n = 2,n% = 1) the presence
of non-coincident and intersecting (possibly, non-transversally) separatrices leads to
the absence of a non-constant analytic (first) integral of the diffeomorphism S, i.e., a
function F on M such that FoS = F [8, 30]3. In fact, this result has been originally
established via the method of symbolic dynamics for the particular case where there
exists a set A’ of quasi-random motions [2, Part 3]. An outline of the proof [2, 8,
34] is as follows:

1) Every continuous first integral F' is constant on A’ because A’ contains every-
where dense trajectories (the topological transitivity).

2) If F' | A’ = const and the function F' is differentiable at a point z € A’ then
the differential dF' at x is equal to zero. Indeed, any point x € A’ has one-
dimensional stable and unstable manifolds which intersect transversally at x
and there exist two sequences of points in A’ which tend to z and belong to
these manifolds. Thus, for any analytic function, F, constant on A’, all the
partial derivatives vanish at the points of the set A’, i.e., F' = const. So, the set
A’ is the key set in the sense of [8, 30] (for the class of functions, F', analytic in
a neighbourhood of A’ C M, whose every connected component intersects with
A).

In the many-dimensional case (n > 3) point 1) remains valid but point 2) does
not?.

3 Hereandinthe sequel, we restrict our consideration to a finite number of connected components, to which
the homoclinic structure belongs .

4 D. V. Anosov attached kindly the author’s attention to the fact that dF"| A= 0 for any first integral FeC®.
Indeed, F|Wr= const for any re A, where W,© and W,~ denote, respectively, the stable and unstable
manifolds of the point » of the hyperbolic set 4, and this implies the desired result. However, one cannot
prove in this way that the second derivatives of F vanish at re A.
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However, it is stated sometimes in the physical literature that the presence
of transversally intersecting separatrices in many-dimensional systems causes non-
integrability in some sense including the strongest non-integrability—the non-exis-
tence of any non-trivial integral. In the following simple example, the mapping S is
shown to be able to possess integrals even in the case when transversal biasymptotic
points are present. However, in this example the separatrices have also the whole
manifolds of intersection points or are extendible up to the boundary of the domain
of definition of the integrals, which is somewhat unnatural.

ExamMpLE 1: Let S1: M7 — M; be a mapping possessing an integral f and a hy-
perbolic fixed point O, and Sy: Ms — M, be a mapping possessing a homoclinic
structure, H, formed by the trajectories of periodic and doubly-asymptotic points.
Then the mapping S = S; x Sa (the direct product of S; and S3) of the manifold
M = My x My into itself has the homoclinic structure {O} x H and the integral
f om, where m: M — M; is the natural projection. If the separatrices W+ of the
hyperbolic fixed point of the mapping S; coincide®, then the separatrices of the
mapping S possess the whole manifolds W+ x {r},r € H, of intersection points.

In the sequel, considering a power of the mapping S, if necessary, one can
assume that all the points ¢; are fixed.

Let O be a hyperbolic fixed point of the analytic mapping S, and assume that
its eigenvalues, A;, with moduli greater (less) than unit, i.e., which correspond to
the separatrix W~ (W), satisfy the non-resonance multiplicative conditions

[T #1
J

for all integers m;, at least one of which is not equal to zero. (So, the spectrum
{\;} lies in the Siegel domain.) Then the mapping S | W¥ takes the linear diagonal
form z; — A;z; in some analytic (complex) coordinates on W~ or W+. Actually,
these coordinates are constructed in a neighbourhood of the point O and are then
extendible over the whole separatrix. Let us call a point 7 on W~ (W) to be in
general position if all its coordinates x; are distinct from zero.

Theorem 1

Let a mapping S be analytic, and let the outgoing separatrix W~ and the in-
coming separatrix W of fixed hyperbolic points, O~ and O™, possess transversal

5 In atypical casethisconditionissatisfied for integrabl e two-dimensiona mappings, S1, preserving ameasure
with a positive continuous density. In order that this invariant measure of S; on a compact manifold My
exists, it is sufficient to reguire the presence of such a measure for the mapping S; the proof of thisresult is
elementary and uses the presence of a periodic point of the mapping S-.
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intersection at a point r. Moreover, suppose that the eigenvalues of the mapping S
at the point O~ (respectively, O") with moduli greater (less) than unit, i.e.,which
correspond to the separatrix W~ (W), satisfy the above non-resonance multiplica-
tive conditions. Then the mapping S possesses no non-trivial analytic integral if the
point r at both manifolds W¥ is in general position.

Proof. Let B be the closure of the trajectory of the point r. Every continuous first
integral is constant on B. Any analytic function F' that is constant on B is easily
seen to be also constant on the separatrices W*. Therefore, the differential satisfies
dF = 0 on B, which leads to the required result via the key property of the set B,
due to the fact that all the partial derivatives of F' vanish at the points of B. [J

Theorem 1 has the following deficiency: its conditions are broken by arbitrarily
small perturbations®. On the other hand, in the typical case among the eigenvalues
can exist multiple ones if the system possesses a symmetry. Then Theorem 1 is not
applicable.

Our goal is to formulate sufficient conditions which are free of the above short-
comings, are satisfied in an open set in the space of mappings, and guarantee the
following property

FeCVNM),F|A=0=dF|A =0. (1)

This implication is completely analogous to point 2) and leads to the absence of a
non-trivial first analytic integral via the key property of the set A’. For this purpose
we shall consider the structure of the set A’.

Thus, in both the cases, under the conditions of Theorem 1 or under assump-
tion (1), the absence of an integral is implied by the presence of an S-invariant
topologically transitive key set C' (where C' = B or C = A’). However, the key
properties of these two sets are different. Let us call a neighbourhood of C, U, a
domain of the key property (DKP) of C if C' is the key set for the class of functions,
F, analytic in U, i.e., F' | A’ = const implies F' = const. On the one hand, any
neighbourhood of A’ is a DKP of A’ provided that all the connected components
of that neighbourhood intersect A’. The same is valid if one replaces A’ by the
intersection of A’ and a neighbourhood of any of its points. On the other hand, it
is easily seen that any disconnected neighbourhood of B is not a DKP of B and any
small enough neighbourhood of B is disconnected. There exists an arc, y&, that lies

6 In practice, Theorem 1 can be used to establish the non-integrability of themapping S depending on parameters.
For example, the values of a priori first integrals can be considered as parameters to prove the non-existence
of an additional integral (on almost all the levels of the a priori ones).
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on W+ and contains the semitrajectory of r, {Sitr it > 0}, and its limit point OF.
Then any neighbourhood of v =y~ U~ is a DKP for B. Here, v can be chosen to
be an arc without selfintersections.

Note that topologically the set A’ is organized in a very simple way. Indeed,
it is a discontinuum (i.e. a perfect, totally disconnected compact set) and thus
homeomorphic to the standard Cantor set K C [0; 1] (the “middle-thirds set”) [1, 7].
Moreover, the following result is valid.

Proposition 2

Let the closure of a domain V. C R" be diffeomorphic to the closure of V' and
let K C V NR! be the (standard) Cantor set. Then there exists a homeomorphism
I V — V such that it and its inverse are Hélder and f(K)= A" In particular, the
set A’ has positive Hausdorff dimension.

Proof. Tt follows easily from the analysis of the procedure of building the set A’,
that is, an iterative process of Suslin’s A-operation type [2, Part 3] (see [1]). O

The conditions we will obtain can be constructively verified for concrete dy-
namical systems and persist under small perturbations.

In particular, in the space of the C*°-diffeomorphisms possessing a homoclinic
trajectory, there is an open everywhere dense subset of “non-integrable” ones. The
same result is valid in the analytic (C*-) category if each connected component of
M has a countable base, i.e., M is paracompact (the verification of the C*-density
requires some effort, while the C*-openness is a direct consequence of the C'*-one).
The condition (1) means that the set A’ is “rough enough” and does not lie on
any regular C'V-submanifold and even on a union of countable collection of such
submanifolds.

Note that the manifold M under consideration should be analytic in view of
the fact that analytic first integrals are discussed. Because of the possible non-
compactness of M, the C*-topologies, 1 < k < oo, are considered in the weak sense,
i.e., the C*-convergence is understood as the C*-convergence over compact sets.
For the validity of the above-mentioned C“-result, the C“-topology in the space
Diff (M) of real analytic diffeomorphisms on M can be chosen in different ways.
Actually, it has to be not coarser than the C'*°-topology but not finer than some very
fine topology 7 such that the space Diff (M) endowed with 7 is not separable [10].

The relevant geometrical objects in bundles over M will be discussed in detail.
It is interesting that many of them admit the following treatment. Let S: M — M

" Antoine's example (“necklace of Antoine”) [1, 7, 16] shows that a homeomorphism of two discontinua can
be inextensible to a homeomorphism of the ambient spaces. See also [13] and further investigation in [14].
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be a diffeomorphism with a homoclinic structure, H, which generates an invariant
set A by Alekseev’s theorem. Then there exist some natural bundle 7: 997 — M and
an extension S: 9 — 9 of the diffeomorphism S: M — M (i.e., the fiber map S
covers the map S of the base). Furthermore, over each hyperbolic fixed point O of
the mapping S with separatrices W+ and W™, if some conditions on the eigenvalues
of S at O are valid, there lies a fixed point 0] of the mapping § with incoming W+
and outgoing W~ manifolds such that the subbundles W* — W= of the restrictions
of the bundle 7 are well-defined. If S has a high enough class of smoothness then
S is a diffeomorphism and W¥ are separatrices of the hyperbolic point O. Under
some conditions, the diffeomorphism S possesses a homoclinic structure, H, which
is homeomorphically projected onto H. By Alekseev’s theorem, to the structure H
there corresponds an S-invariant set, 2, which is also, obviously, homeomorphically
projected onto A.

There is the concept of symmetry groups which is closely related to the first
integrals. Recall some definitions restricting ourselves in the sequel to the case of
analytic symmetries.

DEFINITION 2. The C*-centralizer Z(S) = Z*(S) of a diffeomorphism S is the group
of Ck-diffeomorphisms f: M — M commuting with S, Z(S) = {f : foS = So f}.
These diffeomorphisms f are called C*-symmetries of S. The centralizer Z(S) is
said to be trivial if Z(S) = (S) where (S) = {S* : k € Z} is the group generated
by S.

We will prove that assumption (1) or the conditions of Theorem 1 imply the
non-existence of a non-trivial analytic one-parameter symmetry group (see [31] in
the two-dimensional case). Moreover, the following stronger result holds: the an-
alytic (C“-) centralizer Z(S) is discrete in the compact-open (weak C°-) topology.
(Obviously, the discreteness of the centralizer implies the absence of a non-trivial
analytic one-parameter symmetry group.)

Finally, we present the simplified version of the main result related to the case
of a single hyperbolic fixed point. The Theorem A below was announced in [18].

Let g be a hyperbolic fixed point of a CV-diffeomorphism S of an n-dimensional
manifold M and let W, W™ be its outgoing and incoming invariant manifolds
(separatrices). Assume, as above, that the dimensions of W¥ are equal to n* and
r;i (1 < j < s) are some transversal homoclinic points. Let A; (1 < j < n*) and
pj (1 <5 <n7) be all the eigenvalues of the mapping S at the point g and 0 < |A;| <
1 < |pj]. Assume that the numbers \; satisfy the non-resonance multiplicative
conditions

sl # | TTAT 2)
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for all indices s and all non-negative integers m; such that ) jmy = 2. (So, the
spectrum {\;} lies in the Poincaré domain.) Introduce the following equivalence
relation: Aj; ~ Aj» if and only if in all the inequalities (2) the signs persist under
replacement of all factors A;; by Aj» or all factors Aj» by Aj in the left-hand side
and right-hand side simultaneously. Let {Af, e ,A;)Z} be the corresponding parti-
tion of {\;} into equivalence classes placed in the order of non-decreasing moduli.
Analogously, let {u;} also satisfy the non-resonance multiplicative conditions and
let {Af yen. ,A;_} be the corresponding partition of {u;} into equivalence classes
placed in the order of non-increasing moduli. The integer

N > max {lnmjin])\j|/lnmjax])\j],lnm]axmj\/lnmjjn\,uj\ }

will bound from below the smoothness class of the diffeomorphism S. Consider
subspaces L{E C - C L}i = Tqu such that Lf (respectively, L; ) corresponds
to the Jordan blocks for the eigenvalues A\; € Aj (respectively, us € A;) where
] < 1. By a theorem of S. Sternberg [48], there are linearizing C coordmates
y* € R™ on W, 1n which the mapplng S | W* takes a linear form y* — JE¥y*,
Denote by M+ ¢ R™ the collection of y*-coordinates of the points r; € W=, and by
Ei c Ty, W , the subspaces obtained from the subspace Li by parallel translatlons

in the hnearlzlng coordinates. Let each subspace Eiﬁj tend to in under the positive
iterations of the tangent mapping TSTH:TM — TM For each eigenvalue v of
the mapplng J* = S | W linear in coordinates y*, the projection 7, S
cr /1m(Ji — v -id) = coker(J* — v id) is well-defined and let the C-linear hull of
the set 7, (9M*) coincide with , ((C” ).

Theorem A. Under the conditions above, implication (1) is valid.

Note that in the two-dimensional case (n = 2,n* = ) the conditions of Theo-
:t

rem A are automatically satisfied. Denote NE = U (J i) (M*). Then the

condition of Theorem A which is related to the dlsplacement of the homoclinic
points 7; on the separatrix W is equivalent to that the R-linear hull of the set mE
coincides with R"™ (see Lemma 3 below).

Note, as a possible application, that Theorem A allows one to build multi-
dimensional non-integrable diffeomorphisms as the direct products of lower-dimen-
sional ones. This provides a variety of multi-dimensional examples (constructed, for
instance, from two-dimensional diffeomorphisms with transversal homoclinic points).
We consider here the case of the direct product of the identical copies of a non-
integrable diffeomorphism, postponing the general discussion until Section 8.
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Theorem B. Let a mapping S, : My — M; have a hyperbolic fixed point q and
a set P = {r;} of homoclinic points such that the conditions of Theorem A are
R max{nT,n"}—1
satisfied with some N. Denote B = U ST"(*B). Then the direct product
m=0
of k copies of S1, S =81 x---x Sy : M — M, where M = My x --- x My, has the
—_— —_

k koo R
hyperbolic fixed point {q} X --- x {q} and the set of homoclinic points ff x - -- x P
satisfying the conditions of Theorem A with the same N.

2. Preliminary definitions for number sets

Let complex numbers Aq, ..., A\, satisfy the condition 0 < |A;| < 1. Consider parti-
tions of the set {);} into classes A,.

DEFINITION 3. A partition is said to be strongly ordered if the classes A, are sets
of numbers, A;, whose moduli lie, respectively, in some non-intersecting intervals.

The classes A, will be placed in the order of non-decreasing moduli of the
numbers A € A,
Now let the numbers \; satisfy the non-resonance multiplicative conditions

Aol # A", where  A™ =[] AT, m=(ma,...,mn) (2)
j=1

for all indices s (1 < s < n) and all non-negative integers m; (1 < j < n) such that
Im| =>_;m; > 2. The conditions (2) are obviously satisfied if |m| > N where

N > Inmin |A;|/Inmax || (3)
j J

(the collection {A;} lies in the Poincaré domain).

DEFINITION 4. A partition is said to be right if the following condition is satisfied:
two numbers Aj/, Aj» belong to the same class if and only if in all inequalities (2)
the signs persist under replacement of all factors ;s by A;» or all factors A~ by A
in the left-hand side and right-hand side simultaneously.

Remark 1. This property indeed determines an equivalence relation. Thus, a right
partition exists, and is unique, and is also strongly ordered. Definition 4 admits
an equivalent formulation dealing with the replacement of an arbitrary part of the
factors.
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Analogously, one can consider complex numbers 4, such that |g;| > 1 and intro-
duce strongly ordered partitions and, if the non-resonance multiplicative conditions
are met, the right partitions. Obviously, this case is conjugate with the previous
one by the inversion operation pi; > A; = uj_l. Therefore, elements of partitions for
this case will be placed in the order of non-increasing moduli.

Let A ; (1 <j<n'"), u; (1 <j<n") be the eigenvalues of the mapping S
at the point ¢; and 0 < |X; ;| < 1 < |u;,;|. Suppose that there are strongly ordered
partitions

= oA 6 = )

of the sets {\;; : 1 < j <n'} and {Mi,j 1 <5< n‘}. Moreover, assume that
the quantities of classes, p*, and the numbers of elements in each class cardAffs =
cf (1 < s < p*) do not depend on i. Here card denotes the cardinality (the quantity
of elements) of a set.

DEFINITION 5. Strongly ordered partitions 5? which satisfy these conditions will
be said to be concordant.

DEFINITION 6. Concordant and right partitions Eii will be said to be right con-
cordant if in addition the following condition holds: in all inequalities (2), where
As € Afto, Aj € Aftj, the signs do not depend on .

The last definition will be used only in a discussion of some accompanying
results.

The inequalities (3) define the same number N for right concordant partitions.

3. Linearization of the mapping on separatrices. Induced map of the
Grassmannian space bundle

Let Sii =S| VVii be the restriction of a C'V-diffeomorphism S to the separatrix
W:E of the point ¢;. This separatrix is a CN-manifold. Suppose that fii is a right

(2
partition (or, more generally, that the conditions

As £ A™ (2')

analogous to (2) are valid for the elements of sets {\; ;}, {u;jl}) and N > N,
where

N;" > Inmin | ;| /Inmax|A; 51,
J J

N;” > Inmax |p; 5|/ Inmin |p; 51, (4)
J J
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i.e., the numbers N;” and N, are defined by (3) for the sets {)\; ;} and {,ui_’jl}. Then,

by S. Sternberg’s theorem [26, 48], there exists a C'N-linearization I: W= — R"*
of the map Sii, ie., in R -coordinates determined on I/VijE by the diffeomorphism
I, the mapping S has the linear form (l;t) oSFo (l;t)_l = JZ.“—L:R”i RV,
where JijE is the matrix of the linear part of SijE at the point ¢;. Note that although
the linearizing diffeomorphism Z?E is constructed in a neighbourhood of the point

¢; € W it is extendible over the whole separatrix [48]. Denote by Lfs (1<s<

pT) the linear af-dimensional invariant subspace in R corresponding to all the
Jordan blocks for the eigenvalues A; ;, p;; which are included in the classes A?ft for
t < s. Obviously, af = ¢f + --- 4 ¢&. The diffeomorphism /¥ allows one to define
in a natural way, for any point r € Wii, an af-dimensional direction (subspace)
Efs(r) in the tangent space T,W> C T,M to the separatrix W= at the point 7:

3

Efs(r) = (lft)_1 ‘y (Lfs), where [ |, is the differential of a map [ at the point y,
y = I£(r). (For each r, the subspace Cf’[s (r) is obtained from the subspace Lfs by
parallel translation in the linearizing coordinates on Wii.) Obviously, Llip L= R”i,

pri (r) = T,W, a;ti = n*. Denote by G,,(r) the Grassmannian manifold of the

m-dimensional tangent linear subspaces at the point » € M. So, Efs(r) € G x(r).
For any point 7 € M the differential S ‘r of the diffeomorphism S at r induces a
diffeomorphism G, (r) — G, (S(r)) of the Grassmannian manifolds which will be

denoted again by S ‘T. The set M, = |J G (r) has the natural structure of a
reM
manifold whose class of smoothness is one unit less than that of M and it is the

total space of the bundle with base M and fiber GG,,,, where GG,,, is the Grassmannian
manifold of the m-dimensional linear subspaces in R™. Points of 91,,, will be denoted
as z = (r,0,), where o, € G,(r). Consider the skew product S of the maps S and
S ‘r which acts on M,,,: S(r,0,) = (5’(7"), S ‘T (ar)), i.e., the mapping of the bundle
generated by the mapping of the base. Then S € CV~1if S € CN.

