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ABSTRACT
Let £ beanamplevector bundleof rank > 2 onacomplex projectivemanifold
X of dimensionn = r+2 having asectionwhosezerolocusisasmooth surface
Z. Pairs (X, £) as above are classified under the assumption that (Z, Lz) is
a conic fibration over a smooth curve for some ampleline bundle L on X .

0. Introduction

In the last 20 years the study of special varieties as ample divisors attracted the
attention of many authors. This subject grows up from the classical studies con-
cerning hyperplane sections.

Recently Lanteri and Maeda reconsidered this theme looking at smooth subma-
nifolds defined through vanishing of sections of ample vector bundles. More precisely
they discussed the following problem: let X be a smooth complex projective n-fold
and let € be an ample vector bundle on X of rank » < n —1, satisfying the following
assumption:

(¥) There exists a section s € I'(X,E) whose zero locus Z = (s)o is a smooth
submanifold of X of dimension n — r.

A generalization of the Theorem of Bertini [10, Thm. 3.8] shows that such an
assumption is satisfied even for the general section of £, if £ is also spanned.
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The aim of Lanteri and Maeda was to examine how the geometry of Z can
condition the geometry of X. In particular they classified the pairs (X, &) in some
cases in which Z is a given “special” variety. For their results we refer to [5-8|.

In this paper we focus on the situation above, assuming that Z is a surface
which is a conic fibration through some polarization on X. More precisely our goal
is to prove the following Theorem:

Theorem

Let X be a smooth complex projective manifold of dimension n > 4, and let
& be an ample vector bundle of rank n — 2 on X, such that the assumption (x)
is satisfied. Assume that there is an ample line bundle L on X whose restriction
| := Ly gives (Z,1) the structure of a conic fibration over a smooth curve B. Then
the pair (X, ) is one of the following:

(a) (X, L) is a scroll over B, and £ = Op(2) ® Op(1)®("=3) for every fiber F (=
P,

(b) (X, H) is a scroll over B for some ample line bundle H € Pic(X), Lr = 2Hp =
Op(2) and Ep =2 Op(1)®("=2) for every fiber F(=P"~1), except when Z = P x P!,
in which case (X, L) is a scroll over P*, £ = Op(1)®(=2) for every fiber F(= P" 1)
and [ = O]pl %Pl (2, 1)

(¢) (X,L) is a hyperquadric fibration over B, and & = Og(1)®=2) for every
general fiber F (= Q"~1).

Moreover case (b) can occur only if Z is a geometrically ruled surface over B.

We can compare this Theorem with some results concerning ample divisors on
3-folds. By assumption, in this paper we are considering at least 4-dimensional
manifolds X. Clearly, if X is a 3-fold, then Z is an ample divisor on X. This
situation was already studied by Sommese [11, Thm. IV] and Ionescu [4, §2 Cor. 1].

On the other hand our Theorem supplements a result of Lanteri and Maeda.
Indeed in [7, Thm. C] they studied the pair (X, £) with the assumption that (Z, Hz)
is a hyperquadric fibration over a smooth curve B for some ample line bundle H
on X and dim Z > 3. So the case in which Z is 2-dimensional was not yet treated.
This is exactly the case discussed here. Although the starting point is inspired by
some ideas in [7], the method we use to prove the Theorem is somewhat different
from that in [7, Thm. C], which relies on [9].

Here is a sketch of the proof. By (x) and adjunction we see that Ky = (Kx +
det£)z. But (Z,1) is a conic fibration by assumption, hence the adjoint bundle
Kz + 1 is not ample. Combining these two facts, we obtain that the line bundle
Kx + det £ + L is not ample as well. Thus F := £ @ L is an ample vector bundle
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of rank n — 1 on X whose adjoint bundle is not ample. This allows us to apply
results due to Ye, Zhang [12], and to Andreatta, Ballico and Wisniewski [1], leading
to a precise list of possibilities for the pair (X, &), which we examine through a
case-by-case analysis.

The proof is divided into two parts according as the genus g(B) of the base
curve B is positive (§2) or zero (§3).

