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ABSTRACT

Let T be a k-simplex in R®, where 0 < k < n, and let S, and Sj be two
adjacent s-simplices with 7" = S, N Sy,. Suppose that F'(z) € C'(S, U Sp)
with

F(z)]s, = Pa(x),

()]s, = Qn(),

where P, i (0, are Bezier polynomials in R® with total degree n. The con-
ditions, which must be required to function F be in class C" across T, are
introduced by C.K. Chui and M. Lai ([3], [4]). In the present note the im-
provement of those conditions is obtained. As an application, algorithm for
computation of polynomial coefficients is shown.

Introduction

Let 2%, 21, 22,..., 2° be linear independent points in R*. Then its convex hull
(1) @0ty = {3 M A =1, 2 0
i=0 i=0

is a simplex. It is called an s-simplex. Then any z € R® can be identified with an
(s + 1)-tuple (Mg, ..., As) where

volg (a0, ..., xt =  w ottt . 2%)

(2) Ai = Ai(z) =

volg (20, ..., x%)
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and
‘ 1 1 2) ... 2
(3) voly (20, ..., 2°) = = ,
511 x] s
where ' = (z%,...,2!) and = (21,...,75). The numbers )g,...,\, are called
the barycentric coordinate of x relative to the simplex (x°,...,2%). Since each

A\; = \i(z) and by using the notation \* = )\(ﬁ)o ... A% and B! = By!... B! for any
8= (Bo,...,0s) € Zfl, where Z = {0,1, ...}, the Bezier polynomial is defined by

(4) Pu(z) = ) ag®h(N),

1B]=n
where ®75(A) are the Bernstein polynomials of degree n

|
(5) @gm:%w, 18] = Bo+ ...+ Bs = n.

The set {(’60 -~,%,a5> 2B = n} is called the Bezier net of P,(z). Let T =

n?

(x°,...,2%) be a k-simplex in R® where 0 < k < s, and let
(©) S, = (20, ... 2k 2 af),
Sy = (20, ..., 2F Ty,

be two adjacent s-simplices with 7' = S, N S,. Suppose that F'(x) € C(S,USp) with

F(z)|s, = Pu(x) = Z aaq)Z()\O(x)v - .,)\s(l‘)),

loal=n

F(2)ls, = Qu(x) = > ag®j(no(x),...,ns(2)),
[B|=n

(7)

where A = (Ng,...,As) and n = (no,...,7ns) are the barycentric coordinate of x
relative to S, and S} respectively.

Let si(a) = (0, ..., a1, + 1,41, ..., a5) and Ayjaq = @s;0 — Gs;o- Using
above notation, one can formulate the following smoothing conditions:
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Theorem 1 (C.K. Chui and M.J. Lai)
Let

0 i1 5 i+l s
volg (2, ... Tyl at T L at)

(®) i = volg (a0, ..., x%)
Then for any r € Z, F(x) € C"(S, U Sy) if and only if

Vk+1 Vs
Ak+1,0 ce As,obao...ako...o

S S
9) Ve+1 s
= ( E Ck+1,5 Ai()) < g Cs,i Am) Qe ...a0...0
i=1 i=1

forall yg41+...+v =0, ap+...+ap=n—1l,and =0,...,r.

Results

Let E; (0 <i < s) be the partial shift operator defined by F; ay = as,o. Thus the
Bezier polynomial (4) can be expressed in terms of these operators by

(10) P,(x) = (zs: )\iEi)na[],...,Oa
=0

where Ao, A1,...,As are barycentric coordinates of x (see [1] and [2]). The right side
of equality (10) may be evaluated by recursion formula:

(11) (zs: )\iEZ->nao,...,0 = ZS: (Aj ( ZS: Ai Ei)n_l E; ao,.‘.,0>-
i=0 =0 i=0

Applying above notation, the smoothing conditions (9) can be formulated as:

Theorem 2

Under the same assumptions as in Theorem 1 the condition (9) may be replaced
by the following formula

s Ye+1 s Vs
(12) bO‘Ov-Hvaka'Yk{»lv--w'Ys - <§ Ck+1,i EZ) (E :Cs,i EZ) Qay,...,ak,0,...,0;
=0 i=0

forall ygp1+ - +vs =10, ap+...+ap=n—1l,andl =0,...,r.
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Proof. The proof is based on the following observation: the equalities (9) form
a consistent system of linear equations. Hence, it is sufficient to show that the
equalities (12) are solution of this system.