Lemma 1

Let O be a fixed hyperbolic point of a C -diffeomorphism S of an n-dimensional
manifold M, v; (1 < j < n) be all the eigenvalues placed in the order of non-
increasing moduli, n* and n~ be, respectively, the quantities of numbers ~; whose
moduli are less and greater than unit. Suppose in addition that m is a number such
that 1 < m < n and |y;| > € for j < m, |yj| < ¢ for j > m (in particular, one
can put m = n~, € = 1, if both numbers n* > 0); ME = |J Gi(r) C M, is

rew=
a CN~l-manifold defined, respectively, if n* > 0 and which is the trivial bundle

whose base is the separatrix W+ and whose fiber is the Grassmannian manifold G.
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To the eigenvalues 7; (j < m), there corresponds a linear m-dimensional subspace
in ToM, i.e., an element o, € G,,(0). Analogously, to the eigenvalues v; (j > m),
there corresponds an element o, € G, (0). Let x* = (O, ). Then

1) for almost all z+ = (r,0,) € MY, 2= = (r,0,) € M, _,, forming open everywhere
dense sets, the following holds true:
lim SP(z%) = (0,0k) = 2™*. (5)
p—too

(By some misuse of language, one can rewrite this condition in the form lirf (S’p ) ‘T
p% o

(UT) = a7:|r:L7 where (Sp)‘r: S ‘Spfl(r) o .OS‘T fOl"p > 0 and (SP)‘T’: (S’*P ‘Sp(r) )_1
for p < 0 because the manifolds Gs(r), G(O) can be identified and lirin SP(r)=0.)
p—oo

In particular, the point x* is asymptotically stable with respect to the restriction
of the mapping S to M or S~! to M, .
2) There exist sections of the bundles M}~ and M, , i.e., maps
gt =(@d, fH): Wt -t - where f}(r) € Gn_(r) and
g, = (id, f ) W= = 9 where f, (1) € Gn(r),
which possess the following properties:
a) limy, 4o SP(2%) = 2T for 2+ € M or 2= € M, if and only if 2+ €
9 (W),
b) gt € CN~1. Moreover, the following statement holds: the local functional
map from the space of hyperbolic CN -diffeomorphisms S into the space of
regular CN~'-submanifolds in M,, _,,, or M,,,, which determines g;=(W*),

is continuous 8,

c) ff, (r) =T, W* forr € W*; if my > my then f,; (r) C fif (r) forr € W+
and f,, (r) D f,,(r) forr e W—,

a) f£(0) = oz,

e) for zt = (r,o.) € M} or 2= = (r,0,) € M, _,. the condition (5) is not
valid if and only if the linear m- and (n —m)-dimensional subspaces o, and
fE(r) in T.M have a non-trivial intersection,

f) if there exists a C'-linearization IT: W+ — R"" = ToW™ of the mapping
S| W+ and m > n~, or there exists a C''-linearization [=: W~ — R" =
ToW ™ of the mapping S | W~ and m < n~, then, in accordance with
these two cases, fi£(r) = Lk (r), where the (n — m)-dimensional subspace
L} (r) in the tangent space T, W+ and the m-dimensional subspace L (1)
in the tangent space T,W ~ are defined as L (r) = (I*)~! |y o(IF) ‘o (af)
for y = 1% (r).

8 Because of the non-compactness of the immersed submanifolds W, the ¢ —*-topology under discussion
isunderstood in the weak sense, even if M is compact.
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Lemma 1 and its proof have a clear geometrical sense. In fact, this Lemma gene-
ralizes the Hadamard—Perron theorem on the existence of separatrices of a hyperbolic
fixed point. So, we can use the below-described geometrical construction of the
manifolds g (W¥) in the spirit of J. Hadamard’s approach [24] to the proof of
this theorem (see also an exposition in [36]; J. Hadamard considered only the two-
dimensional case, but this is of no importance; the problem of the smoothness of
the separatrices obtained is discussed in [27, 37]). Let (id,h): W* — 9 be a
CN =l gection such that h(O) N a;, = {0}. Then, under the iterations, SP, of the
mapping S, the manifold (id, h)(W ™) is transformed into a manifold which tends to
g (W*) in the CV~1-norm as p — +oo (this is a kind of A-lemma, see Remark 16
below). Constructing g\ (W¥) is quite analogous. To prove this it is convenient to
use a Riemannian metric such that the inequalities

1T~ o= > IT [ a 1T~ [ ToW=|I7! > 1> || ToW ™|

mlls
are satisfied for the norms of the restriction of the operator T = S |o to the cor-
responding invariant orthogonal subspaces in To M. Then, near the point O, the
mapping S | W~ is an expansion and, moreover, an expansion (a contraction) along
the subspace a; more rapid (slow) than that along «;, occurs under the action of
the mapping S. Fix p > 0 and identify the operators «,, — «;) whose norm is
< p with their graphs. So, we equip a closed subset K~ C G, (O) with the cor-
responding structure of the p-ball in the linear normed space. A neighbourhood of
O in M can be identified with a vicinity of zero in the tangent space To M using
a chart. Let V' C W™ be a small enough ball centered at the point O. If B is the
set of the CV~1-bundles over V whose fibers are elements of K~ C G, (z), z € V

(i.e., the set of CN~l-sections of the bundle |J K~ — V) then S transfers each
zeV
element of B into some section over S(V') D V whose restriction to V' belongs also

to B. So, we define a mapping of B into itself that occurs to be contractive in the
CN~lnorm. The corresponding attracting point is g.. | V; g, is extendible onto
the whole separatrix W~ by iterations of §. The original Hadamard’s approach
needs the hyperbolicity, i.e., the presence of expanding and contractive invariant
subspaces. In the case under consideration, the roles of expanding and contractive

- respectively. However, the extension along

subspaces are played by «;f and «
ToW ™ is needed for the induced map of B into itself to be well-defined and con-
tractive (see also a relevant discussion in [27]). Note that the above construction
can be performed more directly, without the preliminary knowledge of the manifold
W . Indeed, let a Riemannian norm be as above, and a neighbourhood of O in M

be identified with a vicinity of zero in To M. Given p > 0, consider the “rectangle”
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Dt x D~ whose sides D* are small closed balls in ToW=. Consider the space
¥~ of continuous mappings f~: D~ — DT whose Lipschitz constants are < p, and
identify functions f~ and their graphs. Then the correspondence o — S(a) N D
for @ € ¥~ will determine a well-defined mapping, &~, which is contractive in the
C®-norm. Its unique fixed point is just the piece of the separatrix W~ inside D. If
one considers only CV~!-functions f~ then this map is contractive in an appropriate
CN~lnorm. The latter norm is built of the C%-norms of the j-th derivatives with
corresponding weight coefficients x; that decrease quickly as j rises, 0 < j < N (cf.
the entirely analogous construction in the proof of Proposition 5 in Subsection 6.2).
Equip each manifold o € ¥~ with the space B, of the C¥~l-sections of the bun-

dle U K~ — U {2} = a. Then the mapping S induces a mapping of |J B,
TE€Q TEQ aeX~
into itself which lies over the mapping &~ and has a unique attracting point—the
required section g, | D N W~. In particular, one can prove in this way that the

separatrix W~ is a CN-manifold [27, 37] because f._(r) =T,W~ for r € W~.
Now we explain briefly how to prove the second part of item 2b). The basic
fact that will be used many times in the sequel is that for any integer £ > 0 the
composition (f,g) — f o g defines a continuous map (-,-):C*¥ x C* — C* (under
an appropriate choice of the domains and ranges of the mappings f and g). Using
the implicit function theorem, one can obtain the following result. The contrac-
tive mapping &~ in the space of CN~!-functions, f, is well-defined and depends
continuously on S € C¥ (in fact, it is Lipschitz) under small perturbations of the
latter. Moreover, its Lipschitz constant can be chosen to be locally uniform, being
< 1. Therefore, the fixed point f € CV~1 identified with W,,, = W~ N D depends
also continuously on S € CN. For simplicity, one can identify W, with D~ using
the projection along D*. Then the map S~1 | W,,. is represented as a CN~map
r: D™ — D7. The contractive mapping G: B — B defined above, B = B;V, ,

loc
acts by the formula (Gl)(z) = S l2(2) 1(r(2)), where z(2) = (r(z),f(r(z))) and
l(z) € K—, z € D™. It follows immediately from this formula and the definition of r
that for each | € B, Gl € B depends continuously on S € CV. Finally, a fixed point
of G, gm | W, € CN~=1 depends continuously on S € CV because the Lipschitz
constant < 1 of the contraction map G can be chosen to be uniform under small
perturbations of S. Indeed, let S’ be a sufficiently small perturbation of S, let G
and G’ be the corresponding mappings B — B, and let [ and I’ be fixed points of G
and G’, respectively. Then Gl is close to Gl = [ and, therefore, the fixed point of
G', U, is close to .

Some comments concerning an elementary proof of items 1) and 2e) will be
given in Appendix B in a slightly more general context. Other items are obvious. U



136 DovBYsH

This geometrical Hadamard’s approach was denoted as “graph transform”
in [27].

Remark 2. Let Wm} =g (W), W;_ =gt (W),

WS = {(roy) € M 00N £ = {0}),
Ww__ = {(rion) €M, _, :0nN frn(r) ={0}}.

Then W; and /VIZ; (W/j_ and sz_, respectively) are the incoming and outgoing
manifolds of the fixed point 2+ (27) of the homeomorphic C¥ ~*-mapping S: 9M,,, —
My (S:My—y — M), If N > 2 then ™ (27) is a hyperbolic point of the
diffeomorphism S and, thus, the manifolds under discussion are separatrices. This
fact is easily proven using the following simple statement: the spectrum at a fixed
point (ag, o) of a fiber mapping (i.e., one covering some mapping of the base)
F(a,B) = (f(a), Ja (ﬂ)) of a bundle is the union of the corresponding spectra at the
fixed point [y of the mapping g,, of the invariant fiber and at fixed point ag of the
mapping f of the base.

DEFINITION 7. An element o, € G,,(r), where r € W (respectively, an element
or € Gp_m(r), where r € W), is said to be in general position with respect to
W+ (W) if (5) is satisfied.

In particular, in our case the following substitutions can be done. The point
7 can be any point on W, (respectively, on W, ), the set {y1,...,7,} can be the
set {fi1,- - Min—sNin+,---, A1}, the number m (respectively, the number n —m)
can be the number a;, where s < p~ (respectively, the number al, where s <
pT), and the set {v;,j < m} (respectively, the set {7j.J > m}) can be the set
Ui<s Ay (respectively, the set |, A;ft). Denote by Eis(r), where 7 € W, and
s < pT (respectively, by Zi_,s(r), where r € W~ and s < p~), the element f:—aj (r)

“_(7)) for the hyperbolic point O = g;. If the partition &;- is right then there is a
f for the hyperbolic point O If th ition & is right then there i

linearization [ on the separatrix W= which will determine the element Efs (r) by

the way discussed above.
4. A lemma on a linear contraction map

Let T:R™ — R" be a linear nondegenerate operator with eigenvalues whose moduli
are less than the unit, and 9T C R"™ be some set. We shall formulate conditions under



Transversal intersection of separatrices and branching 137

which the functions F', defined in a neighborhood of the origin 0 € R", possess the
property
FecN0), F|Ne=0=dF(0)=0, (6)

where 9 = UL _, T*(M).

Let A, be all distinct eigenvalues of the linear operator T:R™ — R™, 0 < |\,| <
1. In the Jordan (maybe complex) form of T, to each number A, there correspond
the following blocks (cells) of sizes s(u) x s(u):

where the index u ranges over some set U, (the sets U, do not intersect for distinct
r). The index couple (u,i) = ¢/, where 1 < i < s(u), determines the number of a line
or a column in the Jordan form of T'. Let M = {a, }, where a, = (a1,4,...,0n,,) € C"
are the coordinates in the Jordan basis, let the number N satisfy the inequality (3),
and let the non-resonance conditions (2') be valid.

Lemma 2

The property (6) holds if and only if for all r
rang A, = card M,., (7)

where A, = (a,;/m (e MT), M, = {(u,s(u)) cu € UT}, rang denoting the rank of
a matrix and card, the cardinality of a set.

Let L; C R™ be the linear hull of the set 9%;.

Lemma 3

The conditions (7) are equivalent to that L,_; = R".

Corollary. The property (6) persists under small perturbations of the set 2t and
the mapping T.
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To prove Lemmas 2 and 3, firstly one establishes, using the Taylor expansion,
that condition (6) for a function F' implies this condition for the linear part dF'(0)
of the mapping F' at zero. Thus, the proof is reduced to a problem of linear algebra.

Indeed, for a given point a, € C", the coordinates of the image x = T%a, are
linear combinations of terms A\FP(k), where P(k) are polynomials of degrees not
greater than n. Substitute the expression for z = T*a, in the equation F(z) = 0
using the Taylor formula F(z) = Q(z) + O(||z||), where Q(z) is a polynomial of
degree less than N. As the result, one obtains the relation

0= S NRIR) + 0(b), | — +o0, (8)

1
where [ ranges over the set of all indices r and multiindices m = (myq, ..., m,) such
that |[A\"™| > min|A,| = v, the notation \,, = A" is introduced, P;(-) are some

polynomials, and the number p satisfies the inequalities
max{|\"]: [\ < v} < p, max |\, |V < p, p<v.
T

Then A, # A™ due to condition (2') and all the numbers A, are distinct. One can
assume that all the numbers A, in formula (8) are also distinct. Let the leading
term of the polynomial P;(k) be A;k% and the index I runs over p values. Then

P(K+k)=AK"(1+0(1)) as K — +oo, 0<k<p.
Replacing k by K + k, 0 < k < p, the equation (8) takes the form

STHN(1+0(1) = gi. K — 400, where H = AK"\E, gy = 0(p).
l

Therefore, H; = O(p’) for large K because the Vandermonde matrix ()\f)l <Lkt1<p
is well-known to be nondegenerate if all the numbers )\; are distinct. So, a

A=0((p/M) K™") =0, K = +o

and A; = 0, i.e., P, = 0. It remains only to observe that the sum > AFP,.(k) = 0 is
obtained by substituting the expressions for x into the linear part dF'(0).

Elementary proofs of Lemma 2 in the case of linear F' and Lemma 3 that will
be omitted here are based on the following Remark 3. The subsequent Remark 5
easily shows that the contraction maps 7', such that condition (7) is satisfied for a
given set M # {0}, are everywhere dense. [
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Remark 3. The criterion (7) does not depend on the choice of the Jordan basis. Let
V.- be the linear subspace in C™ of dimension card M,. that is spanned by the basis
vectors with numbers i’ € M, and let 7 = 7,.: C" — V,. be the natural projection
along the complement subspace V, that is spanned by the other basis vectors and that
is just the image of the operator T'— A, -id. Obviously, condition (7) is equivalent to
the following one: the set 7(91) C V. spans the whole space V. that can be identified
with the factor-space C"/V, = C" /im(T — A, -id) = coker(T — A, -id). This provides
a completely coordinate-free description of criterion (7).

Remark 4. Basis vectors corresponding to complex-conjugate eigenvalues can be
also chosen to be complex-conjugate. Thus, if A, € R then the linear spaces V., V, C
C" are the complexifications of the corresponding real linear spaces VX, XZR (i.e.,
V., = CoVE, V,=C® XZR). Therefore, the projection 7 is also the complexification
of the natural projection 7%:R™ — VE along VE and 7(M) C 7(R") = VE. The
condition (7) is equivalent to the following one: the set 7(91) spans the whole space
VTR. If A\ and A~ are complex-conjugate and distinct then ‘N/r/ = 17}/,7“// ® Vyrr,
Vs = Voo © Vie, Vo = €8 Vo Vior = Vo © Vi = € V5 (whero
VTH,%’T“, XN/}}W are real spaces) and the spaces V,» and V,» are complex-conjugate.
Then the projection 7, ,»n: C" — Vi v along %,ru is the complexification of the
projection Wi%’r,,:R” — VTH?T,, along 17}?#,, and the projection m,.:C" — V,. along
17,"/ decomposes into the product 7, om, v, where m,.: V,s v — V. is the projection
along V.

Consider in more detail the form of criterion (7) in the latter case for the real
set M. Thus, the set G = 7% ,,(N) c VE

7',77',,

. has to be such that its image under the
projection 7, (respectively, 7,.») C-spans the whole space V,. (V,.»). The complex-
conjugate subspaces V,» and V,.» have the trivial intersection only and, consequently,
they do not contain real non-zero vectors. It is easily seen that V., = {z +iJ(z) :
z € VST,,} and V,n = {z—iJ(z) : z € Vﬁ%r,,} where J is a linear operator in the
real even-dimensional space Vr“,%,r,, such that J? = —id. Here, 7,/(22) = 2z + iJ(2)
and T, (2z) = z —iJ(2) for any z € V¥ ;. Therefore, condition (7) is equivalent to
that G U J(G) R-spans the whole space V7 ..
elements of GG, we note the following fact. For any non-zero vector z € VTH,%,T,,, the
linear space spanned by z and J(z) is two-dimensional and J-invariant. Therefore,
G has to contain a subset G’ consisting of %dimR Vrﬂ,%m,, = %dimc Vo prr elements
and such that G’ N J(G’) = 0 and G’ U J(G") spans the whole V%

Concerning the minimal number of

Remark 5. Mappings T such that the elements of maximal (i.e., the finest) strongly

ordered partitions for the set {\;} are of type {v}, where v € R, or {a £}, where
a, 3 € R, B # 0, form an open everywhere dense subset. In this case the condition (7)
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is equivalent to 7 (91) ¢ {0} or w5 .. (M) ¢ {0}, respectively. Thus, for the set N it
is sufficient (but not necessary) to contain a point that does not belong to the union
of a finite number of linear subspaces of codimension 1 or 2.

DEFINITION 8. A set P of points on the separatrix Wii is said to be in general

position if there is a linearization lii and the conditions (7) are valid for the set
M = I£(P) and the mapping T = (Jii)il.

This definition generalizes the one used in Theorem 1. Obviously, under non-
resonance conditions (2') for the eigenvalues of S | W=, the set P C W7 is in
general position on the separatrix W if and only if from conditions F € CV (Wzi)
and F | Poo = 0, where Poo = Upey ST*(P) and the number N was described
earlier, it follows that dF(g;) = 0.

5. The main result and a discussion

Theorem 2
Let the following conditions be satisfied:

1) the eigenvalues \; j and p; ; for all i are such that there exist concordant partitions
¢t = {Afs; 1 < s < p*} of the sets {\;;} and {p; ;};

2) there is i* (and also i~ ) such that the partition £, () is right and the set of
homo-(hetero)clinic points r; lying on the separatrix W; (W.Z), ie., points such
that it =i*(j) (i~ =i (j)), is in general position;

3) the diffeomorphism S has class C, where N > Nijft and the numbers NijE are
defined in accordance with (4);

4) for any j and 1 < s < p* the element Zﬁ ().5(T3) € G, (r;) is in general position

with respect to the separatrix Wf’; )

Then property (1) holds. Moreover, in a neighbourhood of any own point the
set A’ does not lie on a regular CN -submanifold of positive codimension nor even
on the union of a countable set of such submanifolds.

Remark 6. The condition that the element /:';ti ()t (rj) € Gpx(r;) is in general
position with respect to W ) is equivalent to that the homo-(hetero)clinic point

ry € W G N W; ; is transversal. Therefore, the case s = p* is omitted in the
statement of the Theorem. The condition 4) of the Theorem together with the
transversality condition mentioned above are equivalent to the following one:

Fi iy ) NVEE Gy (1) = {03, (9)
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where fzim are the mappings f for the hyperbolic point O = ¢; and the number m
ranges over the set

a;, (1<s<p), n*:a;,:n—a;, n—al (pm>s>1). (10)

To formulate condition 4), one has to assume the validity of condition 1).

Remark 7. Let N > 2 and m be a number in the set (10). Denote by z,
z; and by Wii = W;, Wi = Wmi, the hyperbolic points =+, 2~ of CN~1-

K2
diffeomorphisms S: M, — M., S:M,,_,, — M, _,, and their separatrices Wmﬁ,
Wj_ that correspond to the point O = ¢;. The condition (9) is equivalent to

the following one: the couple of separatrices W_ ()t and W; ()t (Wf_ ()~ and

Wit(j),i, respectively) of the hyperbolic points x:[ ) and :U;Q(j) (w,_ ) and x;(j))

intersect transversally at ?f = ('rj,fi_,(j) (1)) (?j_ = (rj,fl.t(j) (r3))). So, the
hyperbolic points z;" (z;) and the trajectories of homo-(hetero)clinic points 77;7
(?J_) form a homoclinic structure that projects homeomorphically by the natural
projection M,,, — M (M, _,,, — M), onto the homoclinic structure formed by the
points g; and the trajectories of the points ;.

Remark 8. The conditions of the Theorem are satisfied on an open subset in the
space of diffeomorphisms, S, of a finite-dimensional manifold M, i.e., they persist
under small perturbations of S. These conditions are also satisfied on an open ev-
erywhere dense subset in the space of all diffeomorphisms S possessing a homoclinic
point. Indeed, a transversal homoclinic point r can be produced by an arbitrarily
small perturbation of the mapping S. One can achieve, by additional small pertur-
bations, that: a) the eigenvalues \; and p; at the fixed hyperbolic point satisfy the
non-resonance conditions (2) and, moreover, the elements of the maximal strongly
ordered partitions are of the form {~v}, where v € R, or {a £ i3}, where o, 5 € R,
B # 0, b) conditions 2) and 4) of the Theorem are satisfied. One uses here the fact
that the Hadamard—Perron theorem on the existence of the separatrices of a hyper-
bolic fixed point and Sternberg’s theorem admit “uniform variants”: the separatrices
as C'N-manifolds and the linearizations as C¥-mappings depend continuously on the
C™N-mappings under consideration. As for the first theorem, the latter result is well-
known and follows, for instance, from Lemma 1. As for the second one, this will be
explained in Remark 14 below.