I would like to thank Professor Antonio Lanteri for his constant advice during
the preparation of this paper. I would also like to express my gratitude to the referee
for useful comments

1. Notations and background material

In this paper we will only consider smooth projective varieties over the complex
field C, briefly called manifolds. Let X be a manifold. The tensor product between
line bundles on X is denoted additively. A line bundle L on X is said to be nef
(numerically effective) if L - C' > 0 for every curve C' on X. A nef line bundle L is
big if LY™X > 0. We say that a vector bundle £ on X is ample if the tautological
bundle H(E) of the projective bundle Px(€) is ample. A manifold X is called a
Fano manifold if its anticanonical bundle —Kx is ample.

A polarized manifold is a pair (X, L) consisting of a manifold X and an ample
line bundle L on it. A polarized manifold (X, L) is called a Del Pezzo manifold if
Kx = —(dim X —1)L. A polarized manifold (X, L) is said to be a scroll (respectively
a hyperquadric fibration) over a manifold W if there exists a surjective morphism
¢ X — W with fiber ' = P™ and Lr = Opn(1) (respectively: with general fiber
F=Q™and Lp = Ogm (1)), where m = dim X — dim W.

(1.1) Note that, if (Z,1) is a 2-dimensional hyperquadric fibration over a smooth
curve B via m, then any smooth fiber f of 7 is just a smooth plane conic, hence
f = P! and Iy = Op:1(2). Moreover, the adjoint bundle Kz + [ is restricted trivially
to any fiber, hence

(1.1.1) Kz+1=m"b

for some b € Pic(B). Note that this would include the case when (Z, 1) is a Del Pezzo
surface with the anticanonical polarization. Since this case is already treated in [8]
we will adopt the following stronger notion of 2-dimensional hyperquadric fibration,
inspired by the adjunction theoretic definition [2, (3.3.1)].
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DEFINITION (1.1.2). A polarized surface (Z,1) is said to be a conic fibration if a
multiple of the adjoint bundle Kz + [ defines a surjective morphism 7 : Z — B over
a smooth curve B.

(1.1.3) This definition is equivalent to requesting for classical 2-dimensional
hyperquadric fibrations (Z, 1) that the line bundle b in (1.1.1) is ample, which exactly
means that just the Del Pezzo surfaces with anticanonical polarization are excluded
by (1.1.2).

Remark (1.1.4). Let (Z,1) be a conic fibration via 7 : Z — B. Then Z is a ruled
surface over B whose singular fibers consist just of two irreducible components. In
other words, Z is the blow-up of a geometrically ruled surface 7y : Zg — B at k

points belonging to different fibers, where k denotes the number of singular fibers
of m: Z — B.

(1.2) Now we state the results which we will use to prove our Theorem. Let £
be an ample line bundle on a manifold X and assume that A := Kx + L is nef. Then
by the Kawamata-Shokurov base-point-free Theorem we know that there exists an
integer m > 0 such that mA is spanned. If

(1.2.1) ¢ = Pyma X — Wo C PV

is the morphism associated to the linear system |mA|, we get through the Stein

factorization a connected fiber morphism ¢ : X — W and a finite morphism 7 :
W — Wo.

Theorem (1.3)

Let X be a manifold of dimension n > 4, and let F be an ample vector bundle
of rank m — 1 on X. Consider the adjoint bundle A := Kx + det F. Then:

(1.3.1) [12, Thm. 3] A is nef unless (X, F) is one of the following:
(a) (X,F) = (P, 0p(1)®Y).
(b) (X, F) = (P, Op(2) ® Op(1)®*=).
() (X,F) = (Q”, Og(1)®1).
(d) X is a P '-bundle over a smooth curve W, and Fg = Op(1)®~1 for every
fiber G (2P ) ofp: X - W.

(1.3.2) [1, Thm. B)] Assume that A is nef, and let ¢ : X — W be as in (1.2).
Then A is big unless

(a) X is a Fano manifold and det F = —Kx.

(b) ¢ : X — W is a P"~1-bundle over a smooth curve W, and either Fg = Op(2) @
Op(1)®("=2) or Fg = Tg, for every fiber G (= P"~1).
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(c) ¢ + X — W is a hyperquadric fibration over a smooth curve W, and Fg =
Og(1)®(=1) for the general fiber G (= Q™ 1).

(d) ¢ : X — W is a P"~2-fibration over a smooth surface W, locally trivial in the
complex topology, and Fg = Op(1)®("=1) for every fiber G (=2 P"~2).