First, we note that

(13) A;LJ = EIAzj_l - EJAZ]_I where Ai,j = Ez - Ej.
Applying (13) to the left side of (9) we obtain:

Yk+1 Vs
Ak+1 0" As,O BOéo...OékO...O

= (Egq1 — Eo)" - (Es — Eo)" bayg...ak0...0

Ye+1
(14) =< > <7k+1>E2’ff(—Eo)”’““i’““)

k10 Tk+1
Ts ’Y . .
(32 ()mremr P
is=0 %

Changing order of summation and using definition of E;, expression (14) may be
written as:

Wf Z <7k+1> . <;Y:>(Ek+1)%+1...(ES)is

1
Zk+1 =0 l =0 k+1
. (_EO)’Yk+1+"'+’Ys—ik+1—"'—isb

R )

]
’Lk+1 =0 i =0 k+1

ag...a,0...0

s b , . . A
i o+ (Yrgp1F Vs —lhgpr = —1s), Q150 Ok iR 15,085 °
s

RePIACING Doyt (v4 14+ ya—ipst ——is )o@t seenstnsins1,is DY Tight side of (12), formula
(15) may be written as:

Ye+1 s iha1
Vk+1 Vs B k4
; ”i Ck+1,i Ert
ihp1=0  i,=0 N FFL s/ Yizo

S

(16) (Z Cs.i ES) ° . (_EO)7k+1+~~~+vs—ik+1—"~—is Qe...c00..0
=0

s Ye+1 s Vs
= (Z Ck+1,5 E; — Eo) tet (Z Cs,i E; — Eo) Qeay...a,0...0-
i=0

=0
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S
It suffices to note that if ¢;; are barycentric coordinate then 1 = ) ¢; ;. Applying
i=0

this identity to (16) we obtain right side of the equality (9):

S

Ye+1 5 Vs
(Z Crt,i (i — Eo)) . (Z Cs,i (B — Eo)) Qag...a;0...0

i=0 =0

s Ye+1 s Vs
= ( E Ck+1,i AiO) ( E Cs.i Aio) Aeay...0,0...0- 0
i=0 i=0

(17)

Application

We now turn to the case k = s — 1, then conditions (11) can be expressed as:

S
oy
bao7~--76¥5717’Y = (E :CSJ Ei) Qay,...,as-1,0

i=0
5 5 71
= Z(Cs,j (Z Cs,i Ez) E; aao,...,as_1,0>,
§=0 i=0
forall ag +...+as—1 =n—,and vy =0,...,r. The above formula has following

interpretation: by,,.. . ,~ may be obtained by evaluation of a Bezier polynomial
of degree v with some coefficients of P, at ys. On the other hand, recursion formula
(11) provides de Casteljeu algorithm for the evaluation of P,(x) at given point x.
Let (Xo,...,As) be barycentric coordinates of z. Algorithm de Casteljeu may be
written as:

0

QO .y Qg = aa07~--7a.s’
(19) Yy - 'y—l
Aoy, ..oy = Z)\i Eial;  a., for y=1,...,n,
i=0
S
where a), . (y=0,...,n) are auxiliary points with ) a; =n —~. It is easy to

i=0
show that P,(v) = af _, (see [5]). Applying above algorithm to point y, we obtain
the following formula:

0
aao,.‘.,as - a/ao,...,asa
(20) .
gl — E I e _
Aog,...oas — Cs,i E; Aag,.. a0 for Y= 1, o, n,
1=0
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where ¢s; (i = 0,...,s) are barycentric coordinates of ys. Now, it is sufficient to

note that ba,, . a._1.v = @y a_y.0 (¥ =0,...,7). Since r < n, the algorithm (20)

can be expressed as:

0 _
aa01'~-7as - aa()?"'aas’
(21) Y ES v—1
aO‘Ow-'yas = csai E’l aao,‘..,ay for Y= 17 o, T
i=0
where ¢;; (i =0,...,s) are barycentric coordinates of ys.

Discussion of the algorithm for evaluation of the coefficients in general case will
be given in other paper.
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