The above considerations are valid in the CV-variants where N € NU {cc}, N
being bounded from below by condition 3) of Theorem 2. Moreover, the following
two opposite extensions of these results are possible.
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i) where the CV-mapping S is treated in the C*-topology for arbitrary 1 <
k < N provided that it remains uniformly C"¥-bounded from above (over each
compact set). Indeed, firstly, the uniform C"-boundedness of the diffeomorphism
S guarantees the uniform C™-boundedness of its separatrices as immersed C"-
manifolds. Thus, an appropriate uniform variant of the Hadamard—Perron theorem
is valid. Secondly, an analogous uniform variant of the Sternberg theorem is also
valid as will be explained in Remark 14 below.

ii) where the diffeomorphism S is considered in the analytic (C*-) category
Diff(M). Fortunately, if each connected component of the real analytic manifold
M has a countable base then the technique developed in [10] (see also [43]) allows
us to carry over immediately the corresponding C'*°-results to the analytic case (the
only problem is to establish the C*-density, see Historical comment 1 below)?. For
this purpose, one has only to reformulate, in succession, the presence of a transversal
homoclinic point and assumptions a) and b) as specific “Kupka—Smale” or transver-
sality properties. We explain briefly the latter term and discuss the C“-topologies.
Firstly, the desired assumptions should be expressed as abstract transversality con-
ditions, and, secondly, the following should hold. Recall that all the desired as-
sumptions are considered in succession, one by one, as mentioned above. Then for
any S satisfying the “preceding” assumptions, there is an appropriate transversal
C°°-unfolding of S, S, i.e., a perturbation with a compact support not depending
on a small (multi)parameter p such that the family S, satisfies the above abstract
transversality condition. Note that, usually, a suitable C'"*°-unfolding is actually
constructed while proving the C*°-density [10] (see Historical comment 1). The
topology 7 in Diff¥ (M) is defined originally for the case where M is a Euclidean
space and then it is directly carried over to the general case of a real analytic man-
ifold M with a countable base (see details in [10, 43]). This transfer is done via the
following classic results by H. Grauert [23] (see also [35]): any real analytic manifold
M with a countable base can be analytically embedded into a Euclidean space as
a closed submanifold and any analytic function on M is extendible to an analytic
function on the whole ambient Euclidean space. Any topology in Diff* (M) that
is finer than the CV-one but coarser than 7 is also suitable (cf. [10, 43]). Indeed,
the density is guaranteed by that in the topology 7 and the openness is guaran-
teed by that in the CV-topology. Because of the results described in item i), one
may consider topologies in Diff (M) that are not finer than 7 and not coarser than
C*, provided that the mapping S remains uniformly CV-bounded from above (over
compact sets).

9 The technique of [10] requires the manifold M to have a countable base. Recall that, anyway, we have
to restrict our consideration to a finite number of connected components, to which the homaclinic structure
belongs. This guarantees the validity of the assumption.
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Returning to our assumptions, we mention that the desired reformulation is an
elementary task. As for the existence of a transversal homoclinic point (cf. [10]),
one should only utilize local coordinates on M depending smoothly on S, in which
one separatrix becomes independent of S; the standard proof of the C'°°-density
provides us with a transversal C*°-unfolding. The task is also easy for assumption a)
and condition 2) of the Theorem because one has just to avoid a finite number of
equalities, each defining, locally, a submanifold, cf. [43]. Finally, as for condition 4)
of the Theorem, it is reduced, due to Remark 7, to the assumption on the existence
of a homoclinic point. So, we get the assumption discussed before.

Historical comment 1. Usually the proof of the C'°°-density is done using a C'*°-
perturbation with a compact support which is not applicable in the analytic case.
However, H. W. Broer and F. M. Tangerman [10] (see also references therein) were
able to overcome this difficulty using suitable real analytic perturbations and the
transversality theory. Firstly, they have shown how given a C'°°-unfolding, S,,, of
an analytic diffeomorphism, to construct a C°°-close C*-unfolding, S, ;, ¢ > 0.
The key idea is to use the solutions of the heat equation whose initial conditions
are connected with the representatives of the C'*°-unfolding. Let w, be a C°°-
unfolding of the zero vector field wy = 0 with a compact support and let w,, ¢, t > 0,
be the solution of the heat equation with the initial condition w, o = w,. Then
Wyt — wy as t — +0 uniformly in C*, k > 1, over compact sets and, for fixed ¢ > 0,
Wyt — wo,r = 01in C¥ as p — 0. The representatives of the desired C*-unfolding of
S are defined as S, 1 = ¢,,,; 0S5 where ¢, ; is the time one flow map of w, ; and ¢ > 0.
Secondly, another basic idea is to represent the desired property as the transversal
“Kupka—Smale” property and to use the Thom Transversality Theorem. Therefore,
if the unfolding S,, = S, satisfies the transversality condition then there are p’s
arbitrarily close to . = 0 such that S, ; possesses the desired property.

J. Palis attached kindly the author’s attention to papers [5, 29, 38, 40, 41]
where the centralizers of diffeomorphisms satisfying some rather special conditions
of the Morse-Smale type were considered. It happens, in particular, that under
some conditions the centralizer is trivial, i.e., is generated by the diffeomorphism
itself. Incidentally, the constancy of any continuous integral for systems under con-
sideration is evident from the fact that almost every trajectory tends to some basic
sets ; being an attractor and a repeller (see below).

Let T be a linear contraction nondegenerate operator. Determine the number N
by the spectrum of T' in accordance with (3). According to [29], the CN-centralizer
Z(T), i.e., the group of the CN-diffeomorphisms commuting with T, contains only
polynomials of degrees < N (the proof of this fact is almost identical to that for
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Sternberg’s theorem). Moreover, Z(T) contains only linear mappings if multiplica-
tive non-resonance conditions (2') are satisfied. On the other hand, if the spectrum
of T is simple (i.e., there are no multiple eigenvalues) then a linear mapping com-
mutes with 7T if and only if it is diagonalizable in the same coordinates where T
is diagonal. Using this result and Sternberg’s theorem, B. Anderson, J. Palis, and
J. C. Yoccoz [5, 38, 40, 41] have obtained the following results that we will describe
in detail. Let Diff(M) be the set of the C'*°-diffeomorphisms on a given compact
connected boundaryless manifold M, and let 2A(M) be the open subset of the dif-
feomorphisms satisfying axiom A and the (strong) transversality condition. Recall
that f € Diff (M) satisfies aziom A if the set of non-wandering points, Q(f), is
hyperbolic and the set of periodic points, P(f), is dense in (f). Then f is also
said to satisfy the (strong) transversality condition if for all x,y € Q(f) the in-
coming (“stable”) manifold of z and the outgoing (“unstable”) manifold of y are
transversal (concerning the invariant manifolds of points of a hyperbolic set, see the
beginning of Section 6). Axiom A is obviously satisfied if Q(f) is a finite hyper-
bolic set, i.e., Q(f) = P(f) is formed by periodic hyperbolic points. Morse—Smale
diffeomorphisms are those possessing the latter property and satisfying the strong
transversality condition. Finally, let 2 (M) be the open subset of A(M) formed by
diffeomorphisms that exhibit either a sink (periodic attractor) or a source (periodic
repeller). Morse-Smale diffeomorphisms form an open subset MS(M) in 2 (M).
J. Palis and J. C. Yoccoz [40] have proven that the C°°-centralizer is trivial for
C*°-diffeomorphisms in: 1) an open and dense subset of ; (M), 2) an open and
dense subset of A(M) if dim M = 2 or a residual (Baire second category) subset of
A(M) if dim M > 3. The “localization” argument shows that it suffices to consider
the open subset in A(M) (respectively, 2, (M )) formed by the diffeomorphisms with
the following properties: i) if p is a k-periodic point with k& < K then both the
parts of the spectrum of f* at p, which lie inside and outside the unit circle, are
simple and satisfy (2'), ii) if p,p’ are periodic points of the same period k < K
then their spectra are distinct unless p, p’ belong to the same orbit. Then, firstly,
one establishes structurally stable conditions that impose some restrictions on the
centralizer and are analogous to those used in Remark 8. Secondly, the following
holds due to the fact that these conditions are related to a disposition of some ge-
ometrical objects on the separatrices of hyperbolic periodic points as well as to the
spectra for the restrictions of the diffeomorphism to these separatrices: arbitrarily
small perturbations can lead to the validity of the required conditions (similarly to
Remark 8). However, the considerations of [40] are more complicated than ours.
In particular, while proving result 1), one has to consider some invariant sets or
foliations in the basin of attraction of a sink (repulsion of a source), instead of
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double-asymptotic points. An essential ingredient of the proofs is also the Smale
spectral decomposition theorem: if f € A(M) then Q(f) = Q1 U---UQ; where each
Q,;, called a basic set, is close, f-invariant and topologically transitive. Using the
technique [10], J. Rocha [43] carried over the results of [40] to the C'*°-centralizers of
C“-diffeomorphisms, restricting himself in case 1) to Morse-Smale diffeomorphisms
only. This restriction seems to be caused by the absence of an appropriate analytic
perturbation theory for the above-mentioned invariant sets or foliations in the basin
of attraction (repulsion). Some further more particular results can be also found
in [40, 43).

Using some special arguments, in addition to the localization principle for K = 1
and Sternberg’s theorem, J. Palis and J. C. Yoccoz [41] have proven that for an
open and dense subset of Anosov C*°-diffeomorphisms of the torus T™, the C°-
centralizer is also trivial. The results and ideas of [40] generalize those of [5, 38].
B. Anderson [5] have proven that the C*°-centralizer is trivial for an open and dense
subset of M.S(M). On the other hand, J. Palis [38] stated that the C'*°-centralizer
is CO-discrete for an open and dense subset of A(M). The first step in arguments
outlined in [38] is as follows. If h is a homeomorphism near the identity on M
and ho f = foh then h = id on each basic set ;. This has motivated item a)
of our Proposition 4. The considerations of [5, 38] are easily carried over to the
C*>°-centralizers of C*-diffeomorphisms.

Note that the case of infinite smoothness was discussed in [5, 38, 40, 41]. Nev-
ertheless, it is easily seen that all the statements remain valid if one considers the
CN-centralizer for diffeomorphisms in a small CV-neighbourhood of a diffeomor-
phism f € C¥, provided that the number N exceeds numbers (4) corresponding
to the spectra of the restrictions of the mapping f to the separatrices of periodic
points that are used in the proof. Moreover, one can consider CV-diffeomorphisms
in the C*-topology, 1 < k < N, provided that they remain uniformly CV-bounded
from above. Note in this connection that the statement of [5] on the C3-openness is
wrong because of the reason explained in Remark 14 below.

Problem 1. To carry over all the results of [40, 41] to the C*°-centralizers of C*-
diffeomorphisms (as it was pointed out, the paper [43] contains particular results in
this direction).

Remark 9. 1t often happens in applications that the mapping S on M is the first
return map (Poincaré mapping) of some flow v. Obviously, an integral Fgs of the
mapping S and that F, of the flow v are related by the formula Fg = F, | M
and exist or do not exist simultaneously (under the proper assumptions about the
smoothness).



146 DovBYsH

We proceed to the problem of the existence of an analytic symmetry group
for the mapping S and flow v. Recall that the flow v is a one-parameter group of
diffeomorphisms, {v' : t € R}, generated by a vector field that we denote again
as v. jFrom now on we will consider only analytic vector fields v in contrast to
mappings S that should be only smooth. The analyticity of the flow v will be an
essential ingredient of the proofs. Our technique does not allow us to weaken this
assumption.

Proposition 3
Under assumptions (1) or if the conditions of Theorem 1 are satisfied

a) the mapping S has no one-parameter nontrivial symmetry group,
b) any one-parameter symmetry group of the flow v is generated (modulo a linear
change of a parameter) by this flow.

The definition of the centralizer for a flow is entirely analogous to that for a
diffeomorphism. So, the centralizer Z(v) consists of diffecomorphisms f, for which
the flow v is a one-parameter symmetry group. The concept of the triviality of the
centralizer remains also valid (now the group (v) is just the flow v). However, we
should correct the definition of the discreteness of the centralizer.

DEFINITION 9. The centralizer Z(v) of a flow v is discrete if for any f € Z(v) there
is a neighbourhood V of f in the space of diffeomorphisms such that Z(v) NV C
fo(w)=(wof={fovi=vlof:teR}.

Proposition 3 is a direct corollary of the following.

Proposition 4
Under the conditions of Proposition 3

a) the analytic centralizer Z(S) of the mapping, or
b) the analytic centralizer Z(v) of the flow

is discrete in the compact—open (weak C°-) topology.

Proof of Propositions 3 and 4. First of all, while proving Proposition 4, it suffices
to establish the discreteness of the centralizer at the identity diffeomorphism id.
This means that there is a neighbourhood V of id such that a) Z(S) NV = {id} or
b) Z(v) NV = (v) N V. Second, items b) concerning the flow v can be immediately
derived from the corresponding items a) concerning the first return map due to the
fact that the proofs of items a) are based on the presence of S-invariant compact
topologically transitive key sets C' (the direct proofs for items b) can be also obtained
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by a simple modification of those for items a)). We explain this in detail. Let M
be the manifold carrying the flow v. In a small neighbourhood of M C M , V, the
natural projection m: V' — M along the trajectories of the flow v is well-defined. We
desire the inclusion f(M) C V for all the diffeomorphisms f on M that are close
to id. This is true only if M is compact. Fortunately, in the sequel, we are able
to replace M by a region in M, M’, which has the compact closure in M, contains
the set C' and is a DKP of the latter. Instead of M we will consider the manifold
M’ C M filled with the trajectories crossing M (= M) at least once.

Suppose now that Z(S) is discrete at id. If f € Z(v) is close enough to id
then f(M) C V and the map f = wo f | M belongs to Z(S) and is close to
id. Thus, f = id and f(r) = v*")(r) for every r € M where A\: M — R is some
continuous function. This formula and the function A are then extendible onto the
whole manifold M’ C M. Here, A happens to be a first integral of the flow wv.
Next, the set 5, filled with the trajectories passing through the points of C, is a
v-invariant topologically transitive key set. Hence, A | C = Ao = const. Finally,
analytic mappings f and v coincide over the key set C and are therefore identical
everywhere. The discreteness of Z(v) at id has been proven.

Now it suffices to prove item a) of Proposition 4. Nevertheless, because of
simplicity, we present a reduction of item b) to item a) in Proposition 3 and a
direct proof of item a). If a vector field 4 generates a one-parameter symmetry
group of the flow v then the infinitesimal variant of the above consideration yields
the following conclusion. There is a one-parameter (local) symmetry group of S
generated by a vector field u defined by the formula u(r) = m, (a(r)), r € M, where
7 ToM — T, M is the projection along the vector v(r) of the flow. So, if u vanishes
on M then u(r) = A(r)v(r) for every r € M where A is a continuous function. The
rest of the proof that & = Agv everywhere with some constant Ay is analogous to
that presented above.

Now we prove item a) of Proposition 3. In the set A’ of quasi-random motions,
the set of periodic hyperbolic points, P, of the mapping S is everywhere dense. The
set P is a key set. Recall that under the conditions of Theorem 1, the set B is also
a key set. It is easily seen that a vector field generating a symmetry group vanishes
upon P or B and, thus, is identical to zero.

Finally, we have to prove item a) of Proposition 4. If f € Z(S) is close enough
to id, which will be assumed in the sequel, then f | C' = id. This implies the desired
result f = id due to the key property of C'. The proof is very simple in the case C' = B
(under the conditions of Theorem 1). The symmetry f permutes hyperbolic fixed
points. So, f(OF) = O and f preserves the separatrices W*. Next, f preserves



148 DovBYsH

also the isolated double-asymptotic point!® r which implies f | B = id. Now let
implication (1) hold. Recall that the compact set A’ is the maximal S-invariant
set in an open region. Therefore, f(A’) C A’. Applying the inverse symmetry, one
sees that f(A") D A’. So, f preserves A’. It is well-known that the restriction
of S to the hyperbolic set A’ is expansive (see, for instance, [4, 37]), i.e., there
exists an expansive constant § > 0 such that for any distinct points z,y € A’ the
distance between S™(z) and S™(y) is greater than ¢ for some m € Z. (In our case,
this is a direct corollary of the expansiveness of the corresponding TMC.) Therefore,
f | A" =id. (We note that the arguments used here for the set A" are also applicable
for the set B.) This completes the proof. O

Remark 10.  All the results remain valid if one considers meromorphic integrals
instead of analytic ones. Indeed, at first, assume that a first integral has the form
F = f/g where f and g are analytic functions, g # 0. Then g # 0 over an open set,
U. Recall that there exists an S-invariant topologically transitive key set C. Then
UNCisakeyset. Indeed, h | UNC=0=hg|C=0=hg=0=h|U=0=h=
0 for any function h analytic in a connected DKP of C'. The function F' is analytic at
the points of UNC' and the latter set is S-invariant and topologically transitive. One
can assume that F' | UNC =0. Then f | UNC =0 and, consequently, F' = 0 via
f =0. A meromorphic function is defined as one locally represented as the quotient
of complex holomorphic (or real analytic) functions. The problem of such a global
representation is called the Poincaré problem. It has been positively solved for the
functions over the polycylinder domains in C™ with simply connected cofactors in
C [20, 44], and even for those over an arbitrary domain in C" [28]. It is easy to choose
a Cl-chart that covers a small vicinity of the closure of the DKP of B while local
coordinates range over a rectangular parallelepiped I = I; X --- x I,, where I,, are
closed intervals in R. Then, C'-approximating the coordinate functions by analytic
ones (for instance, with the use of the Weierstrass Approximation Theorem [35]), one
gets analytic local coordinates ranging over int I and covering the DKP. Consider
the meromorphic first integral, F', as being expressed via these coordinates. Then
F'is a function meromorphic in the desired polycylinder domain D = Dy x --- x D,
where D, = {z :Rez € int [, [Imz| < z—:,,} C C provided that €, > 0 were chosen to
be sufficiently small. As for the set A’, one does not need to cover the whole A" by a
chart. Fortunately, it suffices to consider, instead of A’ itself, the intersection of A’
and a neighbourhood of any of its points. Other considerations remain unchanged.

Analogously, Proposition 3 remains valid if one considers meromorphic vector
fields that generate local symmetries, i.e., local phase flows commuting with the
mapping S or the flow v.

10" \we mean that the double-asymptotic point isisolated in the topology of the immersed submanifolds W *.
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Note that, in the case of an analytic diffeomorphism S, every nontrivial single-
valued first integral or vector field generating a local symmetry, has to be not mero-
morphic at one of the points O, if the conditions of Theorem 1 are satisfied, or at
each point of the set A’ of quasi-random motions, if assumption (1) is met. This
is a direct consequence of the following two facts. Firstly, the images of any neigh-
bourhood of {O+, O‘} under iterations of S cover a DKP of B, and, secondly, the
images of a neighbourhood of any of the points of A’ cover the whole A’.

6. Proof of main Theorem 2. Nonautonomous linearization on
stable or unstable manifolds

6.1. Two basic Lemmas and proof of the main Theorem

It is well-known that the set A described by the Alekseev theorem is a hyper-
bolic set and for each point r € A, are defined the incoming (“stable”) W, and the
outgoing (“unstable”) W,~ local CN-manifolds that depend (in the C"-norm) con-
tinuously on r. They are quite analogous to the separatrices of a hyperbolic periodic
point, and coincide with them if the point r is periodic (see, for example, [2, 27, 32,
34, 37] and a correction in [19]). These results can be proven via a nonautonomous
variant of the construction described in the proof of Lemma 1 (cf. [2, 32, 34] and
see Remark 16 below).

Let 2, — A be the bundle of s-dimensional tangent subspaces over A (the
restriction of the bundle 9, — M). For any finite number set K, let K, |K|, and
In K be the sets whose elements are obtained from the elements of K via the cor-
responding mathematical operations (raising to the power ¢ and evaluating moduli

and logarithms). Finally, let [K] = g\m}ré I\l max |)\|} be the minimal closed interval
€ €

containing |K|.

Lemma 4

Let a homoclinic structure generating, due to the Alekseev theorem, a set
A satisfy the conditions 1), 4) of Theorem 2! and let m be any element of the
set (10). Then, over the set A, the sections g\ and g, corresponding to all the
hyperbolic points O = q; are extendible naturally to invariant continuous sections
ut = (id,h}): A — Ay, and u,, = (id,h;,): A — 2, that possess the same
properties. More precisely speaking:

1 A isnot assumed to be a set of quasi-random motions, i.e., the graph ' may be disconnected.
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a) ht = ffm over W N A,
b) hf (r) @ h,,(r) =T,.M, hff, (r) = T,WFE for any r € A,

c) for 2t € A, or 2= € A,,_,, the point S*(2F) tends to the set u) (A) ast — Foo
(i.e., the limit set of the corresponding semitrajectory lies in ] (A)) if and only
if z¥ = (r,0,), where o, N hE(r) = {0}. Moreover, S*(z*) approaches u (A)
exponentially rapidly, so that the distance from the point St(z%) to the set ., (A)
does not exceed const - k™, where the number 0 < x < 1 does not depend on the

choice of r € A.

Furthermore:
d)if0 <my <--- <my, <n, where p = p* +p~ — 1, are all the elements of the
set (10), then there exist invariant sections (id, ¢s) of the bundles of (ms — ms_1)-
dimensional subspaces, where 1 < s <p+1, mg =0, and my,41 = n, such that

By, = 01D D s,  hf =1 ® - Dpp1, s =h,, NhE

s+1 7

e) under the conditions of item d), denote by ¢, (r) = ps(r), 1 < s < p~, and
o (r) = opr2-s(r), 1 < s < p*, the subspaces whose direct sums are T,W,” and
T, W,t, respectively. Let r € A be T-periodic. Obviously, the eigenvalues of the
mappings ST | Wt at the fixed point r decompose into partitions ¢+ = {AF :
1 < s < p*} whose elements correspond to the invariant subspaces ¢F(r). Then the
partitions £+ are concordant with £ii. Moreover, the distances between different sets
In|AF|YT C R (i.e., ones corresponding to different subscripts or superscripts) are
bounded from below by a positive constant, not depending on the choice of r € A.
Actually, these distances are > — In k, where k satisfies the condition of item c) for
all m under consideration.