(1.3.3) [1, Thm. C)] Assume that A is nef and big but not ample. Then o :
X — X' is the blow-up of a manifold X' at m > 0 distinct points qi,...,¢m
and there exists an ample vector bundle F' of rank n — 1 on X', whose adjoint
bundle A’ = Kx: + det F' is ample, such that F = c*F' @ Ox(—> ., E;), where
E; .= 071(q;) denotes the exceptional divisor of the blow-up.

(1.4) In stating cases (b), (c¢) and (d) in (1.3.2), we inserted the description of
Fe, not explicitly mentioned in [1, Theorem]. It can be obtained as follows.

Let G be an arbitrary fiber of ¢ in cases (b) and (d), and a general fiber of ¢
in case (¢). Then K¢ = (Kx)g. By the fibration Theorem there is an ample line
bundle H on W such that Kx + det F = ¢*H. Hence we have

O¢g = (KX—}—det]:)G = K¢ + det Fg,

ie., Kg + det Fg is trivial. Since rank Fg > dim G, by [3, Main Theorem] the
descriptions of Fg are as follows according to cases:

(b) Fg is either Op(2) @ Op(1)2("~2) or Tp.

() Fo =2 Og(1)2=1).

(d) Fg = 0p(1)20—1),

We will also use the following result:

Lemma (1.5) [6, Lemma (5.1)]

Let E be an effective divisor on a manifold X, and assume that E = P"~! and
Op(FE) = Op(—1). Let ¢ : X — X' be its contraction. If £ is an ample vector
bundle of rank r > 2 on X and £g = OP(].)GBT, then there exists an ample vector
bundle £ of rank r on X' such that

£~ ¢ E' © Ox(—E).
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2. Proof of the Theorem in the irrational case

(2.1) First, we will get more information on the structure of X through the Albanese
variety. Let az : Z — Alb(Z) and ax : X — Alb(X) be the Albanese morphisms
of Z and X, respectively. Due to functorial properties, the following commutative
diagram holds:

A ., X
azl lax
Abz) PO AbX).

Because of [7, (1.1.8)], the morphism Alb(¢) is an isomorphism. It is convenient to
identify Alb(Z) = Alb(X) and to write briefly & = ax. Since a|z = az, we have
a(X) D a(Z) = az(Z), which is isomorphic to B because of the irrationality of the
base curve B. Hence we can assume that az = 7. Now, by [7, (1.1.4)] we have that

Q%) < h(Q%) = py(Z) =0,

which implies that wi A we = 0 for any two 1-forms wy,ws on X, and so a(X) is
1-dimensional, i.e., «(X) = B. In conclusion, we see that a : X — B is a morphism
with connected fibers such that a|z = 7.

(2.2) Now, consider the vector bundle
F=EPL.
Note that F is an ample vector bundle of rank n — 1 on X, and
det F = det £ + L.

Let A := Kx +det F denote the adjoint bundle of F, and let us start assuming that
A is not nef. In this case the pair (X, F) satisfies the hypotheses of (1.3.1). First,
note that cases (a), (b) and (c) in (1.3.1) cannot occur since h'(Ox) = g(B) > 0.
The remaining possibility for (X, F) led by (1.3.1) is that X is a P"~!-bundle over a
smooth curve W, and Fg = Op(1)®(*~1 for every fiber G (ZP" 1) of ¢ : X — W.
Let G be any fiber. By £ ® Lg = Fg = Op(l)@(”_l) we obtain

(2.2.1) Eq = 0p(1)®~2),
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(2.2.2) Le = Op(1).
Let sq € I'(G, Eg) denote the restriction to G of the section s defining Z, and set
f=ZN0G = (sg)o.

Note that f is a fiber of 7, since G is a fiber of ¢ and ¢|z = m. Moreover by (2.2.1)
we see that f € |Opn-1(1)®(=2)|, which means that f is a linear subspace of G.
Hence f is a smooth fiber of 7, and due to (2.2.2) and the linearity of f in G we see

that
in Z in Z in X in G

N AN s
fl=fLz=f-L=f-Lg=1,
which contradicts the assumption that (Z,1) is a conic fibration. So this case doesn’t
occur as well.