Note that the sections (id, ) separate the Lyapunov exponents for the trajec-
tories in A. A simplified version of this result concerning the periodic points is given
in item e) of the Lemma. Some relevant results in a more general aspect will be dis-
cussed in Appendix A. Analogously to Lemma 1, this Lemma has a clear geometrical
sense and its simple proof will be omitted here. Let us mention that this proof can
be performed in a manner analogous to the one used below in Remarks 16 and 19.
So, “negative” {S*(r),t < 0} and “positive” {S*(r),t > 0} “semitrajectories” of
the point 7 are considered to build the tangent subspaces h. (r) and h; (1), respec-
tively. This geometrical construction of the bundles h, (r) (h} (1), respectively)
can also be interpreted in somewhat different terms: the mapping S: 2, — A,
(S LA — A, _m) induces an automorphism of the space of continuous sec-
tions v = (id,h): A — A, (u = (id, h): A — A, _,,) which possesses an attracting
point—the required section u,, (u;) (cf., for example, [27, points (2.11)-(2.13)]).
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An elementary proof of item c¢) will be given in Appendix B. [

Remark 11. If a diffeomorphism S is of class C? then u} (A) (u,, (A), respectively) is
an invariant set of the diffecomorphism S:9M,,, — M,, (S:M,,—,,, — My, TESpec-
tively) that exists due to Alekseev’s theorem near the homoclinic structure described
above in Remark 7 and that covers the homoclinic structure of the diffeomorphism
S. If S ¢ C? then the points z; (x;) and the trajectories of the points 'Fj ;)
form also an analog of homoclinic structure in the non-smooth case and the set
ut (A) (u,,(A)) is again a maximal S-invariant set in some neighbourhood of this
“homoclinic structure”.

Remark 12. Let the conditions of Lemmas 1 (for one of the two superscripts +)
and 4 be valid for numbers m belonging to a collection m = (my,...,m,), where
0<my <--- <mp <n. Denote n —m = (n —my,...,n —mq). Then one can
pass in the formulations of the mentioned Lemmas from the mappings of bundles
M, or M, _,, to the mappings of tangent bundles 9, or M, _,, of flags Fs of

types = mor s = n—m, ie, Mg = |J Fs(r), where s = (s1,...,s,) and
reM
Fs(r)={ds, C---Cds, : ds, € Gs,(r),...,ds, € Gy, (r)}. Here nested sequences

of spaces

fa(r) = (o (1) - C L, (N} () = {f0, (1) - C [, (1)},
hin#) = {hin, (1) C -+ Chiy (0}, W) = (I, (1) © - C b, (1)}

can be treated as the images of sections g, = (id, f£) and uf = (id, hL). Re-
marks 2, 7 and 11 remain valid with the only change that now

W;Zr = {(r,o*r) EMm : 0r = (Orym; €+ COrmy,)

(ryorm,;) € W;Q for all i},

m;

W—_ = {(ﬁ Ur) S 9;)’tn—m L0 = (Ur,n—mp - C Ur,n—ml) ’

(7, Orn—m,) € Wgc__ for all i},

m;

where the subscripts m; and m of z* are used to point the corresponding number
m or collection m = (my,...,my).

Lemma 5

Let the assumptions of Theorem 2 be satisfied and V;+ be a given small neigh-
bourhood of the point q;+. Furthermore, let a number 6 > 0 be small enough. If
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the trajectory of a periodic point r € A’ spends, on the average, a relative part of
the whole time that does not exceed 6 out of the neighbourhood V;+ and, moreover,
S™(r) € Vi for |m| < (1—6)T/2, where T is the period of r, then on W the map-
ping ST possesses a linearization CN -close to the linearization of S | Wft Moreover,
the partition ¥ = {AT : 1 < s < p*} of the eigenvalues of the mapping ST | W7,
which was introduced in item e) of Lemma 4, satisfies the following condition: the
sets ‘Aﬂl/ T are contained in small vicinities of [A;E:,s]’ respectively. In particular,
the partition ¢+ is right concordant with §Z.ii. Besides, if the partitions fii are right
concordant then it is sufficient to require the domain V to be small and the periodic
point r € A’ to be close to q;+.

Remark 13. The assumption that A = A’ is a set of quasi-random motions is not
used while proving Lemma 5. However, all the periodic trajectories from A which
pass near the point ¢; and do not coincide with it belong to the set of quasi-random
motions (only due to this fact the set of quasi-random motions is dealt with in
the statement of Theorem 2). The latter corresponds to the maximal connected
branched subgraph I'” of the graph I'. This subgraph is formed just by all the closed
paths passing through the vertex 3.

Proof of Theorem 2. If a point r € A’ is close to g;+ then on WF there exist
homo- (hetero)clinic points close to those on Wﬁ. Next, trajectories of all the points
r described in Lemma 5 are everywhere dense in A’. Therefore, the required re-
sult concerning the validity of condition (1) follows easily from Lemmas 3 and 5.
Moreover, the set A’ in a neighbourhood U of any of its points does not lie on
a regular CN-submanifold K of positive codimension. So, to prove the second
part of the statement of the Theorem, one can exploit an iterative procedure of
the diagonal process-type. If {Kz} is a sequence of C'N-submanifolds such that
U; K D A’NU then there exists a sequence {UZ} of open sets, for which U;NA" # ()
and U;y1 C U; \ K;. Then for any sequence of points r; € A’ N U; there is a limit
point ro € A"\ |J;2, K; which completes the proof. O

6.2. Proof of Lemma 5. Nonautonomous linearization

The key idea in the proof of Lemma 5 is the following one. Sternberg’s proof [48]
can be slightly rephrased in such a way that the linearization of a contraction map-
ping T:U — U, T(0) = 0, of a neighbourhood U C R™ of the origin (under con-
ditions (2) for the spectrum at the origin which are sharper than conditions (2')
considered in [48]) will be sought as a fixed point of a hyperbolic endomorphism Dp
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in the Banach space of CN-mappings f. The endomorphism Dy is defined so that
the following diagram is commutative:

DT(erid)l lf—kid

e
J

where T'(0) = 0, J =dT(0), f: U — R™, and f(0) = 0, df(0) = 0. Then the operator
Dy transforms functions defined in the image of the mapping 7" into functions defined
in the pre-image, and | = id + f is the required linearization if Dpl = [. In order
to deal with the linear space of C"V-functions f whose 1-jets vanish at the origin,
it is convenient to represent the required f as a fixed point of the mapping (-) —
ﬁT() = DT(')+dT, where dT = DTid—id = J_loT—id. Obviously, ﬁTlng = ﬁTz @)
D1, Dryor, = Dr, © Dry, i.e., the correspondences T+ Dy, Dr are contravariant
functors. The important Proposition 5, which utilizes the above ideas, will be
prefaced by the following

Remark 14. Now we explain the proof of the Sternberg theorem under condi-
tions (2') and establish its local uniform variant as follows. The linearizing CV-
transformation depends continuously on a CV-diffeomorphism 7:U — R™ if all the
mappings are treated in the C*-topology for arbitrary 1 < k < N and T remains
uniformly CV-bounded from above. Here N > 2 is determined by inequality (3).
Actually, we adopt the original proof [48]. A fixed point of the contractive map
T depends continuously on 7' € C!. Hence, without loss of generality, one can
consider perturbations of T' that leave the fixed point to be located at the origin.
There is a norm in R™ that induces an operator norm || - || such that ||J|| < 1 and
p=||JIIJ]V < 1 where J = dT'(0):R™ — R™. Let U be a small enough ball in
this norm centered at the origin and let G, be the space of CN-functions f:U — R"
with zero (N — 1)-jets at the origin. Equip G, with the norm || - || being the ex-
act upper bound for the norm of the N-th differential at all the points of U. Here
the N-th differential is considered as a polylinear mapping R" x --- x R® — R"

symmetrical in each cofactor [15]. Then Dy is well-defined and the i{vey fact is that
|Dr | G.||, < fi, the operator norm being induced by the norm || - ||, in Gy, and ji
being close to p if the neighbourhood U is chosen to be sufficiently small. This is eas-
ily derived from the expressions for the monomials constituting the N-th differential
and the estimates ||d'f|| = O(e)|f|l+, 0 < i < N, and ||dT'(z) — J|| = O(¢)||T||c>
where d* denotes the i-th differential, x € U, and ¢ is the radius of the ball U.
Then |ji — p| <e-||J7'||Pn (|| T]lcw) for small € > 0 where Py is some polynomial
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depending on N only. (We notice, however, that the linear operators L and Dr are
not close as will be explained in Remark 15.) So, the operator Dy | G, is contrac-
tive and its Lipschitz constant can be chosen to be uniform and < 1 under C'-small
perturbations of T provided that 7" remains uniformly CV-bounded. There exists a
CN-transformation from the old coordinates € U C R™ to the new ones y = R(z)
such that R(0) = 0, dR(0) = id and in the coordinates y, the (N — 1)-jet of the
mapping T" at the origin, jév ~17, will coincide with the (N —1)-jet of the differential
J = dT(0), i.e., the mapping T will take the form T = Ro T o R~! such that
T’ — J € G.. This corresponds to performing (N — 2) steps of the formal normaliza-
tion procedure and this is possible due to the absence of resonances. Here, for any
k < N, the k-jet of the normalizing transformation R at zero, j§ R, is determined
only by the k-jet j5T and depends continuously on the latter. This fact remains
valid for k = N if one performs an additional step of the formal normalization proce-
dure so that the N-jet of 7" at the origin will coincide with the N-jet of J = dT'(0).
If k= N or k = N — 1 then one can put R(x) to be a polynomial transformation
identified with j¥R. If k < N — 1 then one can choose uniformly C¥-bounded
mapping R to be arbitrarily close to j¥ R in the C*-norm and to have the required
(N — 1)-jet, jév “!'R. Then in the new coordinates y, the desired linearization is
sought for as I’ = id + f where f is a fixed point of the contractive map Dz | G,. In
the original coordinates, the linearization is written as [ = I’ o R. One can present
another version of the above proof where the preliminary transformation of coordi-
nates is not performed. Now R:U — R is a map such that R(0) = 0, dR(0) = id,
and h = DrR — R € G,. The desired linearization is sought for as [ = R + f where
f is a fixed point of the contractive map (-) — Dr(-) + h in the space G..

Therefore, it suffices to prove the following result where all the mappings are
considered in the C*-topology. Let gr € G, remain uniformly CV-bounded and
depend continuously on T' € CN. Denote Dy (-) = Dr(-) + gr. The unique fixed
point f € G, of the mapping Dy | G. depends continuously on T. In fact, the
desired fixed point can be expressed by the formula

too
f=Y_Dhgr.
§=0

The series is uniformly convergent in GG,. This fact is due to the uniformity of
the Lipschitz constant < 1 for Dy | G, and the uniform C™-boundedness of gr.
Consequently, the series is also uniformly convergent in the C*-norm and the desired
result follows immediately from here because of the continuous dependence of each
term on T in the C*-topology.
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B. Anderson [5] claimed that the linearization as a C*~!-mapping depends
continuously on the diffeomorphism 7T as a C*-mapping, without assuming 7" to
be uniformly C¥-bounded in a neighbourhood of the fixed point. The following
two examples show that the latter statement is not correct and our result is the
best possible. Let Ny + 1 be the minimal N satisfying (3). We construct C*°-
mappings 7:R™ — R"™ that are arbitrarily CNo-close to a given non-resonant linear
mapping J = d7T'(0) while the corresponding linearizations are not C%-close in any
neighbourhood of the origin. The second example is essentially one-dimensional
(n = 1) where Ny = 1. The first example treats an arbitrary Ny and can be easily
generalized to any dimension > 2. Actually, the first example is some modification
of the second one.

EXAMPLE 2: Let J(z,y) = (Az, \fy), where Ny < K < Ny + 1, and let U C R"
be a bounded neighbourhood of the origin such that J(U) C U. Introduce a bump
C®°-function #:R™ — R such that § = 1 over U and suppfd C J 1(U). Define

fr(2) = 0(z/r)z™No, where z = (z,y) and r > 0. Then the j-th derivatives of f,. are

O(rNo=7). So, the map
T AL
T: —
<y) (AK y+cfr(z, y))

is O(c)-close to J in CNo provided that r remains bounded. On the other hand,
the linearization of T' and that of J are not C°-close in any given neighbourhood of
the origin if r is sufficiently small. Indeed, the desired linearization of T takes the
following form in the neighbourhood U of the origin:

l(z,y) = (ac,y - cg(x)), where g(z) = 2o /(Ao — \F),

and the invariant curve C : y = cg(x) represents the z-axis of the linearizing coor-
dinates. Let (z¢,y0) be one of the points of C N J(rU) where the domain rU is
obtained from U by applying the homothety with coefficient r and center at the
origin. Then yo = cg(xp) and xg # 0, o = O(r) as r — 0. Let m > 0 be an integer
such that the point (z,,,ym) = T~ " (0, yo) has the xz-coordinate, x,,, of the order
of unit. Then

c

)\No _

as r — 0 provided that ¢ # 0 is not changed. Here we have used the fact that all
the points (zx,yx), k > 0, are located in the complement to J~1(rU) where T = J.
The point (x,,, ym) lies on the x-axis of the linearizing coordinates. This implies the
desired result and shows, moreover, that the z-axis of the linearizing coordinates of
T and that of J diverge.

[yml| = ’yOme/xO’K = K \wm’K\xo‘No—K — 00
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EXAMPLE 3: Now n =1, J(z) = Az and : R — R, f,.(x) = 0(x/r)z will be defined

as above. The map T'(z) = Az + ¢(z — fr(z,y)) is O(c)-close to J in C* over any

given bounded neighbourhood of the origin. It is easily seen that for small r the

linearization of T and that of .J are not C°-close in the neighbourhood of the origin.
We proceed to the following important

Proposition 5

Let the following “concordance” and “uniformity” conditions be satisfied for
CN-mappings T;: U — R™ of a domain U C R"™ that have the common fixed point
0eU:

i) the sets of eigenvalues for the operators J; = dT;(0): R™ — R"™ possess the right
concordant partitions & = {ALS 11 <s< p}, and, moreover, invariant subspaces
My corresponding to the elements A; s of the partitions §; are coincided. The number
N is defined by the inequalities of type (3) via the eigenvalues of the operators J;;
ii) moreover, some norm in R™ and its restrictions to My induce operator norms || - ||
such that HJzH < 1 and the partition into classes {Hji,s , | Jifsl }71}, Jis =Ji | Ms,
that correspond to right concordant partitions &;, are also right concordant with &;.
These conditions must be persistent under §-perturbations of the operators J; s,

where 6 > 0 is some number;
iii) the CN -norms of T; and T[l are uniformly bounded.

Then in a small enough ball (in the sense of the norm from condition ii)) U,
centered at the origin 0 € R™, all the mappings T; are contractive. Besides, there
exist a number 0 < p < 1, a direct sum decomposition E = E* @& E~ of the space
E of CN-functions f:U — R™ whose 1-jets vanish at the origin, and a norm in E
(that is equivalent to the original one) such that the following statements hold. Each
linear operator L; = D, is hyperbolic with separatrices E* and E~ and, moreover,

H (Li ] Ei)ﬂH < u for the corresponding operator norms. The functional spaces

E* = E*(U) do not depend on the choice of U in the sense that for U’ C U",
restricting the functions f € E*(U") onto U’ generates the natural projections of
E*(U") onto E*(U"). Obviously, to the decomposition of E, there correspond the
block forms of the linear operators Dr,:

A; By
Dr, = (Ci Di) ’
where A;: ET — ET, Bi:E~ — Et, C;: ET — E~, and D;: E- — E~ are linear
operators. Next, given € > 0, the small enough neighbourhood U of the origin
and the norm in E can be chosen in such a manner that in addition the following
condition will hold: for all ¢ the norms of the block components satisfy estimates
|A:|l < p+e, ||Bil|l <e, ||Ci] <e, and HD;lH < p+¢, and the norms of the vectors
dr, do not exceed unit.
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Corollary

If the subscript i ranges over the set N then, under the conditions of Proposi-
tion 5, there exists a unique sequence of uniformly C™-bounded mappings l; pos-
sessing at the origin a tangency of (at least) first order with the identity map id and
such that the following diagram commutes:

S

J_1 Jo J1 Ja

(11)

Historical comment 2. Recently the author found out that, in essence, this con-
struction had been considered by Y. Yomdin [49] a few years ago. He called the
mappings [; “nonautonomous linearization”. The simplicity of the spectra assumed
by Y. Yomdin is not essential. On the other hand, he considered a slightly more
general case where the sequences {TZ}, {Ji}, and {/;} grow not faster than exponen-
tially. This generalized situation can also be easily described in terms of itinerary
schemes as it will be done in Remark 16. Y. Yomdin dealt also with some special
situation where all the elements of the sequence {Ji} coincide and possess a simple
spectrum that lies in the Siegel domain, and, moreover, all the mappings are analytic
(we treat a situation where the spectra belong to the Poincaré domain).

Remark 15. In Proposition 5, the linear operators Dz, and L; = D, are not close,
although the norms of their block components admit the close upper estimates.
Indeed, let T:U — U be a CV-mapping possessing a nondegenerate fixed point and
let J be the corresponding linear part of T. Assume that a mapping 7":U — U is
CN-close to T. Then, using the chain rule, one can represent the N-th differential
of (DT/ — DT)( f) at a point € U as a sum of monomials such that the norm of
one of them,

T (@ f vy ~aV [ ) (u)
N

can be estimated from above only in terms of the continuity modulus of d" f, while
the norms of the other monomials admit a suitable upper estimate |77 — T'||con -
HJ_1 HQPN (HT”CN) “|Ifllc~ where Py is a polynomial depending on N only. There-
fore, Proposition 5 is unimprovable in the above-mentioned sense if one imposes no
restrictions on the continuity modulus of the N-th differential of f. Due to the same

reason, the operator Dr does not depend continuously on 7" € CV although Drf
does for each f € E.
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Remark 16. The previous Corollary is easily established by standard means of
hyperbolic theory (the finite-dimensional case with invertible mappings S; is usu-
ally considered. We deal here with the infinite-dimensional Banach case with non-
invertible S;). We sketch the underlying geometrical ideas that are very natural
and can be found in many works (see also a relevant discussion in [6] and [27]).
These ideas are “nonautonomous” and a many-dimensional variant of the above-
described J. Hadamard’s “graph transform” approach. In essence, we will construct
a mathematical object that was called an itinerary scheme by V. M. Alekseev [2,
Part 1]. Different names were attached to the elements of the below-defined spaces
Y=, ¥T. For example, they can be called unstable and stable slices. Let R > 0
be large enough and D = Dt x D™, where D* is an R-ball in E* (centered at
zero). Consider spaces ©F of continuous mappings f*: D¥ — DT whose Lipschitz
constants are < p*, where the positive numbers p~ and p* are such that p~pt < 1.
We will identify functions f* and their graphs. Let S = S; = Dr,. Then the cor-
respondences o — ST!(a) N D, for a € ¥*, will determine well-defined contracting
(in the usual C°-norm) mappings Gf = &*:%* — ¥* (although the mappings
S; are non-invertible) if small enough ¢ > 0 was chosen depending on x and p*.
The Lipschitz constant A < 1 of these contracting mappings and a lower bound
for the radius R depend only on u, p*, and . Thus, to (11) there corresponds a
double-infinite chain

Dr_ Dr.

N (12)

Then the sets &, 06;,,0---06,(X7) and 6 0 &/, 0---0 &L (EV) shrink,
respectively, exponentially fast to some elements a; € X~ and aj e Xt asm —

1 5TO 5Tl

+oo. The intersection o N aj consists of a single point due to the inequality
p~pT < 1 and coincides with the mapping I; —id. Due to the affine character of the
mappings S, one can consider in our case only linear mappings f*, i.e., the affine
stable and unstable slices.

We notice that the mapping & of the stable slices is well-defined and contrac-
tive although S may be non-invertible. A simple construction of &, that is based
on the invertibility of the restrictions of the mapping S onto unstable slices, can be
found in [27, Proof of Theorem 5.1; 25; 33| and will be shortly described here. A
stable slice « € ©* will be transformed into the set G (a) = S~ (a)N D € &+
which is the graph of a function g: D™ — D~ to be constructed as follows. The
mapping S transfers an unstable slice ¢ = {{} x D™ € ¥7, £ € DT, into its image,
whose piece which is located inside D = Dt x D~ is an unstable slice B¢ = &~ (Be)-
Then (&, 9(£)) € DT x D~ is the pre-image of a unique point of intersection, a N 3¢,
under the invertible map S | ﬁé: ﬁé — fﬂ;, where ﬁé = S_l(/ﬂ\g) N Be.
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We return to the problem of constructing the topological equivalence between
TMC and the restriction of the diffeomorphism S to an invariant set A. The descrip-
tive exposition of the relevant ideas can be also found in the lectures [32]. The basic
property of the diffeomorphism S allowing one to build the itinerary scheme, i.e.,
to choose the proper graph I' and the subsets D; and [; ;, is hyperbolicity, or more
precisely, the possibility to decompose the tangent space at any point x in some
subset of M into the direct sum of two (many-dimensional) maybe non-invariant!2
subspaces such that the expansion occurs along one of them (E_ ) and the contrac-
tion takes place along the other (E}) (in an appropriate metric on M). The sets D;
are chosen as “rectangles” D;" x D;” whose sides DZTJE are parallel to these subspaces
and are closed balls or, more precisely, are nearly closed balls (in the mentioned
metric). More rigorously speaking, using a chart, a small vicinity U of the point z
of the manifold M can be identified with a neighbourhood of zero in the tangent
space T, M. This makes possible to construct the required set D; in U. Denote by
E;t the corresponding spaces % for the rectangle D;’ x D;". Next, only “good” in-
tersections [32] I; ;, where the rectangles S(D;) and D; cross, must be considered!?.
In this case the corresponding maps &7 (l;;):3; — ¥, and 6+(li’j):2j — 3
are well-defined and contractive under a proper choice of p* and p~. The precise
formulations and strict estimates for these geometrically visual results can be found
in [2, Part 1]and will be reproduced in the continuation (Part II) of the present
paper. Thus, every sequence w € Q! determines stable Wt € Ej,’o and unstable
W, € ¥, slices by the above-described way: the images of the compositions

Y E;_M_H — - =2, and E:fm — Ejm_l — s = ZIO

shrink exponentially fast to W,~ and W,F, respectively, as m — +o0o. The required
point ¥ (w) = r is a single point of intersection W,~ N W,F. Therefore, the Markov
property is valid. Note that the slice WF is determined by the sequence [w,, : £n > 0]
infinite in one direction. The mapping v constructed is indeed continuous because
any change of far elements of the sequence w leads only to a small perturbation of
the manifolds W+ and the mappings x;: 3 x X7 — D;, defined as s;(a™,a”) =
a™Na™, are continuous (in fact, Lipschitz). Moreover, the mapping 1 is easily seen
to be Holder if the space €2 is equipped with the conventional distance function

/ 77 o> 60.)/ 7W//
p([wn) [wi]) = D0 =
n=-—oo

where a > 1 is an arbitrary constant and 6. . is the Kronecker symbol.

12 we keep in mind the invariance of the bundles formed by these subspaces with respect to the action of the
tangent mapping T'S: T M —T M.

One could consider “good” connected components of the intersection. In this case, the multigraph T should
be dealt with where a few edges may possess the common origins and ends. However, the equivalent dual
graph can be considered whose vertices and edges are identified with the edges and vertices of the multigraph
T, respectively. We emphasize that this representation was used in [2] .

13
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We mention in this connection the following facts. Firstly, the stable, W,F, and
unstable, W, , manifolds of a point r of the hyperbolic set A can be constructed in
this way (see [32]) on the basis of the corresponding itinerary scheme and “positive”
{S*(r),t > 0} and “negative” {S*(r),t < 0} “semitrajectories” of the point r € A.
Secondly, the proof of Alekseev’s theorem can be carried out via the construction
of an itinerary scheme that deals with (nonlinear) diffeomorphisms S. It is closely
related to the Cl-variant of the well-known A-lemma [39; 37, Lemma 6.1]. Moreover,
as it was explained, the construction of the mapping &* described above remains
valid if one considers an itinerary scheme in the nonlinear Banach non-invertible case.
In essence, the itinerary scheme was constructed in [25, 33] to establish an analog of
Alekseev’s theorem for a homoclinic structure of a smooth, possibly non-invertible
map of a Banach manifold (the simplest case of a single homoclinic trajectory was
discussed in [25, 33], but the result obtained is immediately transferable to the
general case). Here one has to require the differential of the mapping to be uniformly
continuous in a small vicinity of the trajectories of hyperbolic points ¢;, otherwise
the C'-variant of the A-lemma does not hold. The necessity of this condition was
pointed out in [25] (the C?-case was considered in [33]). The special features of the
problem (the infinite dimension and non-invertibility) require also some accuracy in
stating the conditions concerning the points r; (see [25, 33]).

Remark 17. Let us consider the sequence of mappings S;: D; — 11,

S—l So Sl
[ L

(in contrast to (12) the order is direct), and rectangles D; = D x D; C E; which
determine the itinerary scheme with some positive maximal “slopes” pT, p~ of stable
and unstable slices and the corresponding Lipschitz constant 0 < A = A(p™, p7) < 1.
Then the stable ozi+ € Ej and unstable a; € X slices, defined as above by the
itinerary scheme, and their intersection, r; = aj Na; , will depend continuously on
the sequence of mappings S;. To attach the precise meaning to the last statement,
one should consider [S; : i € Z] as an element of the corresponding Tychonoff
product (over i € Z) of the spaces V;, where V; is the space of mappings S; for
which S;(D;) and D;yy cross and define the contractive maps &;:%; — ¥,
and &;: Z;-Erl — Y with Lipschitz constant A\. Equip each V; with the usual C°-
norm and recall that Efﬁ are equipped with the analogous norms. Then, firstly,
S, 8 €X (& B* € &, respectively) depends continuously on the map S; € V;
and the slice 3~ € ¥ (8T € E;LH). Next, recall that, secondly, the C°-diameter
of §;_10--06,(22,,) (& o0&} _(Z}), respectively) tends uniformly
to zero as m — 400 for all the mappings S; € Vj, and, thirdly, the intersection
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map r;: X7 x X7 — D; is continuous. It is easily seen from these results that
and r; = a;r N a; depend continuously on [S;]. (Moreover, the mapping «; and
the dependence of Gii BT on S; € V; are Lipschitz with some constants determined
by p* and p~ only. Therefore, the dependencies of azi and r; on S; € V; are also
Lipschitz with constant CAI*=7| where C' = C(p*,p~) > 0.) For further purposes,
we notice that the analogous results can be easily proven if the spaces Z;t and V;
are equipped with the pointwise convergence topologies. We emphasize that these
topologies are finer than the C°-topologies if E¥ or E are infinite-dimensional,
respectively. This is a direct consequence of the analogous result that in the space
of linear operators E* — R, whose norms do not exceed a given positive constant,
the topology defined by the operator norm (the strong topology) is coarser than that
of the pointwise convergence (the weak topology).

Proof of Proposition 5. The existence of the required ball U follows immediately
from conditions ii) and iii). The operators L; are hyperbolic and the separatrices
E*, E~ for all of them coincide if condition i) is satisfied. Indeed, let ® be the
finite set of all couples (s,m) such that |m| > 2 and |As| < |\™| in inequality (2),

where {\;} is the spectrum of J;. Given a multiindex m = (m;,...,m,), introduce

m = (mi,...,my), where my = > m; > 0, and denote (s, m) = U(s,m) and
AjEA ¢

® = U(P). Then the correspondence ¥ does not depend on the number i and

® = U~1(®) due to condition i). Obviously, |m| = |m|. Furthermore, let 7, be

the projection of R™ onto M, along € M;, and let G ~ be the linear space of the
l#s

polynomials of the form P(m(:),...,m(-)), where P:My x --- x M, — M, is a
homogeneous Mjg-valued polynomial in p variables that has degree m; in the ¢-th

F= P G H= D 65

(s,m)ED (s,m)g®
|m|<N

argument. Let

Then the outgoing separatrix E~ is F' and the incoming separatrix ET is the space
of functions that have at the origin 0 € R" (N —1)-jets lying in H, i.e., E* = H®G,,
where G, is the space of functions with zero (N —1)-jets at the origin. Indeed, in the
spaces G C E and G ~ invariant under L;, the following norms [« and || - ||, ~
will be induced. The norm || - ||, was defined above as the exact upper bound for the
norm of the N-th differential, and || - ||“71 is the norm in the space of polynomials P

that are considered as polylinear mappings P: M{"* X - - - X M, — M, symmetrical

in each cofactor M;™* (the case p = 1 being discussed in [15] but the results being
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transferable immediately to the case of arbitrary p > 1). The corresponding operator
norms (denoted by the same symbols) satisfy inequalities

H (Li ‘ Gsﬁ)_l <u for (s,m)e®,

_<u for (s,m)é¢®, |m|<N, and

1o

for some 0 < p < 1. Recall that the inequality for || - ||« was the basic one in [48].
In our case

p=masx . mas_ | [T

(sme j=1

a2 HHJ,JH’”’ - (13

s,m

It follows from condition ii) that the number p can be chosen independently of i.
Define a norm in
E=EtoE = P G, -G,

@

|m|<N

as the direct sum (or maximum) of the norms in G, ;> G« Then H (Li | Ei)jﬂL H <u
Due to condition iii), using a homothetic transformation with center at the origin
one can make the difference between T; and J; arbitrarily small in the CN-norm if
the neighbourhood U was chosen to be small enough (with a size of order ¢). Then
the operators Dr, and L; = D, satisfy the required conditions and the norms of
the vectors dr, are close to zero. However, another representation of this idea is
preferable: the norm in £ is built of the norms in G ~ and G with corresponding

weight coefficients £~ and k. that decrease quickly as |m| rises (one supposes |m| =
N for G,),

U

@ us,% D Us || = K

S’Tﬂ) /(j,m)

|m|<N [m|<N

A mallu sl
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(the sums in the right-hand side can be replaced by the maxima). The possibility
of such a choice follows from the two auxiliary results. Firstly, the operator D has
triangular form: if Gy = @ G, ~for2<t<N,Gy =G, and Dr (EBtut) = Py,

s,m

|m|=t

where u, vy € Gy, then

Ut:DJUt+®t<@Ut/), t <N,

<t

vy = Druy + On ( D ut/) (14)

t'<N

(the subscript ¢ is omitted for brevity). Secondly, the required estimate ||Dr |
G||« < p+¢/2 is provided by the arguments of Remark 14 if the neighbourhood U
is chosen to be of a size of order . Proposition 5 is proven. [J

Remark 18. As a required norm in E, one can take the CV-norm induced by the
norm

D
lzr @ @ apl|* = Ce™ > |l (15)
s=1
in R™, where z, € My, || - ||s are the restrictions of the original norm in R™ (which
) ) g

is used in condition ii)) to My, and C' > 0 is some constant. (Recall that the ¢-th
derivative of a mapping R™ — R" is a polylinear symmetrical mapping (R”)t —
R"™ [15, 37] which allows one to define the CV-norm in a coordinate-free way [37].)
This result follows immediately from some ideas of the above proof (that concern
the use of the homothetic transformation) and from the following facts. Firstly,
for each polylinear mapping u: (R”)t — R™, the function [ju(-,...,-)| ) attains its
maximum over the product B! of unit balls B C R™ of the norm

p
[z1 @ ®zpll(+) = Z [EAP
s=1

at some point of the set

Bt — U (le ><~-><Bst>,

S1,--+,5t

P
where B = |J B; is the union of “ribs”
s=1

Bsz{x:xl@---@mp: x; € M;, ©; =0 for j+#s, ||$s||s=1}
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of the ball B (because B! is the convex hull of B'). Secondly, each homogeneous
polynomial v = @ wu_~ € Gy of degree t if considered as a polylinear symmetrical

s,m

|m|=t

mapping v: (R”)t — R™ is reduced over B! to one of the mappings v~ = Pu, ~
S

s,m’
More precisely speaking, v = v~ over Bs, x - - x Bs,, where m; are the quantities of
numbers j (1 < j < t) such that s; = 4. Thirdly, the mapping D;: G; — G in the
space of polylinear mappings has the form

Dyuly...,)=J u(J(),...,J())
and induces operators ¢~ and ¢+ in the spaces of polylinear mappings

Mg x--xM, - @ M,CR" and

s:(s,m)ed
My, x--x M, - P M,CR",

s: (3,77L)§£<I>

where |[(¢7)7!|| < p and ||¢*|| < p for the corresponding operator norms, the
number p is defined by formula (13) for ¢ > 2. Fourthly (this statement is also
related to the homothetic transformation), the norm (15) induces norms in the spaces
of polylinear mappings such that Hdtu*H < const C’stNu*H for any u, € G, and
t < N, where d' denotes the t-th differential. The proofs of the last two inequalities
for operator norms and the inequality for norms of differentials are quite elementary
and will be omitted. Note, however, that the norms of the polylinear mappings

v = P, 5 My, x - x My, — P M,
S S

are not expressed by any definite formula via the norms of the mappings
ug,fﬁ:MSl X oo X Mg, — M.

Thus, there is no definite expression for the norm |[|v|| = max [[v~|| of homogeneous

polynomial v € Gy in terms of the norms |[u, ~| ~. A fortiori, there is no such

expression for the CN-norm under consideration. Obviously, one can take in the

P

right-hand side of (15) a slightly more general expression Ce™1 Y ag||zs]|s, where
s=1

ag > 1.
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Now we will explain briefly, omitting technical details, the basic ideas needed
to prove Lemma 5. Some of these ideas will be partially revised in the sequel.
First of all, assume the partitions fii to be right concordant. Then the invariant
sections (id, pF) allow one to define local coordinates on W, r € A’ such that
for the mappings 7' = S*™ | WE: W+ — Wécim(r) with large m the conditions
of Proposition 5 will be satisfied (with the common invariant subspaces identified
with F). This enables one to construct the required linearizations. Incidentally,
one can take m = 1 here via the use of a simple generalization of a result [11,
12] which will be discussed in Appendix A. However, if the partitions 53[ are not
right concordant then these mappings, in the local coordinates under consideration,
possess the common invariant subspaces M, and the corresponding partitions ¢+ of
their eigenvalues are concordant but maybe not right. To a periodic point r € A’ of
period T, there corresponds a periodic chain of mappings

Sﬂ:l
Wk,

Sil Sil

WétiT(r) (16)

with identified ends. In turn, to this chain there corresponds a periodic diagram (11)
and an associated periodic chain

Dsil Ds:tl Dsj:l

(17)

whose endspaces are also identified and coincide with the space E of the CN-
functions over W*. In a piece of relative length ¢ in the middle of diagram (16),
there are placed “bad” mappings, for which the partitions ¢ of the eigenvalues
do not satisfy the required condition of right concordance with §iii. These map-
pings correspond to the points of the trajectory {Sm(r)} that are placed out of a
small vicinity of ¢;=. However, if 6 > 0 is small enough then the composition of
mappings (17) possesses a unique fixed point that will coincide with the required
linearization (under the subtraction of the identity mapping). Moreover, the con-
structed linearization on W tends to that on Wj[ as r — q;x, i.e., T'— 400, and
this fact is a corollary of a continuous and (exponentially fast) decreasing depen-
dence of the built stable and unstable slices on the mappings of the Banach space.
This property is quite typical for situations described by itinerary schemes (see Re-
mark 17). To explain this briefly, let us attribute to “bad” mappings those which
occupy the part of relative length 26 in the middle of diagram (16). Then all the
other mappings tend C'N-uniformly to S** | Wft as T'— +oo and their influence on
the linearization will vanish. Here, one uses Remark 17 and the fact that the map
Dr, being treated in the pointwise convergence topology, depends continuously on
T € C¥ (see Remark 15). Next, if § > 0 is small enough then will also vanish the
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influence of “bad” mappings placed at a distance of order T' from both ends of the
diagram.

Now we will explain in detail for W;© how to construct the linearizations and
to establish their proximity to the linearization over W:_i For u € A’ close to ¢;+,

local CV-coordinates, y € R”+, on W, in a neighbourhood of ¢;+ will be defined
that depend continuously (in the C¥-norm) on u. One can set the coordinates of
each one of these points u € W, to be y = 0 and suppose that to the tangent sub-
spaces @s(u), ms > n~, there corresponds the same unique (mgs—ms_1)-dimensional
subspace in R™" for each s. Let positive 61,062 be small enough and 6 = 6109,
p=[(1-06)T/2], p1 = [(1 — 61)T/2]. The period T of a point r € A occurring in
the condition of Lemma 5 tends to infinity as the vicinity V;+ shrinks to the point
¢;+. The mapping ST | Wt can be represented as the composition of mappings

ST s
S—r1(r)

S S S S
W:_ — W;r) — e = W;rpl (r) T Wj (18)

and the manifolds W, t| < p1) can be identified near the point ¢;+ with a
St(r)

neighbourhood of the origin in R by means of coordinates y € R™". Then all
the conditions i)-iii) of Proposition 5 happen to be satisfied for the mappings S
considered in (18). We introduce p* > 0 and choose a small ¢ > 0 and an appro-
priate neighbourhood U of the origin 0 € R™" in the statement of Proposition 5.
Due to Remark 16, the mappings Dg that correspond to diffeomorphisms S in the
chain (18) will define the contracting mappings of the spaces ¥ and ¥~ with Lip-
schitz constant A < 1. We shall prove that this condition remains also valid for
Dgr-2p, if one chooses small enough £ > 0 and large enough R > 0 depending on
r. Moreover, the norm of dgr-2,, admits an upper exponential estimate C7—2P1,
where C' > 1 does not depend on r. The mapping S7~2P1 is the composition of

ST*Zp + S

N S wi

S oWt
_)_>W S*P(T) — ... S*pl(r) .

SP(r)
Due to the smallness assumption for §; > 0, the mappings ST 2Pt for all r satisfy
also condition i), but not conditions ii)—iii).

Some trouble is the fact that, generally speaking, there exists no neighbourhood
U of the origin that is invariant for all the mappings (18). Therefore, at first we
sharpen the definition of the mappings Ds and Dgr-2p,. Let U be a small ball
centered at the origin 0 € R"" with respect to the norm from condition ii) for the
mappings S. If §3 > 0 is small enough then the mappings S* | W,;© (0 < ¢ < T) cast
U onto domains U®, where U*) ¢ U under the identification of W, (ry and R

for t <port > T — p. For other values of ¢, the sizes of the domains U® C W;(r)
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will be also small enough and upper estimates for their diameters do not depend on
the choice of r € A and are proportional to the diameter of U. On each separatrix
ngt(r) = W;,T(T) (0 <t < T), we confine our consideration to the domain U®.
Note now that the estimates of Proposition 5 remain valid if D7 is considered as an
operator from the space of the C'N-functions on U” to the space of the CN-functions
on U’', where T(U") cU”,0€ U, U" CU.

To analyze the mapping ST 2P we observe that, since the set A is of dimen-
sion zero (totally disconnected), the following holds true. The above-discussed CV-
coordinates y € R" ina neighbourhood of u € A on W, which depend continuously
on u can be introduced for all u € A. Thus, the mappings S: U® — U+ for all
0 <t < T can be considered as mappings of vicinities of the origin in R™" into
analogous vicinities. (Incidentally, such the representation is suitable to prove that
all the domains U® are small enough.) Here, for the operator L = D, where J is
the differential of S at the origin, the subspaces E* are invariant. Moreover, for the
operators (L ] E‘)_1 and L | ET and for the vector dg, their norms are bounded
from above by a constant that does not depend on r. The desired properties of the
operator Dgr-2p, and the estimate for the norm of the vector dgr-2p, follow from
the facts described and the functorial nature of the correspondence T' — Dp. Note
that in the case E~ = {0} (the operators Dg are contractive) there is no necessity
of the choice of € > 0 and U depending on r € A.

The next result follows from the above-found properties of the mappings Dg
and Dgr-2p, pertaining to diffeomorphisms forming the chain (18): an itinerary
scheme is defined for the closed chain obtained via identification of the ends of the
associated diagram

'DST*QIH Ds Ds
«— 2L

Ds Ds
P

(19)

If 6; is small enough then CT=2P1\P1 — (0 as T — +oo (this condition is required
to “paralyze” the influence of the “bad” mapping Dgr-2p, in the chain (19) upon
its ends) and if r — ¢;+ then T' — +o00. Therefore, the following holds true. Let E
be the space of the C"-functions on W,F, to which the endpoints of diagram (19)
correspond. Then the itinerary scheme determines affine subspaces W= of E that are
invariant under the composition of mappings (19) and are close to those for 5S|W;

if 7 is close to g;+. The intersection W+ N W™ is just the desired linearization (with
the identity mapping subtracted) and the required result would follow immediately
from here if the number ¢ > 0 and, consequently, the ball U in R™" and the norm
in E were also chosen independently of . One can overcome this difficulty via a
slight modification of the proof proposed. The idea is to use the triangle form (14)
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of the operators D. In this case, instead of the chain (19) of mappings Dr, one
considers the corresponding chains for subspaces G¢, 2 < ¢t < N, and the quantity
Oy, that depends on the dynamics in the subspaces Gy with less indices ¢ < t, can
be interpreted as a supplement to the G-component of the vector dp. The above
constructions can be repeated almost literally in sequence for increasing indices t (O
is determined by a point of the space @ Gy that was found at the previous steps and
<t

corresponds to the linearization sought for) and decreasing numbers 6; = 6;(¢t) > 0.
For each ¢ > 2, the quantity 61 (¢)/61(t — 1) should be chosen small enough in order
to “paralyze” the influence of “bad” mappings, as was done above with respect
to Dgr-2p,. The quantity 62 can be chosen independently of ¢t. Now, there is no
problem of the choice of ¢ > 0 and U depending on r because the role of the
operator Dr for t < N is played by D; and for t = N, by the contractive operator
Dr | Gy whose unstable separatrix is £~ = {0}. As a result, one establishes the
desired proximity of the linearizations in the CV-norm not depending on the choice
of r € A. At last, the proof is elementary for the case where the partitions gj are
right concordant. It is based on the fact that ST | W can be represented as the
composition of mappings satisfying the conditions i)—iii) with uniform estimates that
do not depend on r € A. The statement of Lemma 5 that concerns the properties
of the moduli for the eigenvalues of the mapping ST | W, will also follow from the
above analysis. So, the proof of Lemma 5 has been completed. [J

We will discuss briefly in the following two Remarks the construction of the
nonautonomous linearization.