Therefore A is nef. Thanks to [5, Lemma (1.2)] and by definition of conic
fibration, its restriction to Z is given by

(2.2.3) Az = (KX —l—detf)z = (Kx-l-detg—i-L)Z =Kz+Lz;=7%

for some b € Pic(B). Through the injectivity of Pic(7) : Pic(X) — Pic(Z) [7, (1.1.6)],
we deduce that

(2.2.4) A= a’b,
which in particular implies that
(2.2.5) A% =0.

This shows that A is not big: thus (X, F) is one of the pairs listed in (1.3.2).
First of all, we see that case (1.3.2)(a) cannot occur: in fact, if X is a Fano
manifold, then h'(Ox) = h! (Kx +(—Kx)) = 0 by the Kodaira Vanishing Theorem.
Case (1.3.2) (d) cannot occur as well. In fact we have that A gives X the
structure of a P"~2-fibration over a smooth surface W, and Fg = Op(1)®(~1) for
every fiber G (2 P"~2). Then, recalling (1.2.1), we see that

mA = ¢*OW0(1)

Note however that Oy, (1)* = (Op~ (1)?)w, is an effective non-trivial O-cycle in Wy,
which contradicts (2.2.5).
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(2.3) Only cases (b) and (c) in (1.3.2) remain to be examined. First observe
that, if
p: X =W

is a P*~!-bundle or a hyperquadric fibration over a smooth curve W, where ¢ is
definite as in (1.2), then

mA = ¢*Ow, (1) = " (1" Ow, (1))

Comparing this with (2.2.4), we conclude that the fibers of o and those of ¢ must
be the same. This implies that & = ¢ up to an isomorphism W = B. So cases (b)
and (c) in (1.3.2) can be rephrased by using o and F' instead of ¢ and G. From case
(b):
a: X — Bis a PP -bundle, and either Fr = Op(2) @ Op(1)®("~2) or
Fr = Tr for every fiber F (2 P"~1) of a.

Let F be any fiber of a. Clearly Fr # Tr, since the tangent bundle of P*~! is
not decomposable, and there are two ways to write Fr as a direct sum of £p and
Lp: this gives two subcases of (b). Note that the same subcase happens for every
fiber F' of a.

(2.3.1) The first subcase is given by the following situation:

Er 2 0p(2) ® 0p(1)®=3) L > Op(1),

which implies that (X, L) is a scroll over B, leading to case (a) in the Theorem.
(2.3.2) The second one is given by:

Ep 2 0p(1)22) L~ Op(2).

Let f be any fiber of 7, and consider the fiber F' of a containing it. If sp € T'(F,Ep) =
[(P"=1 Op(1)®(™=2)) denotes the restriction of s to I, then f = ZNF = (sp)o.
Thus f is a linear subspace of F', and so we conclude by arbitrariness of f that Z is
a geometrically ruled surface. This gives case (b) in the Theorem.
(2.3.3) The remaining case (c) in (1.3.2) is immediate. We have that
«a : X — B is a hyperquadric fibration, and Fp & O@(l)@(”_l) for the
general fiber F' (=2 Q" 1) of a.

For any general fiber F' of «, the only possibility for the summands of Fr is:

Ep = OQ(l)EB(n*Q), Lp = OQ(l).
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In particular (X, L) is a hyperquadric fibration as a polarized pair. This leads to
case (c) in the Theorem, and concludes the proof when g(B) > 0. O

Remark (2.4). 1In case (b) in the Theorem, if g(B) > 0, then L and H can be chosen
in such a way that Hy = h, L = 2H, and so [ = 2h, where h denotes the tautological
bundle of Z. Indeed, if h € Pic(Z) and H € Pic(X) are ample line bundles making
m:Z — Band a : X — B scrolls over B, then Hy = (Hz); = Op(1) = hy for
every fiber f of 7, hence there exists a line bundle b over B such that Hz — h = 7*b.
Without loss of generality we can assume that Hz = h. Suppose moreover to have
chosen L =2H: then |l = Ly = 2Hz = 2h.

3. Proof of the Theorem in the rational case

(3.1) As in (2.2), we consider the ample vector bundle of rank n —1 on X defined by
F =& @ L. The adjoint bundle A = Kx + det F is not ample, since its restriction
to Z is
(3.1.1) Az =7"b
for some b € Pic(B), as we saw in (2.2.3). So we need to examine all the cases
in (1.3).

(3.2) First assume that A is not nef. By (1.3.1) we obtain the following four
possibilities for the pair (X, F).

From (1.3.1) (a): (X, F) = (P",Op(1)®(™~Y). Then, since F = € & L, we get

(X,€,L) = (P, 0p(1)*" ), 0p(1)),
which gives Z = P2, hence a contradiction.
From (1.3.1) (b): (X,F) = (P, 0p(2) ® Op(1)®(™=2)). So there are two possi-
bilities for the triple (X, &, L): either
(X,&, L) = (P, 0p(1)®"2), 0p(2)), or
(X,E,L) = (P",0p(2) ® Op(1)®"=) 0p(1)).
The former case leads to the same contradiction as before. In the latter case we
obtain
(3.2.1) (Z,1) = (P! x P', Op1 1 (1, 1))

which is a scroll (with respect to any rulings of Z) and not a conic fibration. In
conclusion, also case (b) in (1.3.1) doesn’t occur.
From (1.3.1) (c): (X,F) = (Q", 0g(1)®™~1). Arguing as in the previous
cases, we get
(X,€,L) = (Q",0g(1)*"), 0g(1)),

which gives again (Z,1) as in (3.2.1), and so leads to a contradiction.
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Finally, in case (1.3.1) (d) we have that X is a P"~!-bundle over a smooth curve
W, and Fg = Op(1)®(=D for every fiber G (ZP" 1) of ¢ : X — W.

Then (X, L) is a scroll over W and £g = Op(1)®(™=2) for every fiber G. Let
so € T(G,Eq) = T(P"1,0p(1)®("=2) be the restriction of s to G. Then g :=
Z NG = (sg)o is a positive dimensional linear subspace of G. Therefore g = P,
since g C Z and Z ¥ P2, and I, = (Lg)y = Op(1). Consequently (Z,1) is a scroll via
the projection ¢|z : Z — W. But (Z,1) is also a conic fibration via the projection
m:Z — B. So Z admits two different fibrations:

with fiber P*
—_— s W

Y|z

Z
with general .
fiber Pt

B.

In particular W = P!, and so K% = 8. On the other hand, considering Z as a

geometrically ruled surface Zy with base curve B blown-up at k points (1.1.4), we
obtain K7 = K7 —k =8 —k. Therefore k = 0 and (Z,1) = (P' x P', Op1 ,p1(2,1)).
This gives the exception in case (b) of the Theorem. See also [5, Thm. B, case (3)].

(3.3) Now, assume that A is nef but not big: thus we have to examine the four
possibilities for (X, F) listed in (1.3.2).
In case (1.3.2) (a) X is a Fano manifold and det ¥ = —Kx. Then

Ky = (KX +det8)z =—Ly;=-lI,
ie. (Z,1) is a Del Pezzo surface with the anticanonical polarization. But these
surfaces are excluded from our discussion, as we noted in (1.1.3).
In case (1.3.2) (b) ¢ : X — W is a P l-bundle over a smooth curve W, and
Fa = 0p(2) ® 0p(1)2(=2) for every fiber G (=2 P"~1). By (1.2) we have
mA = ¢* Ow, (1) = ¢ (" Ow, (1))-
Taking the restriction of mA to Z and recalling (3.1.1), we get

mAz = (¢]2)" (0" Ow, (1)) p(z) = T*mb,

which means that the two morphisms, 7 : Z — B (2 P!) and ¢|z : Z — W, have
the same fibers. We can assume that ¢|z = 7 and so consider ¢ as an extension of
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7w to X. Let I be a fiber of ¢: there are two ways to write Fr = Ep ® Lr according
to the following two cases:

(Er, Lr) = (0p(2) ® Op(1)%"3), 0p(1))
(Ep, L) = (0p(1)®72) 0p(2)).

I

They are quite analogous to the situations discussed in (2.3.1) and (2.3.2) when
g(B) > 0, and give rise to cases (a) and (b) in the Theorem.