Remark 19.  The conditions i)-iii) of Proposition 5 and the construction of the
nonautonomous linearization described above are stable under small perturbations
of the mappings T;. Precisely speaking, the uniform estimates of conditions i)-iii)
for T; and J; will determine a number A > 0 such that the following statement
holds. If each CN-mapping T/:U — R™ is A-close to T} in the C'-norm and its
CN-norm admits the previous upper bound then for the sequence T}:

a) there exist unique sequences of points r; € U and spaces M| ; € Gaim . (77)

(1 < s < p) close, respectively, to zero r; = 0 € U and M C ToU such that

they satisfy the “invariance” conditions T} (r}) = v, dT}](M] ) = M/, ;

b) there exists a unique sequence of mappings I, such that diagram (11) com-

mutes, where the mappings 7; and [; are replaced by T} and [}, the condi-

tions dl;(0) = id are replaced by dl.(r}) = id, and all the mappings I, are
uniformly bounded in the CN-norm.

Let U; be the definition domain of the mappings 7;,7;:U; — U4, and [;, [}

U; — R™. Embedding U; C R™ induces the coordinates in U; that will be referred
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to as “natural”. According to item a), there exist CV-coordinates uniformly C*-
close in domains U; to the “natural” ones and such that the mappings 77 in these
coordinates will satisfy the conditions of Proposition 5 with uniform estimates close

[43

to the “unperturbed” ones (i.e., those for T; in “natural” coordinates). The item b)
follows immediately from both the latter fact and the general construction of an
itinerary scheme for the mappings Dz, which is stable under small perturbations of
the uniform estimates. The item a) is easily proven via an analogous geometrical
construction: the desired sequence 77 is determined by the itinerary scheme for the
mappings 7} and spaces M/, ®---& M jand M] ., ©---® M, , (1 <s < p) are built
on the basis of negative [7“ 7 < z] and positive [7“ Jj> z] “semitrajectories” of the
point r; by the method used earlier in Remark 16 to construct stable and unstable
slices aj and «; . (For the itinerary scheme determining the sequence r;, the unsta-
ble subspace degenerates into the trivial one and the set T of stable slices consists
of a single element, the set ¥~ of unstable slices coincides with the set of the points
of U;. Therefore, the point 7 is determined by the sequence [T{ ,J < z] infinite to
the left.) Moreover, the sequences of points r;, subspaces Ml’ s, and CN-mappings
I/ treated in the C*-topology, 1 < k < N, depend continuously on the sequence of
CN-mappings T/ treated in the C*-topology. To attach the precise meaning to the
last statement, one should consider [r}], [M/ ], [l;], and [T]] as elements of the
corresponding Tychonoff products (over i € Z) of the spaces U;, i; 5, CV (Ui,R"),
and B;, where Ul; ; — U, is the tangent bundle of the Grassmannian manifolds of the
linear spaces of dimension dim M, and B; is the space of CV-mappings U; — Ui+t
that are A-close to T} in the C'-norm.

This result is proven by a nonautonomous version of the arguments of Re-
mark 14. Note that in the case k = N, it is a direct consequence of Remark 17 and
the fact that the mapping D7, being treated in the pointwise convergence topology,
depends continuously on 7" € CV (this argument was used in the proof of Lemma 5).
In the general case 1 < k < N, it suffices to assume that r; = 0 for all ¢ (small par-
allel translations should be used) because 7 depends continuously on 7). Next, the
k-jets of the nonautonomous linearizations I} at r, = 0, j5I., are determined only by
the k-jets j&T and depend continuously on the latters. Indeed, j¥I} are determined
by an 1t1nerary scheme obtained from the original one by considering, instead of the
spaces of all the functions f:U; — R™ with zero 1-jets at the origin, only the spaces
of the k-jets for these functions at the origin (see Appendix B). We will perform the
CN_transformation from the old coordinates z € U; C R™ to the new ones y = R;(z)
such that all the R; are uniformly C"-bounded, are arbitrarily close to j&I} in the
C*-norm, and have the desired N-jets, j&'l.. Then in the new coordlnates y, the

mappings 77 will take the form T =IL;0J;0 LZ , where L; = R; ol}” ", and the
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desired nonautonomous linearizations are sought for as I; = id + f; where f; € G.
are determined by the sequence of the contractive mappings 5;, | Gi. Then

(3

“+ o0
fi = E DTi+1 ©---0 DTi+ngi+j
7j=1

and the arguments of Remark 14 provide the desired result. Note that this expres-
sion in terms of the uniformly convergent series remains valid under the conditions
of Lemma 5 although the assumptions of Proposition 5 are not necessarily met.
Therefore, under the conditions of Lemma 5, the CN-linearization of ST on W
depends continuously on S € C'¥ if all the mappings are treated in the C*-topology
and S remains uniformly C¥-bounded.

Remark 20. a) Let the partitions §Z-i be right concordant and the neighbourhood V'
of the homoclinic structure be small enough. Then, in accordance with the Corollary
of Proposition 5, for each point 7 € A a nonautonomous C"-linearization W+ —
R™" can be naturally introduced. This mapping plays the role of linearization,
coincides with it if the point r is periodic, and depends continuously on r. (Note
that the graph I" can be disconnected and, thus, set A is not necessarily a set of
quasi-random motions.)

b) The local manifolds W= are well-known to be extendible to the global man-
ifolds by means of iterations of the mapping S [37]. Obviously, the commutativity
condition for the diagram (11) enables one to extend uniquely the nonautonomous
linearization onto the global manifolds W .

c) The nonautonomous linearization /; admits an invariant coordinate-free de-
scription. Indeed, consider a sequence {TZ} that satisfies the conditions of Proposi-
tion 5. Let, as above, U; = U be the definition domain of the mapping T;: U; — U;41.
There exists a unique sequence r; = 0 € U such that T;(r;) = r;+1. The nonau-
tonomous linearization is given by the mappings [;: U; — R™ such that I;(r;) = 0,
dl;i(r;) = id | R™. Using the “natural” coordinates in U; C R™, one can identify the
spaces R™ containing the images im!; with the tangent spaces T;.,U;. Then the nonau-
tonomous linearization is just the sequence of CN-mappings l;: U; — T, U; uniformly
CN-bounded and such that I;(r;) = 0 € T, U;, dl;(r;) = id | T;,U; = id: T;.,U; D
(the space T,.U is equipped with the natural linear structure and, therefore, for
each ¢ € T,.U; there is the canonical identification T,.U; = T¢ (T TUi) used here for
¢ = (r;,0), 0 € T,,U;) and diagram (11) commutes, where J; = dT;(r;): T, U; —
T, Uiy1. All the constructions are analogous in the case of the nonautonomous
linearization on the separatrices W*,r € A. Here the dimension n* = dim W;r, a
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trajectory of the mapping S*! in A, some vicinity of r; in W,,i, and the restriction
S*L | U; play the roles of n, [ri NS Z], U;, and T;, respectively. A completely
coordinate-free representation is in some sense impossible because of the following
two reasons. Firstly, in appropriate coordinates on U; the mappings T; are supposed
to satisfy the conditions of Proposition 5, and, secondly, the uniform boundedness
of I; is required in the corresponding C'V-norm that will be called an “original”
norm. Let g;: U; — R™ be CN-mappings introducing new coordinates in U;. If all g;
and g, 1 are uniformly bounded in the original C¥-norm then the uniform bound-
edness of I; in the original CV-norm is equivalent to that in CV-norms induced by
coordinates y = g;(u),u € U;. In particular, in the case of the nonautonomous lin-
earization on the separatrices WX, due to the compactness of A, one can set on I/VTjE
arbitrary CV-coordinates depending continuously on r € A. Thus, in this situation
a completely coordinate-free description of nonautonomous linearization is possible
because conditions i)-iii) of Proposition 5 are guaranteed by the assumption that
the partitions §ii are right concordant. Note in conclusion the following fact. If
[;>R™" DU — R"™ =1T,U is an arbitrary mapping written in the natural coordinates
then in the coordinates y = g;(u),u € U;, where g;(0) = 0, this mapping possesses
the form Dg;lli.

Problem 2. It would be interesting to investigate in detail the above mathematical
object — nonautonomous linearization {/;}, and its relation to the sequence {TZ}

7. Madifications of condition 2) of main Theorem 2

Let the partition & be right, and let N > Nii. It is convenient to use on ‘/VZ-i

coordinates y € R™ defined by the diffeomorphism ll?t and such that the mapping
S becomes linear in these coordinates: y — Jiiy. To each element Afs of the

partition fii, there corresponds a cgt—dimensional invariant subspace ]\/[S:t c R*
of the operator Jii that can be chosen independently of the number i. Moreover,

+

Iéa MF = R"". The spaces Lii’s = P M;* were used above.
s=1 t<s

Let T = (Jii)jEl and U be a small vicinity of the origin 0 € R {y} identified
with the point ¢;, T(U) C U. Denote the subset ® of the set of couples (s, m) and the
linear subspaces F' = E~ and H in the space of polynomials (which were introduced
in the proof of Proposition 5) as ®*, F*, and H*, respectively, for the map 7" under
consideration. Consider the mapping D defined on the functions f: U — R with

1-jets vanishing at the origin. The role of the outgoing separatrix for the hyperbolic
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fixed point f = 0 is played by F'*, and the role of the incoming separatrix is played
by the space of functions whose (N — 1)-jets lie in H*. The mapping g = id + Al
realizes a diffeomorphism R R™ — R™ for every Al € F + because its inverse ¢! is
also of the form id + Al Al € F=*, Indeed, the mappings g of such form are exactly
all the mappings having, at the origin, a tangency (at least) of first order with the

identity map id, and such that the following diagram commutes:

where all the mappings are uniformly bounded in the CV-norm. The mapping ¢g~*

also satisfies this condition because it is possible to invert the direction of the vertical
arrows, replacing simultaneously the corresponding mappings by their inverses. One
establishes, analogously, the more general result: the mappings id+ F* form a group
with respect to the composition operation. If the mapping g has, at the origin, a

1 at the origin is

tangency of first order with the identity map, then the k-jet of g~
a polynomial in the j-jets of g at the origin, where j < k. Therefore, the mapping
of the set id + F* into itself that links a function and its inverse is polynomial.
Let the conditions 1) and 4) of Theorem 2 be satisfied and r = r; be a point
such that i = i*(j),7, = i¥(j), let the partitions & 655 be right concordant, and
N > NijE = Ni. In particular, it is sufficient to consider the homoclinic structure
formed by the trajectory of a single double-asymptotic point r = r; and to require
the partitions fii, fiil to be right concordant, the appropriate inequality on number N
to be true, and condition 4) of Theorem 2 to be satisfied, under the assumption that
each partition £, T contains one element, i.e., p¥ = 1. Then, due to Remark 20, in
a neighbourhood, U,., of the point r on Wii, there is a well-defined nonautonomous
linearization I*: U, — R™" associated with the trajectory of . Moreover,

() = ()7 ) = ylr) + () + Ag*() (20)

in coordinates y on U,, where Ag* € F*, y(r) = IF(r) are the coordinates of the
point r, and the domain U, is extendible to the whole separatrix I/VijE because of the
invertibility of g* and due to Remark 20.

Now some generalizations of condition 2) of the main Theorem 2, which are
based on this nonautonomous linearization corresponding to a double-asymptotic
point, will be given.
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Let conditions 1) and 4) of the main Theorem 2 be satisfied and the concordant
partitions 5} for all ¢ be refinements of concordant partitions 5}: 5} > gf (the case
§ii = Ef is possible). In accordance with Lemma 4, to the elements of the partition
@i = {Afs 1 <s< pi} there correspond invariant subspaces that were naturally
denoted as pF (1 < s < pt).

Lemma 6

Let V; be a given small neighbourhood of the closure of the trajectory of the
point r; and r € A’ be a periodic point placed near r;. Let the partitions Ef and gfi
be right concordant, where i = i*(j),i; = i¥(j), and the mapping S be of class C",
where N > N* = Nii = Nijf. Suppose that a number 6 > 0 is small enough and
that the trajectory of the periodic point r spends, on the average, a relative part of
the whole time that does not exceed 6 out of the neighbourhood V; and, moreover,
S™(r) € V; for |m| < (1 — 8)T/2, where T is the period of r. Then on W the
mapping ST
I*: Wii O U, — R"" associated with the tra jectory of rj. Moreover, the eigenvalues

possesses a linearization C™ -close to the nonautonomous linearization

of the mapping S*T | W+ have a partition £+ concordant with §ii and a partition Ei
right concordant with 5?, fi. The eigensubspaces that correspond to the elements
AF of the partition ¢+ are T (r).

This Lemma differs from Lemma 5 by considering the linearization on the sep-
aratrices of a periodic point placed near a homo-(hetero)clinic point instead of one
near a fixed point.

DEFINITION 10. A set 3 C I/VijE will be said to be in general position with respect

to a point r € AN Wii, asymptotic to ¢;, if there is a nonautonomous linearization

I* on a vicinity U, of the point 7 in Wf and the following conditions are valid

for the set M = [T (P): the images of M under the projections into eigensubspaces
o (r) =1* ‘T (e (r) (BeE(r) = TTWZ-i) span these subspaces.

Remark 21.  The coordinates of the points of the projection of 9 into ¥ (r) are
polynomials of degrees not greater than N* — 1 in the coordinates of the points of
the set lli(m) The coefficients of these polynomials are determined in terms of Ag®,
y(r) = I£(r), and oF(r) (if the tangent spaces T,W= at all the points r € W are

identified by using the linearization ).
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Remark 22. If there is a set of homo-(hetero)clinic points on W which is in general
position then the following holds. For each r; € Wii such that the partitions fii and
5?; (j) are right concordant, there exists also a set of homo-(hetero)clinic points on

Wf in general position with respect to r;. The proof follows from the fact that, due
to the Corollary of Lemma 3, this condition is satisfied for a point of the trajectory
of r; which is close to g; because the corresponding nonautonomous linearization =
is close to lii. Therefore, the new formulation of condition 2), that will be written
in Proposition 6, is more general than the preceding one if the condition of right
concordance mentioned here holds.

Proposition 6

Condition 2) of Theorem 2 can be replaced by the following one for one or both
cases marked by the superscripts +, respectively. There exist it (i~, respectively)
and j such that it (j) =i+, i~ (j) =i (i(j) =4, it (j) = iy ), there exist right
concordant partitions E;: and E:; (5; and g;) such that E@t = &h (E; =)

1 1

(and, as a consequence, Elt <& (Et = fl:)), and the set of double-asymptotic
1 1

%1 31

points on W; (W.Z) is in general position with respect to r;.

Proof. It is based on using Lemma 6 instead of Lemma 5. [J

Remark 23. One can obtain concordant partitions Ef for all ¢ via roughing parti-
tions 5?[. In contrast to the earlier situation, where the linearizations on separatrices
Wfi were dealt with, in the present case one has also to consider finer partitions
ff. This is because of the necessity to define the generality of position of a set T
with respect to an asymptotic point r; via using the corresponding invariant sub-
spaces ¥ (r;). Indeed, if one uses the partitions Eii in Definition 10 instead of the
partitions 5}, then the set P can break the general position condition.

Both variants of condition 2) of Theorem 2 admit also the following generaliza-
tion. Let [ + be a set of indices 7, for which there exist right concordant partitions
¢F such that £ < €.

DEFINITION 11. Let us say that a set 3 C Wﬁ = U I/VijE is in general position if
iel+
for each s = 1,...,p* either
a) there is i = ¥ € I* such that conditions (7) are satisfied for the set N,
being the projection of M = [ (PN Wii) into Lffs = ¥ (g;) along the
subspaces L, = cpé%(q,—) (s' # s) and for the mapping Ts = (Jii)jEl )

7,8
©E(q), or
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b) there is j = jF such that it = it(j),i™ = i~(j) € IT and, therefore,
a nonautonomous linearization I+ on a vicinity U., C Wlﬂ; of the point
rj, which is associated with the trajectory of r;, is well-defined; moreover,
the 1mage of M = I+ (‘33 N Wi) under the projection into ¢F(r;) along

@ = (r;) spans the whole space ¢ (r;).
s'#s

Proposition 7

The condition 2) of Theorem 2 admits the fo]]owing generalization: I+ # () and
the set of homo-(hetero)clinic points lying on W ;+ Is in general position.

Proof. Tt is based on the consideration of everywhere dense sets, P*, in A’ formed by
periodic trajectories that spend most of the time near the points g;,4 € I* and pass
close to all the points g, + and r gre described above. We require in addition that the
set P* contains only pomts of the trajectories v possessing the following property:
for every s = 1,. ..,p there exists ry € 7 such that S™(ry) € Vi for |m| < g,T/2,
where k = iF or k = jF in accordance to the cases a) and b). Here T is the period of
the trajectory v and g, > 0 are some given constants such that g; +---+g,+ < 1 (for
brevity we drop the superscripts &+ of s and g;). The last inequality guarantees the
existence of the desired trajectories v and their density in A’. Then the eigenvalues
of ST | I/Vi at the point 7, satisfy the non-resonance condition and the mapping
ST on the separatrlx VVjE has a linearization CV-close to l or [, where [* is the

nonautonomous linearization associated with the traJectory of the point r E The
proof of this fact is based on the ideas of the proof of Lemma 5. Introduce the number
p1 = [(1 = 61)gsT/2], where 0 < &, < 1, and consider the chain of mappings (18)
and the corresponding chain of functional endomorphisms (19). If the trajectory of
a point r spends a relative part of the whole time that does not exceed 6 > 0 out
of small vicinities V; of the points ¢;,4 € I, then the norm of the vector dgr—2p, is
easily shown to admit the upper exponential estimate const - C®T. If § was chosen
small enough then C°TA\P1 — 0 as T' — +oo. Obviously, one can take ¢ such that

6 < b <m1n gs, where the small number 83 > 0 is chosen independently of g, in
1<s<

order to satisfy the inequality C2%\'=® < 1. If §, > 0 is small enough then the
non-resonance conditions for the eigenvalues of the composition of mappings (18)
are also valid. The rest of the proof is quite analogous to the preceding one. Next,
linearizations on the separatrices W+ of points r belonging to the same trajectory
~ are conjugated by powers S? of the mapping S and by their differentials SP |-
Thus, there is a set of homo-(hetero)clinic points on W, which is in general position
in the sense of Definition 8. The proof is finished as in Section 6. [J
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8. The case of a diffeomorphism close to a direct product

We shall formulate now some general statements that allows one, in particular, to
transfer results concerning the non-existence of an integral and symmetry group to
systems of an arbitrary finite number of weakly interacting particles in an external
time-periodical force field. Note that the direct product of topological Markov chains
T | Q" defined by the graphs T'; (¢t € t) is also a TMC, T | Q" such that the
corresponding graph I' is the direct product of the graphs I';. Elements of the
matrices II; = (Fét’bt) and II = (m,p) determining edges of the graphs I'; and
[ are connected by the relations 7o, = [[, 7, ,, for a = [a; : t € t], b = [b; :
t € f]. Consider diffecomorphisms S;: My — M, (t = 1,...,k) of manifolds M, that
possess homoclinic structures H; satisfying conditions of Theorem 2 (for ¢ € t) or
Theorem 1 (for t ¢ t), where tis a given subset of {1;...;k}. Define a direct product
S=51 X+ xS;: M — M of the mappings Sy, where M = M; x --- x M. Then
the direct product H = H; X - -+ X Hj, is the homoclinic structure for S. It is easily
seen, by choosing a neighbourhood U of the set ‘H in the form of the direct product
U=U; x---x Uy, that analogous decompositions take place for the TMC and its
graph I' = J[, 'y which exist due to the V. M. Alekseev theorem, and for the set
A of points whose trajectories lie in U. Let C' = A" x B C A, where A" =[], A}
and B =[], B, and A; and B denote the above-introduced sets A" and B for the
diffeomorphisms S;.

Proposition 8

The diffeomorphism S has no analytical first integral or one-parameter sym-
metry group. Moreover, its analytic centralizer is discrete in the compact—open

topology.

Proof. The direct product of key sets is easily seen to be also a key set whose DKP
is the product of the DKP’s of the original sets. Therefore, it is sufficient to show
that a continuous first integral is constant over C'. The a- and w-limit sets for the
trajectories in C lie, respectively, in the sets A’x {0~} and A’ x {O1}, where OF =

{Ofﬁ té¢ t], and Oti denote points OF for the maps S;, t ¢ t. Thus, we can restrict

ourselves to the case t = {1;...;k}. Due to the fact that the graph I'; contains
a circuit formed by one edge and corresponding to a fixed point, the related TMC
T | Q¢ is primitive [4], i.e., for some N every two vertices can be joined by a path of
length exactly equal to V. The direct product of indecomposable primitive TMC has
also these properties. The desired result related to first integrals and one-parameter
symmetry groups follows from here because there is a trajectory everywhere dense
in A’. Moreover, the hyperbolic set C' is expansive which guarantees the discreteness
of the centralizer (see the proof of Proposition 4).
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Let t = {1;...;k}, i.e., the conditions of Theorem 2 are valid for all the diffeo-
morphisms S;. The mapping S will have a homoclinic structure H’ C H satisfying
the conditions of Theorem 2 if simple additional assumptions hold. However, it
is more convenient to remove non-essential conditions by considering a homoclinic
structure H' C A’ which does not belong, generally speaking, to H. Note that
one can also point out additional restrictions under which the required homoclinic
structure will exist in a neighbourhood of a given one Hy C H. All the hyper-
bolic fixed points for S are ¢; = [Qt,it 1<t < k:] and they possess eigenvalue
sets {)‘t,it,lwﬂt,it,lt 11 <t < k}, with multiindices ¢ = (41,...,45) where ¢,
and {/\t,it,lta Mt,z‘t,lt} are hyperbolic fixed points and their eigenvalues for S;. Let
It = I x .- x I;Y, where I;" is the set I* for S;.