In (1.3.2) (c) ¢ : X — W is a hyperquadric fibration over a smooth curve W,
and Fg = Og(1)®("=1 for the general fiber G (=2 Q"~!). The same argument used
in the previous situation shows that ¢|z = 7 up to an isomorphism W = B, hence
we can consider ¢ as an extension of m to X. Then

Erp = 0g(1)®2  and Lp = Og(1)

for the general fiber F' of ¢, and so we obtain case (c) in the Theorem.

From the last case (d) in (1.3.2) ¢ : X — W is a P"~2-fibration over a smooth
surface W, and Fg = Op(1)®(*=1 for every fiber G (=2 P*~2). Exactly as before,
we see that |z and 7 have the same fibers, and so

(3.3.1) 0(Z) = B.

On the other hand, Fg = Op(1)®™1 implies that ¢ = Op(1)®™~2). Thus,
if s¢ € I'(G,Eq) = T(P"2,0p(1)2("=2) denotes the restriction of s to G, then
GNZ = (sg)o # O for any fiber G of ¢. This means that ¢|z : Z — W is
surjective, i.e.

(3.3.2) o(Z)=W.

Clearly (3.3.1) and (3.3.2) are in contradiction, since B is a curve and W is a surface,
an so this case cannot occur.

(3.4) The last possibility to consider for (X, F) is that A is nef and big but not
ample. Then, by (1.3.3), 0 : X — X’ is the blow-up of a manifold X’ at m > 0
distinct points g1, ..., ¢, and there exists an ample vector bundle F’ of rank n — 1
on X', whose adjoint bundle

(3.4.1) A" = Kx/ +det F' is ample,

such that

(3.4.2) F=0"F ®0x ( - i Ez)

i=1
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where > E; :=>"", 07 (¢;) denotes the exceptional divisor of the blow-up. In
particular, by definition of blow-up,

(3.4.3) E; =P ! and Op,(E;) 2 0p(—1) for i=1,...,m.
Let 7 € {1,...,m} be any fixed index. By (3.4.2)
Fr, 202" @ 0p(1) = Op(1)2—D),
hence
(3.4.4) (€E;,LE,) = (0p(1)®("=2) 0p(1)).

This allows us to apply Lemma (1.5), which tells us that there exists an ample vector
bundle £ of rank n — 2 on X’ such that

(3.4.5) Exo€'® OX( - i E)
i=1

For every j = 1,...,m, let sp, € I'(E;,&g,) = T(P"1, 0p(1)®("=2)) denote
the restriction of s to Ej. Then e; := E; N Z = (sg,)o is a positive dimensional
linear subspace of E; which is contained in Z, therefore e; = P!. Note that the
e; are disjoint (—1)-curves in Z: actually e;Ne; C E;NE; = @ for ¢ # j, and
3 = Op,(E;)-e; = Op(—1)-¢; = —1 by (3.4.3). In particular this gives Kz-e; = —1.
On the other hand, since [ - e; = Ly, - e; = 1 by (3.4.4), we get

ej b= (Kz+1)-e;=0,

which shows that e; is contained in a fiber of 7. In conclusion any curve e; is an
irreducible component of a singular fiber f; of # : Z — B. So we can look at the
restriction o|z of o to Z as the contraction of the (—1)-curves e; for j = 1,...,m,
and then Z' := o(Z) is again a smooth ruled surface over B.

Now we note by (3.4.3) and (3.4.4) that Kx + (n — 1)L is restricted trivially
to every E;. Hence the reduction morphism of (X, L) factors through ¢ and then
there exists an ample line bundle L’ € Pic(X’) such that L = ¢*L — Ox (>~ E;).
Thus, by (3.4.5):

B L) = 0 E oL <g®ox(iEi>> & (L@(k(i&))
i=1 =1

— (oL e0x (Y E)=Foox(Y B)=0F.

=1 =1
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Therefore

ol =F.

Note that (Z’,L’,,) is a conic fibration over B as well. Let s’ € I'(X’,&’) be the
section corresponding to s € I'(X, £) under o* and the isomorphism given by (3.4.5).
Then Z' = (s')o.

In conclusion we get a new situation, with X', &, L’ and Z’, satisfying the

assumption of the Theorem. Then by (3.1) applied to (X', &', L") we see that the

adj

oint bundle Kx/+det F’ is not ample, contradicting (3.4.1). This makes the case

when A is nef and big impossible, and so the proof of the Theorem is concluded. [J

10.
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