Proposition 9

For some it € IT (i~ € I, respectively) let the eigenvalues of the mapping
S at ¢;+ (q;- ), whose moduli are less (greater) than unit, satisfy the non-resonance
conditions (2) and S € CV, where N > Niji, N are determined by (4). Then
there exists a homoclinic structure H' C A’ satisfying the conditions of Theorem 2.
This result remains valid in the more general situation of the presence of non-empty
subsets It C I* possessing the following property. For any couple (s, m), where the
multiindex m = (myq,..., my,+) is such that Zj mj >2,m; >0and1<s<n¥,
there is it € I for which the eigenvalues of the mapping S at ¢;+ (or at g;- ), whose
moduli are less (greater) than the unit, satisfy the non-resonance condition (2) for

the given (s,m). Here S € C™ must be supposed with N > min Nl.jft.
itel+

Proof. One should take § > 0 and £ > 0 small enough and consider the set P* of
periodic trajectories that spend near all the points g;, i € I at least a relative part
1—6 of the whole time and near ¢;+, at least a relative part (1—¢)(1—6) of the whole
time. Under the projections m;: M — My, to these trajectories there correspond
the quite analogous trajectories for S;. Moreover, an additional restriction must
be imposed on the trajectories forming the set P*: m, (Pi) = Pti, where PtjE is
the set P* for the diffeomorphism S;, P* having been constructed in the proof of
Proposition 7. Precisely speaking, constants g; s (1 <s< pf) for each of the sets
P are given in such a manner that the following is valid: g; s, > (1 —¢)(1 — 6)
for the indices s; satisfying the condition zft = ifst, where it = [zti 1<t < k:],
and pf, Jt,s, and z'tjfs are the numbers p*, g,, and 2? for the mapping S;. If the

number i does not occur among i, then one should put Z:E i = i and increase
’ sPy

the number pf“ by one unit. The above-supposed additional condition of “delay”
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near ¢;+ guarantees the validity of the non-resonance conditions for the eigenvalues.
Moreover, the linearizations on the separatrices of periodic points of the mapping
S are the direct products of the corresponding linearizations for the mappings S;.
Let »* € P*, T be a common period for both points r*. It is seen from the proof
of Theorem 2 that for each ¢ the mapping S{ has a homoclinic structure H;} that
is constituted by trajectories double-asymptotic to hyperbolic fixed points m:(r™)
and satisfies the conditions of Theorem 2. It follows easily from Lemma 3 that the
homoclinic structure H' = Hj x - - - x H}, also satisfies the conditions of Theorem 2.

Next, if the sharpened variant of the statement of Proposition is satisfied then

there exist numbers fz-jE > 0,47 € I* such that fijE =1 and the sets
iel+

Al = )\fi+ and = fi.
t7lt - t,it,lt Mt»lt - Mt,it,lt

i:(il,.‘.,ik)61+ i:(i1’~~~7ik)617

satisfy the non-resonance conditions (2) for all (s,m). The sets of all such { fii}
constitute the complements to a finite collections of hyperplanes. Therefore, one
can choose fijft close to the unit for a subscript i* € Ti, on which the number
Nlﬁ attains its minimum. Then the numbers N+ and N, determined by the sets
{)\t,lt} and {Nt,lt} according to (4), will coincide with N;_Q and N__, respectively.
One can suppose that fz-jE > 0 for all i € I*. Now the proof of Proposition follows
without any change if one considers the sets P* of periodic trajectories satisfying
the following conditions that we shall describe in detail. Let Q; = {qt’it,rtvjt}
be the set of the hyperbolic and double-asymptotic points for the diffeomorphism
Sy and let Q = Q1 X --- X Qr be the analogous set for S. Choose any subset
Qvi = {w;—L 1 <v < hi} C @ containing {qi NS Ii} and such that Wt(é:t)
coincides with the set of all the points ¢;,7 € IfE and = for the mapping .S;.
Let V' be a small enough neighbourhood of the closure of the trajectory of the
point wr € M. Choose a small ¢ > 0 and fix g, = f(1 — ¢) for wF = ¢; and,
later, take small enough numbers g, depending on ¢ for the other indices v in order
+
to satisfy hz gy < 1. Next, let 6 > 0 be chosen small enough depending on g,:
v=1
6 < bg 1<r1r/li<I}L L 9vs where the small 6y > 0 does not depend on ¢, fii, and g,. The
desired set P* is formed by periodic trajectories v such that every v spends a relative
part of the whole time that does not exceed 6 > 0 out of the domains V¥, and for
each v there is a point 7, € v such that S™(r,) € V;& if |m| < ¢,7/2, T being
the period of . Then (Pi) C P (the set of numbers itjfs is extended to the
whole set Iti) and the non-resonance conditions for the eigenvalues of the mapping
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ST | Wk, r € v at the point r (the multiplicators of the trajectory v lying at one
side of the unit circle) are satisfied because € was chosen small enough depending on
fl-i. Moreover, the corresponding number N* defined by formula (4) will coincide
with N75. O

Proposition 10

Let S: M — M be a diffeomorphism satisfying the conditions of Theorem 2 and
A’ be the set of quasi-random motions. If R C M is a closed S-invariant set that
does not contain the whole A’ (this is valid if in a neighbourhood of some point
of A’, R is the union of a finite collection of regular CN -submanifolds of positive
codimensions), then there exist a vicinity, U, of the set R and a number § > 0
such that the following property holds true. Any diffeomorphism, S’, that is 6-close
to S outside the domain U in the space of CN-functions will possess a homoclinic
structure satisfying the conditions of Theorem 2.

Proof. The sets P* of periodic points, which are everywhere dense in A’, have been
used in the proof of Theorem 2. There is an element of P¥ \ R near an arbitrary
point of the set A\ R. Let v € P*\ R and T be the common period of both
points 7*. Then the mapping S has a homoclinic structure H that is constituted
by trajectories double-asymptotic to the hyperbolic fixed points 7+ and satisfies the
conditions of Theorem 2. Obviously, the set H' = H U S(H) U --- U ST=1(H) is
S-invariant. Moreover, H' N R = () and it is enough to choose a vicinity U not
intersecting some neighbourhood of the set H' and, later, a small enough 6 > 0.
The desired homoclinic structure is a perturbation of H’. [

Remark 24. Let A” be the maximal S-invariant subset of A’ out of some small
neighbourhood of R. Then A” # () is a hyperbolic set, and under the perturbation S’
of S described in Proposition 10 this set is deformed into the S’-invariant hyperbolic
set A" [37] possessing property (1).

Remark 25. Propositions 9 and 10 can be useful in studies of a system of many
weakly interacting particles in an external time-periodic force field. In this case
R is the set of collision trajectories, the mapping S corresponds to the absence
of interaction between the particles. Here S = S; x --- x Si, where S; is the
first return map (Poincaré map) along the temporal period for the i-th particle.
If the dynamical properties of all the particles are identical then all the mappings
S; coincide, and the validity of the conditions of Theorem 2 for one mapping S;
implies the validity of the conditions of Propositions 9 and 10. The situation under
consideration, where any particle does not affect the external time-periodic field, can
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appear as a result of the transition to the “restricted” setting of the problem upon a
common nonsingular level M of a priori first integrals J of the “general” problem.
Then S is identified with some first return map for the low on M ;. The perturbation
of the system, which is the transition from the “restricted” setting of the problem to
the “general” one, leads only to a small perturbation of the low on M; and, hence,
to the persistence of the non-integrability conditions'*. We will describe generally
the situation discussed here. Let the motion equations depend smoothly on a (multi-
dimensional) “perturbation parameter” ¢ and possess a collection of first integrals
J that depend also smoothly on ¢. Furthermore, suppose that for ¢ = 0, which
corresponds to the “restricted” setting of the problem, the following conditions are
satisfied:

1) The influence of the variables corresponding to the infinitesimal particles
vanishes on the field variables. This means that, firstly, the finite-dimensional phase
space, M, of the continuous dynamical system (flow) {v;} is the total space of a
locally-trivial bundle m: M — Y with fibers M, = X, x --- x X,y € Y and base
Y and, secondly, the dynamical system {v;} on M “covers” some dynamical system
{us} on Y (i.e., the flows v: M x R — M and u:Y x R — Y make the diagram

M — M
Wl l
YTY

to be commutative for each ¢ € R. One says also that the flow {v:} is fibered or
that the system {v;} is an extension of the system {u;} and the system {u;} is a
factor of the system {v;}). Here Y is the space of the field variables and ;X,, is the
space of variables corresponding to the i-th infinitesimal particle for a given y € Y.
Moreover, since a mutual influence of the particles vanishes also, there are flows
{w:} on bundles ;M — Y with fibers X,y € Y and base Y such that

V(y),t (1Ty X o X gTy) = W) e (1Ty) X -+ X 0y, (62y),

where the notations

Ut(yvxy) = (Ut(y)vv(y),t(:ﬂy)) and ﬂ}t(y,ﬂy) = (ut(y)7fv(y),t(i$y))

14 such approach will be used in a forthcoming part of this paper to prove the non-integrability of the planar
problem of more than three point vortices in an ideal incompressible liquid and the planar problem of more
than two bodies attracting by the Newton law.
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fory € Y, x, € My, v () € My, (y), and @y € Xy, v(y)¢(Ty) € Xy, (y) have
been introduced. In other words, the flow {v;} covers the flow {w;} under the
natural projection M — ;M. The flow {w;} corresponds to the dynamics of the i-th
infinitesimal particle. If the particles are identical then the corresponding bundles
M — Y and the flows {@;} will coincide. Note that the bundle M — Y (not
necessarily a vector one) could be called the Whitney sum of the bundles ;M — Y.

2) The dependence of the integrals J vanishes on the point of the fiber M,.
Thus, J = ®om, where ® is the collection of integrals for the flow {u;} on the base Y.
Moreover, the considered common level of the integrals ® on Y is supposed to have a
nonsingular connected component which is a closed trajectory® v, of the flow {u;}.
Then the level, M, of the integrals J has the nonsingular component 7= *(vy;) C M.
To the point y € ~;, there correspond the first return maps S: M, — M, and
Si: Xy — X, according to formulas S(z,) = vy r(zy) and Si(wy) = w(y),r(Ty),
where T is the period of the trajectory «;.
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Appendix A. Exponential separation, cocycles, and the
construction of the adapted metric

Let m: X — B be a finite-dimensional real or complex vector bundle with compact
base B and let f:B — B, F: X — X be some homeomorphisms. Recall some
definitions (see also Remark 25). Homeomorphisms f and F' generate dynamical
systems with discrete time n € Z, i.e., cascades {f™} and {F"}. The cascade {F"}
is called an extension of {f™} if F™ “covers” f", i.e., mo F = fom. The extension
{F"} is said to be linear if the restriction of F' to any fiber X (b) = n~1(b), b € B,
is linear. For simplicity, we consider linear extensions of cascades. However, all
the results are easily carried over to the case of linear extensions of flows. The
presentation will follow, in general, [12] (where the proofs are given for the case
of flows). A norm in the vector bundle X — B is a continuous function X — R
that is a norm on each fiber X (b). A continuous function || - ||.: X — R is called a
quasinorm if the following conditions are satisfied: 1) ||z|/. > 0 for any z € X and

15 particular, the number of a priori integralsis one unit less than the dimension of the field variables space
Y.
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|z|l« = 0 if and only if x is the zero element of a fiber, 2) ||kx|. = |k| - ||z|« for
any element x € X and real number k. In contrast to a norm, one does not require
here the validity of the triangle inequality ||z + y|. < ||z« + [|y]l«, 7(x) = 7(y).
Due to the compactness of the base B and the finite-dimensionality of the bundle,
any two quasinorms || - ||; and || - |2 are equivalent in the sense that inequalities
cHzllz < |lz]l1 < ¢||lz||2, * € X, hold for some ¢ > 0.

A continuous mapping G: B x Z — R is called a multiplicative cocycle of the
cascade {f"} if G(b,n +m) = G(b,n)G(f"(b), m) for any b € B and integers n, m.
A cocycle is uniquely determined by setting an arbitrary continuous everywhere
positive function g(-) = G(-,1).

One gives convenient two-sided estimates for quasinorms HF "(m)H in terms of
cocycles. Indeed, let

B(z) = H?Sﬂ)u’
(b) =inf {®(z) : ||lz]| =1, m(z) = b},. (A1)

-
g7 (b) =sup{®(x) : ||z =1, n(x) = b}

It follows from the uniform continuity of ® over the compact set {x € X : ||z| =1}
that the functions ¢¥: B — R are also continuous. The functions g% determine
cocycles G. Then

<Gt(bn), n>0, zcX(b).

Let X = X; & X5 be the decomposition of the bundle X into the Whitney sum
of F-invariant subbundles. The subbundles X7, X2 (up to their permutation) are
said to be exponentially separated if there are numbers d > 0 and A > 1 such that

(EaC] Iy CY]
) B

> dA\" (A2)

for any n > 0 and 21 € X3, 2 € Xy, w(x1) = m(z2). This means that the vectors in
the fibers of X5 are “stretched” under iterations of F' faster, than those in the fibers
of X1. In this case we will write X; < X5. This definition does not depend on the
choice of the norm or quasinorm || - || because this choice affects d only.

Proposition A1l

Let X = X1 @ --- ® X, be the decomposition of the bundle X into the direct
sum of F-invariant subbundles. The following two properties are equivalent:
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1) any two vector subbundles X; and X (i # j) are exponentially separated;
2) the subbundles X, 1 < s < p, can be renumbered in such a way that for any
s, 1 < s < p, subbundles

Y, =X1®--- @ X, Y;:Xs_i_l@...@Xp

are exponentially separated, so that Y, < Y.'.

Moreover, estimates (A2) for pairs of subbundles X, X¢y1 and Y, Y& will
be satisfied with the same \’s (but, maybe, with different d’s).

Proof. This result is rather simple and well-known. The relation < is an order
relation on the set {X;} and determines the required reordering of the elements of
this set.

Remark. Under the conditions of Lemma 4, the T'S-invariant bundles |J ¢4(r) — A
rcA
happen to be exponentially separated. Moreover, the corresponding estimates (A2)

are satisfied with the constant A = k1.

Proposition A2

Let the conditions of Proposition Al be met so that the pairs of subbundles
Y., Y, satisfy inequalities (A2) with some constants A = Ay > 1. Furthermore, let
numbers s lie in the intervals (1, As). Then there is a norm || - || in X such that for
all the pairs Y, Y;" inequalities (A2) are valid with constants d = 1 and \ = ps,
respectively. In particular, the same holds for the pairs X, Xs11. The desired norm
Il - || can be chosen to be Euclidean (in the real case) or Hermitian (in the complex
case).

So, by slightly decreasing A4, one is able to put all the constants d’s to be equal
to 1.

Lemma Al

Let the conditions of Proposition A2 be satisfied. Then there are cocycles GT,
1 < s < p, such that the following two properties hold:
a) g1 (b) : g5 (b) > ps, 1 < s <p, b€ B, where g3 (-) = G5 (-, 1).
b) g5 (b) < g5 (b) and CTIG(bn) < |F*(2)|/|lz] < CGI(b,n), n >0, x €
Xs(b) = X(b) N X5, b € B, where constant C > 0 depends on the choice of a
quasinorm || - ||.
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N—1 1/N

Proof. Set ||z||. = ( I HF”(Q:)H1> , || - [[1 being some (quasi)norm and N, a
n=0

sufficiently large positive integer. Obviously, ||-|« is a quasinorm. However, |||, can

be not a norm even if || - ||; is a norm (an appropriate example is easily constructed).
Let @,, g;, and g1 be the functions ®, g~, and g* for the invariant bundles X,
which are determined by formulas (A1) via the constructed quasinorm || - ||«. The
functions g¥ determine the required cocycles G¥. The item b) of the Lemma is
obviously satisfied. In order to prove item a), we recall that

F(x, F™(xg
H (@ +1)H1 : H (@ )Hl >d\),n>0, zs € Xg, Tsy1 € Xoy1, m(xs) = m(Ts41),
251111 |25 l1

where d > 0. Therefore

N N 1/N
HF (:Us+1)H1 : HF (xS)Hl > dYN A, >
[ sl

Pu(Ts41) 1 Pu(zs) = (

if N > 0 is chosen to be large enough. The item a) of the Lemma follows immediately
from this inequality.

Lemma A2
Let G* be cocycles such that g=(b) < g*(b), b € B, where g% (-) = G*(-,1),

and
Fr(z
C7'G™(b,n) < W <CG*(b,n), n>0, ze€ X(b),
x
C > 0 being some constant and || - ||, a quasinorm in X. Let v > 1. Then there
exists a norm || - ||o in X such that
—n Y— “Fn(x)“o n e+
v "G (b,n) < el <v"GT(b,n), n>0, zeX(b).
Zllo

The desired norm || - ||o can be chosen to be Euclidean (in the real case) or Hermitian
(in the complex case).

Proof. Without loss of generality, one can assume that || - || is a norm. Set
lzllo = S| E @) (GF (0,n) " v + S| F @) (G (0,0))
n>0 n<0

Obviously, these two series converge uniformly and || - ||p is @ norm. Then it is easily
seen that

F(x
< 0 < g, e xo
0
which implies that the norm || - ||o is the desired one. If the norm || - || was chosen to

be Euclidean or Hermitian then the norm || - ||o possesses the same property.
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Proof of Proposition A2. It follows easily from Lemmas Al and A2. Apply Lemma
A1, using some numbers . instead of numbers ps. Then we apply Lemma A2 to
each invariant subbundle X, assuming that G* = GF, g* = ¢F, v = v,. Asaresult,

S
some norms || - ||s in subbundles X will be obtained. Finally, we require inequalities

ph/(vsvsy1) > ps and construct the desired norm || - || in X = X3 & --- & X, from
the norms || - ||s in X,. For instance, one can set
» 1/2
PEEPAE (Z mri) Cme X w(e) = b
s=1

Historical comment. Proposition A2 for the case p = 2 was proven by 1. U. Bron-
shtein [11; 12, point 6.30]. The generalization of his proof to the case p > 2 requires
some accuracy. For this purpose, we state Lemma A2 on the existence of a norm
satisfying the two-sided estimates, which generalizes the well-known result on the
existence of the adapted or Lyapunov norm. The Lyapunov norm is the norm sat-
isfying the one-sided estimate with g~ = const > 1 or g* = const < 1. Note that
any cocycle G and linear extension {F"} determine a linear extension {F{} via the
formula FZ(z) = G(n,n(z))F™(z). The possibility of constructing a norm satisfy-
ing the one-sided estimate follows immediately from the existence of the Lyapunov
norm for the corresponding linear extension {F¥}. This idea was utilized in [12, 11]
for proving Proposition A2 in the case p = 2. The case of the two-sided estimates
with g~ = const, g™ = const is considered in [27, point 2.8-2.9]. The corresponding
proof generalizes the well-known construction of the Lyapunov norm. In turn, our
proof is an immediate generalization of the latter proof. The proof of Lemma A1 is
reproduced from [12].

Appendix B. Geometrical digression: induced mappings of k-jet bundles

Assume that the assumptions described at the beginning of Section 7 are met, i.e.,
the conditions 1) and 4) of Theorem 2 are satisfied and r = r; is a point such that
i = i*(j),iy = iT(j), the partitions §ii,§if are right concordant, and N > N =
Nijf. Recall that, due to Remark 20, in a neighbourhood, U,., of the point r on Wii,
there is a well-defined nonautonomous linearization [*: U, — R™" associated with
the trajectory of r and formula (20) holds in the linearizing coordinates y defined
by the diffeomorphism lii.
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Now we draw our attention to some invariant, i.e., coordinate-free, geometrical
objects.

The element Ag* of the finite-dimensional space F* can be found by virtue
of the itinerary scheme that determines the nonautonomous linearization I*. This
itinerary scheme corresponds to the trajectory {St(rj)} of the point r; and to the
manifolds Wsﬁ ()" One can reduce this itinerary scheme to the finite-dimensional
and invertible case if one considers, instead of the spaces of all the functions
VE Wéct(rj) — TSt(Tj)WS:E(Tj) such that f(S%(r;)) = 0, df(S*(r;)) = id, only the
spaces of the k-jets for these functions at the points S*(r;), where & < N. The
corresponding geometric constructions will be discussed below. It is convenient to
use the invariant coordinate-free language for this purpose. All the constructions
are easily reformulated into the coordinate language and can be used in concrete
applications.

Let T = S*' | W and let U be a vicinity of ¢; in W= such that T(U) C
U. The linear operator Dr acts in the space of functions I:U — Ty, Wii. The
restriction of Dy onto the Dp-invariant affine subset Zii of the C'N-functions I,
such that I(g;) = 0 € T,,W* and di(g;) = id, has a hyperbolic fixed point — the
linearization lii. To prove this it is sufficient to consider the parametrization of
U by the linearizing coordinates. Moreover, the linearizing coordinates determine
some affine parametrization F* — W; % of the outgoing separatrix wit % for the
hyperbolic point l;t of the mapping Dr | ZZ-jE by associating the map id+ Al with the
clement Al € F*. Analogously, there is an affine parametrization of the incoming
separatrix V\/ii’jE by the space of functions whose (N* — 1)-jets lie in H*.

DEFINITION B1. A class of equivalence of C*-manifolds with respect to the equiv-
alence relation “tangency of order k at the point r” will be called the k-jet of an
m-dimensional (sub-)manifold at the point r.

The difference from the usual definition for the k-jet of a mapping (see, for
example, [9, 22]) consists in what distinguishes a manifold from a map: a particular
parametrization is ignored in the definitions for a manifold and a jet of a manifold,
and these definitions have a coordinate-free nature. An equivalent definition for a
manifold’s jet is contained in [22, Chapter 7, §3].

Consider pairs (W, f) formed by a C*-manifold W C M and a C*-mapping
f+W — N, where N is some manifold.

DEFINITION B2. We say that the pairs (W, f) and (W', f') possess a tangency of
order k at the point r € M if the following conditions are valid: 1) the manifolds W
and W’ of the same dimension, m, possess a tangency of order k at the point r, i.e.,
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there is a mapping i: W — M that has at the point r a tangency of order k£ with the
embedding W C, M and transforms a neighbourhood of the point » in W onto a
neighbourhood of this point in W/, and 2) the mappings f and f’' oi: W — N have
a tangency of order k at the point r.

The tangency of pairs at a given point r € M is an equivalence relation.

DEFINITION B3. A class of equivalence of pairs (W, f) with respect to the equiva-
lence relation “tangency of order k at the point r” will be called the k-jet of a pair
at the point r.

Analogously to the conventional notations for k-jets of mappings, we denote by
JE (r) the space of k-jets of m-dimensional manifolds at the point » € M, and by

Mk = |J JE(r), the bundle of k-jets of m-dimensional manifolds (at all the points
reM

r € M. The sets JF (r) and 9ME, possess, respectively, the natural structures of an
analytical manifold and a manifold whose class of smoothness is k& units less than
that of M. Obviously, J! (1) = G,,(r) and ML = 9M,,, and there exists a natural
projection JE+1(r) — JE (). Analogous objects can be defined for k-jets of pairs
(W, f), and there exist their natural projections onto the corresponding objects for
k-jets of manifolds W. However, we need only to consider k-jets of pairs lying in
some regular submanifolds in the manifold of all the k-jets. Setting N = TM and
k > 1, we denote by j}n(r) the analytical manifold of the k-jets of pairs (W, f) at
the point r such that

dmW = m, f(W)cCT.W,
Fr) = 0ETW, df(r) =id | LW (B1)

Obviously, ﬁfﬁl =y JE

m
reM

for ME . The diffeomorphism S: M — M of class CV, where N > k, induces natural
analytical mappings J¥ (r) — JF (S(r)) forming a fiber mapping S: MF, — ME, of
class CV=F. Each mapping JF (r) — JF(S(r)) is determined by the k-jet of the
mapping S at the point r. Therefore, by some misuse of language, we denote it, as

(r) is a manifold whose class of smoothness is equal to that

well as the k-jet, by j*S. Obviously, j1S = dS |,= S |-. Furthermore, by associating
to the pair (W, f), which satisfies condition (B1), another pair (S(W), D(siwy-1 f),
which also satisfies condition (B1), one can introduce natural analytical mappings
jks: ﬁl(r) — Jk (S(r)) (each of them being determined by the k-jet of S at the

m

point 7) that form the fiber mapping S: ﬁfm — ﬁfm of class CN—F,
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Remark Bl. Lemma 1 and items a), b), and c) of Lemma 4, with their proofs
as well as Remarks 2, 7, and 11, can be immediately generalized to the case where
one considers, instead of the bundles 9 | smg_m, Moy My, A, and A, of
1-jets of manifolds, the quite analogous bundles 90t%:*, zm,’fm, mE ok Ak

and AF

r_m of k-jets. However, the following restriction concerning the numbers

m and k must be imposed on the spectrum (71,...,7,) at each hyperbolic point
O = ¢; under consideration. The sections gk~ = (id, f%~) and v~ = (id, h¥;7)
(gk:* = (id, f&*) and uk+ = (id, h¥; ), respectively) analogous to g, = gL~ and
u, =ul” (g = g-* and u}, = ul;*) exist and are unique if the linear operator
Slo (S7' o) in To M induces a mapping in the space of k-jets of the m-dimensional
((n — m)-dimensional) manifolds W C To M at the point 0 € To M such that the
k-jet of the linear subspace o (a;,) is a sink, i.e., a fixed point whose spectrum

lies inside the unit circle. This means exactly that

il =* <1 (gl Tt < 1)
forall j<m<j,1<s<k

(cf. [27, Theorem 5.1]). In particular, one can always assume that m =n~ or k = 1.
The following modifications must be performed in the statements of Lemmas 1 and 4
and in Remarks 2, 7, and 11:

1) to read CN~* everywhere instead of CV~1; the corresponding mapping S:
— M (S:omk_— 9mE_ Y is a diffeomorphism if N >k + 1;

2) to take some k-jet o’ such that 7(af;T) = al,F = o under the natural
projection m: J¥(r) — JL(r) = G4(r),r = O, instead of o everywhere except
for item 2f) of Lemma 1; the k-jet of;~ (af;*) is the unique attracting point of the
diffeomorphism j&S (j&S~1) in the space JX (O) (JE_,,(O)). (If in some coordinate
system in a neighbourhood of the point O € M, the mapping S has at O the k-jet
coinciding with the k-jet of S |0, then in this coordinate system of;¥ is the k-jet of

mk

m

the linear subspace a;f.);

3) to talk in item 2f) of Lemma 1 about C*-linearizations and to assume that
a,h and [ are the k-jet of the linear subspace ot C ToM at the point 0 € To M and
the k-jet of the mapping [; the latter is interpreted as the mapping of the spaces of
k-jets of manifolds;

4) to replace conditions o, N f,F(r) = {0} in item 2e) of Lemma 1 and in Re-
mark 2, and conditions o, N AL (r) = {0} in item c) of Lemma 4 by the conditions
m(ok) N fF(r) = {0} and w(c¥) N AL (r) = {0}, where 2+ = (r,0k) € M or
2= = (r,0k) e MF

n—m:*

In accordance with this fact, the first formula in item b)
of Lemma 4 and condition (9), that were stated above for k = 1, preserve their
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form, but one has to take into account that 7(f&%(r)) = fLE(r) = fZ(r) and
m(hEE(r)) = hLE(r) = hE (r). Moreover, obviously, f%%(r) and hFFHE(r) are
transformed into f%%(r) and hE:*(r), respectively, under the natural projections
JEF(r) — JEF(r). The conditions that f&+(r) C fEF(r), fE=(r) > fE-(r),
hEF(r) C RET(r), and A7 (r) D hE-(r) for m; > my remain valid if the em-
bedding 81 C B2 of a jet By € JE (r) into a jet B2 € J¥ (r) is naturally interpreted
as the existence of manifolds Wy C W5 possessing k-jets £, and (s;

5) to consider k-jets of manifolds W* and W instead of their tangent spaces
in the first formula of item 2c) of Lemma 1 and in the second formula of item b) of
Lemma 4. Note that, in accordance with items 2c) and 2d) of Lemma 1, afl’_jF is the
k-jet of W+ at the point O.

In conclusion, we shall explain briefly the proof of items 1), 2e) of Lemma 1 and
item c) of Lemma 4. The behaviour of the mapping S: Mk, — Mk (S—L.omk_
— 9ME_ . respectively) near the point x*+ = (0,ak) (2%~ = (0,ak;7)) is
characterized by the expansion along the separatrix W~ (W) and the contraction
along the separatrix W+ (W ™) and fiber J* (O) (J*_, (O)). Therefore, the outgoing
manifold W;,H (W;,) of the point %% (2*~) happens to be the image of the
section g&:—: W~ — ML (kT W+ — 9mF_ ). Next, the domain of attraction of
the sink a;t (a;,) of the diffeomorphism F' = S |o= j5S (F = S~ |o= 7551
on the manifold N = G,,(0) = JL(O) (N = Gp_m(0) = J:_, (0)) is the set
P={3€N:anpg = {0}, where a = o, (@ = af,, respectively) and 3 are
considered as linear subspaces in To M } Moreover, the invariant set N \ P = 9P
of the mapping F' repels the neighboring points in the sense that

p(B,0P) < A = p(F(B),0P) > Cp(B,0P), where B€P (B2)

for some distance p on N and some numbers A > 0 and C' > 1. It is convenient
to take as p(«, ) the angle between the subspaces «, 3 C ToM in the Rieman-
nian metric used in the proof of Lemma 1. Define also the distance function p on
neighboring fibers G, (1) (G,,—n (7)) using this metric. Due to the fact that the
section g, (g;-) is continuous and S-invariant and f,,(0) = o, (f1(0) = a,),
the following holds true: (B2) remains also valid for all neighboring fibers if one
uses f,.(r) (f;+(r)) instead of o () in the definition of P. From here there
follow items 1) and 2e) of Lemma 1 and, thus, the formula of the incoming manifold
W;: (W__) for the case k = 1. The general case £ > 1 follows from the particu-
lar one, k = 1, due to the following fact: for k-jets 3 € JE (O) (8 € JE_, (0)),
such that m(3) € N is close to o}, (o), the mapping j&S:J*(0) — JE(O)
(jES=1: Jk_, (O) — JE_, (O)) happens to be contractive and this property is pos-
sessed by the mappings j¥S: JE (r) — JF (S(r)) (GFS™1: b, (r) — JE_,.(S71(r)))
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of the neighboring fibers. The item c) of Lemma 4 is proven in an analogous way. In
particular, formula (B2) turns out to be true if one carries out the following replace-
ments: firstly, using hf (r) instead of o;f or fZ(r) in the definition of P; secondly,
determining a Riemannian norm in 7, M depending continuously on r» € A and such
that the spaces h; (r) and h; (r) are orthogonal with respect to it; thirdly, taking
some power SP, p > 0, instead of S in the definition of F'. If one uses a Lyapunov
metric then the third point is unnecessary, i.e., p = 1. The proof is analogous in
other details.

Remark B2. Denote the nonautonomous linearization on W, r € A, by IF: W+ —
T, W:E. The k-jets of the pairs (Wii, lli) and (Wﬁ[, l?F) admit a description analogous
to that considered in the previous Remark. However, there appears a series of
distinctions here in the sense that the incoming and outgoing manifolds of the fixed
points are organized in another manner. For a hyperbolic point O = ¢; of the CV-
diffeomorphism S: M — M, let the partition £~ = & (£ = &, respectively) be
right, N > N~ =N, (N >Nt =N"), Wt = Wii, I~ =17 (It=11),2- =2
(Zt =2Z), and WH= = W™ W =W, (Wt =w o wht = wib ),
Then Remark B1 for m = n~ is transferable, with some modifications, to the case
where one considers, instead of mappings S of the bundles, M~ and IM* (Wﬁjm
and OME ), of the k-jets of manifolds W, the quite analogous mappings S of the
bundles, ﬁif and ﬁfl, (ﬁif and §J\Tﬁ+), of the k-jets of pairs (W, x).
There exist the bundles

—~ Zk T
JSI (r) —— JSJF (1)

Ak: Zk,qt k J#I

m : — M - —— M,

for which the mappings S and S are fibered. Here the roles of the fibers J S¢ and
Zk7 are played, respectively, by the space of the k-jets of nT-dimensional manifolds
at a given point and by the affine space of the k-jets of pairs (W, x) € Jﬁng at a given
point with a given k-jet of the manifold W at this point. The dynamics of the
restriction j("jS +1 of the mapping S*! to the invariant fiber J 7’; (O) lying over the
fixed point O of the base M is very simply constructed. This leads to a simple
representation of the incoming W;‘ii and outgoing /W/;ii manifolds of the point

okt = (O,af;’,i) (see above). It is more difficult to provide a description of the

and outgoing WX  manifolds of a fixed point ¥+ = (O, &Z’,i) of

incoming W= -
2k

Tkt
the mapping S*!. Over the fixed point zF* € Dﬁfﬁ, there lies the invariant fiber
ZkF (x%F) which is formed exactly by k-jets of functions | € ZF defined on the
manifold W having the given k-jet afl’_qc eJ 51 (O). If the partition £F is right then



Transversal intersection of separatrices and branching 191

the restriction jg (S | Wﬂil of the mapping S+ to the invariant affine subspace
ZFF (z%%) is affine hyperbolic. This restriction has a fixed point &Z,i and also
invariant affine subspaces — incoming W* T and outgoing W** T separatrices.
The correspondence j§ that associates to a function I: WF — ToWT its k-jet j&1 will
realize a mapping of W+ T onto W**¥F. The latter is an isomorphism if £ > NT.

kot — ajfj is the k-jet jEIF of the linearization [T on the separatrix W7 or,

Here a
more precisely speaking, the k-jet of the pair (IW¥,[¥F). (If in some coordinate system
in a neighbourhood of the point O € M, the mapping S has at O the k-jet coinciding
with the k-jet of S |o then in this coordinate system a* ¥ is the k-jet of the pair
formed by the linear subspace a® and the embedding a™ C. ToM.) Analogously,
ik (WJF’jF) = Wk T, Obviously, a**, WF® T and WHTT are transformed onto
the analogous objects with lower values of k under the natural projections.

So, the behaviour of the mapping S*1 near the fixed point %% is characterized

by the expansion along W¥ and W**F and the contraction along W¥, JS;(O),
and W F. Therefore, the outgoing manifold W;ji . of the fixed point zFE of the
mapping ST! happens now to be the total space of an affine bundle Wii L= W;ﬁi
2k
of class CN~F with fiber W*®¥F. Thus, Wii . will be the image of a mapping
ok
g~F = (id, ]ﬂ“’*): WT x Wkt+ sz; covering the mapping gﬁ’fz Wt — imif
that associates the k-jet of WT at r to a point » € WT. It is easily verified that
for kK > NT the mapping ]a“’jF can be determined by the following formula which is

analogous to item 2f) of Lemma 1 and should replace the latter: P“?(r, %) € Jo=(r)
is the k-jet of the pair (VV¥7 Xr,l) at the point r € WF, where

Xea() = ({1,) 7 (1C) = 1)
= Dyy—ir)(id | ToWT): WT — T,WT

and the mapping [ € WHT is such that j51 = I¥ € W&+ T, Indeed, the formula
Ska(qk &
JrS (.]'r' Xr,l) = Js(r)Xs(r),Ds,l‘W;z

holds true for k-jets j,’? Xr,; of functions x,; at the points » € WT and the desired
result follows immediately from here. In turn, the proof of this formula follows imme-
diately from the facts that, in accordance with Remark 20, the following propositions
are valid. Firstly, in the coordinates on W7 defined by the mapping I(-)—I(r): WT —
ToWT, the mapping x,; will become the identity mapping id | ToW . Secondly,
the mapping S | W¥ and its differential S |o transform these coordinates into those
defined by the mapping h(-) = Dg-1jw+ (I(-) = 1(r)) = (9(-) — g(r)): WF — ToWT,
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where g = Dg-1)y+l: WT — ToWT. Thirdly, the expression in the left-hand side
of the formula under consideration is the k-jet at the point S(r) of the mapping
W — TgyWT which becomes the identity mapping id | ToW T in the coordinates
h. The constructed mapping ]/"7“’4[(7‘, -) realizes an isomorphism of W**F onto the
fiber over the point » € W¥. However, this map is polynomial but not affine. Using
coordinates y(-) = {T(-) on W7 introduced by a given nonautonomous lineariza-
tion [T € WHT, one can also determine the mapping ¢T = X;ll to be of the form
gt () = y(r) +1(-) (see formula (20)), where I(-) = (-) + Ag*. In this case the map-
ping f%7T(r,-) is also polynomial. However, such a definition uses explicitly some
nonautonomous linearization [T and depends on it. It is natural to take [T being
the linearization.

Next, the incoming manifold WZE  of the point %% is now the total space of
x

k,+
an affine bundle Wii L= W;ﬁcyi of class CN~F with fiber WFTF_ie., Wii L will
ks xks

be the image of some CV~*-mapping

(7, 05%): W L x WETT — W; .
where 7 is the projection onto the first factor. A detailed description of this bundle
is a separate question which will be formulated below as a Problem. Note only that
an affine fiber w* ¥ F(2) C Z¥F(2), where z € W;i,i, is a stable slice determined
by the itinerary scheme for the sequence of mappings

Sk g1

Jy, S
Zk’:F(Zt) == Zk’:F(Zt+1), t> 0 (B?))

infinite to one side. Here z; = St (2) — 2% ¢ — +oo and y; € WT is the
image of z; under the projection zm’“ £ S W*. Inan analogous way, an affine fiber

whtT(2) € ZFF(2), 2 € w3 .+, of the bundle WA. — Wjii described above

is an unstable slice determmed by the itinerary scheme for the infinite to one side

sequence of mappings (B3) with the only difference that now ¢t < 0 and z, — z®%
as t — —oo and y; € WT is the image of z; under the projection ?Jﬁflf — WT.

Let now the partitions & (&) be right concordant, the diffeomorphism S

be of class CN, where N > N, (N > N;7), and condition 4) of Theorem 2

be valid. Then nonautonomous linearizations I- (I.7) on the separatrices W~

(W,F), r € A, are defined. Moreover, the pairs (W, ,17) (W,5, 1)), respec—

T oor roour

tively) satisfy condition (B1) and, consequently, they have k-jets [*~ & J (r)

(ik+ € J*, (r)). For each point O = g; we denote by fk = and Wlkf, Wk x (Wlﬁ ,

Wf;i), rebpectlvely, the mapping f%* and the incoming and outgoing manifolds

W 7, and W (Wﬁ, and Wii) for the fixed points z** = (0,a"") and
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zht ( = = (0, ak’f) and 7%7) of the mappings S and S. Then the mani-

folds W;( ), and Wz’iz;) n (Wzk (j),— and Wﬁ(j) , respectively) intersect at a

point 7 ot = (AJ? +,x) = lffj_ (?f_ = (?’f ,X) = Z’ﬁj*) lying over the point
rf + = (7“], fzk’(]) _(ry)) (?ff = (rj, ff*’(ﬁ) _(r;))) of intersection of the manifolds
€ Zk- (F;?’Jr)

) ik, — k, . ke o7—
W,’( ), and W+?r)’+ <Wr(j), and W+zr) ). The k-jet x = jfjlrj
(x = ]T]lt e Zk+ (’Ff )) is determined by the itinerary scheme for the sequence of
mappings

Je St Z8 () > Z7 (241)
(Jh870 2 () = 25 () ), e

infinite in both the directions. Here z; = S?* (ﬁJ”) (z¢ = S*t(?;“’_)) and y; =
St(r;) (y¢ = S7'(rj)) is the projection of z;. Moreover, x happens to be the

point of transversal intersection of the stable wf_zj)_ (z0) (wﬁ’(]’)+ (z0), respectively)

and the unstable wlf(r?)_ (z0) (w fz];r (20), respectively) slices lying in the fiber

Z%(20) (Z%7F (20)). Here w® ™ (2) (w7 (2)) denotes the affine space wh=~(z)
(wh*1(2)) corresponding to the hyperbolic point O = ¢;, i.e., the fiber of the man-
ifold Wk’jE (Wk "F) that lies over z € Wk * (2 € Wk ). Therefore in the case

N >k +1 the pomt r; ot (?;C ) happens to be the point of transversal intersection

kot k- TSk4
).+ and Wﬁ(j) L (W (j,— and W20 _). Thus, although

a satisfactory description of the manifolds Wf ++ (Wf:) has not been obtained, one
can state the following result. Under the conditions indicated above, items a)-c) of
Lemma 4 with suitable modifications as well as Remarks 11 and B1 are transferable

of the separatrices W

to the case where instead of bundles Sﬁfﬁ and Qlf;;, the analogous bundles ﬁfﬁ
and ﬁﬁ + of the k-jets of pairs are considered. We mention without any detail that
items a) and c) have to be modified if the space W**F is non-trivial (i.e., does not
reduce to a single point), and in the second formula of item b) instead of the tangent
spaces T, W, F or, more generally, the k-jets of manifolds W,F at the points r € A,
the k-jets ijF of the pairs (WEF, lf) appear. The triviality of W**¥ is equivalent

to that ®F = 0, i.e., Nj = 1, where ®¥ is the set ® and N is the number Ny for
the mapping 7 = S*! | Wii.

Problem. To carry out a more detailed investigation of the structure of the sepa-
ratrix WA In particular, what is the construction for a piece of the separatrix

that lies over a neighbourhood of the boundary 8W;§,i? Note that to answer these
questions, one requires first of all to use a more detailed description (see [45, 46]) of
the dynamics of the mapping S |o: G,,+(0) — G,+(0). An answer is easily given
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in the case of the skew product: if m: M — W T is some CV-retraction such that the
diagram

M —2 . M

wf —— WT
S|IWF
commutes, i.e., S “covers” S | WT, then the mapping 7% can be defined by the
following formula: %% (z, 1) is the k-jet of the pair (VV, an) at the point r € W+
lying under z € WN/;ii, the manifold W has k-jet z at r, the mapping x,; = Drjwl,
and the mapping I € WHT is such that j&l = (¥ € W*TF. According to the
theorem of Chen [26, Chapter 9], for any natural n and k and real 0 < p; <
p2 < 1 there is NV such that the following statement holds. If the eigenvalues \;
of the n-dimensional CN-diffeomorphism S at the hyperbolic fixed point O satisfy
the inequalities p; < min{|)\;|,|A;|7*} < p2 and admit no resonances (2') up to
order N (i.e., for 2 < |m| < N) then S will be C*-equivalent (i.e., conjugated by
a Ck-diffeomorphism) to its linear part, i.e., it becomes linear in some local C*-
coordinates. Let m: M — WT be the C*-retraction which is the projection along

k, £

W# in these coordinates. Then the formula determining %% remains valid.
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