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ABSTRACT
It is proved that the reiteration theorem is not valid for the spaces Ag’q defined
by V. Popov by means of onesided approximation. It is also proved that a class
of cones, defined by onesided approximation of piecewise linear functions on
the interval [0, 1], is stable for the real interpolation method.

1. Introduction

The spaces Ag’q, 1 <p,qg<oo, k>0>0, were introduced by V. Popov in [5]. It
is known (see, for example, [1], [6], [10], [11]) that they are equivalent to the spaces
defined by onesided trigonometrical or spline approximation.

The first interpolation result for Ag’q was obtained by V. Popov in [7]; he
proved that the average modulus of continuity 73 (f,t), is equivalent to the onesided
K-functional for the Banach couple (L, W]f) The interpolation properties of A-
spaces were also studied in [3]. There the author posed the problem if the A-spaces
are stable for the real interpolation method.

It is possible to prove, using the technique of [2], that the embedding

(Ao, Apr ™), AN ] < g <00, 0< A< 1,

L This research has been partially supported by Grant N. J9I100 of the International Science
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620 KRUGLJAK AND MATVEJEV

holds. The inverse embedding is not valid, and we present here a counterexample
due to N. Krugljak.

We also prove the reiteration theorem for a family of cones of nonnegative
functions defined by onesided approximation. For that we modify the sequence of
piecewise—linear functions f,, of the best onesided approximation and construct a
sequence {f;F} such that f;" < f;7 < ... < f. It is essential that the degree of the
onesided approximation by the sequences {f,} and {f,"} are equal. The problem of
constructing such a sequence is due to S. Stechkin ([9]) and has its own interest (cf.
[4] or [8]).

2. An equivalent norm for the space A‘f’oo

Agﬁq (1 <p,q<ooandk>6>0)is the space of all bounded measurable functions

such that ,
o > Tk(f;t)p q@ Y
e = ([ (F52)F) " <oe.

1/p
Here 75, (f,t), is the average modulus of continuity 7 (f,t), = ( fol wi(f, x, t)pda:) ,
with

kt kt
wi(f,x,t) :sup{‘Aﬁf(y) sy, y + kh € [ac— E’x—i_?] ﬂ[O,l]},

and A¥ is the k-difference operator with step h. The seminorm of A?"X’ is defined
by

T(fv t)l .

0,00 = SUp
Hf”Al 0<t<oo 0

We write w and 7 for w; and 7.

For every interval @ (@ can be closed, open, half-open) we denote oscf(Q) =
SUPyeqnio,1] £(%) —infieqnpo,1) f(x) and we need the following simple properties of the
oscillation:

1. Let @, Q1, Q2 be intervals such that @ C Q1UQ2. Then, for the continuous
function f,

oscf(Q) < oscf(Q1) + oscf(Q2). (1)

If Q1 N Q2 # 0, this inequality is true for any function.
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2. If f, g are two functions on @, then

osc (f+g)(Q) < oscf(Q) + oscf(Q). (2)
The finite family of intervals @; = [(i — 1)t,it] N [0,1] # 0 (0 <t < 1) is a
partition of [0, 1] denoted by ;. The oscillation of f on m; is
0S¢ ., f = Z oscf(Q) .
Qe
We denote by ma» the partition of [0, 1] into 2" equal intervals, @; = [(i—1)/2",i/2"],
and then osconf = 212:1 osc f(Qs).

Proposition 2.1

If f is a measurable function on [0, 1], then

0SC onf < Il < 0SC onf
asuboi=am = 1 llag== 2SUboa=g »

where c; and cy are two constants independent on f and n.

Proof. Let Q; = [x;,y;] be any interval from the partition m;. It follows from (1)

that
oscf(Qi) + oscf(Qiy1), if (zi+yi)/2<z<uy;

w(fx,t) < {
oscf(Qi—1) + oscf(Qi), if x; <z < (zi+wyi)/2.

Then )
7(f 1)1 —/ w(f,z,t)de < 2tosc . f. (3)
0

On the other hand, if x € @ , where @ is an interval from the partition m; /5, then
w(f,x,t) > oscf(Q) and

t
T(f’t)l > QOSCWt/zf. (4)
From (3) and (4) we obtain 279(¢/2)!~? 0SC r, I < 7(f,t)1/t? < 2t'"%0sc, f. As
7(f,t)1 = 7(f,2)1 for t > 2, then
27% sup t'7% osc r f < [|f]| joe <2 sup t'7%0sc . (5)
0<t<2 ! 0<t<2

If 0 < t < 1, there exists n > 0 such that 1/2" <t < 1/2"~! it follows from (1) that
20sconf < 0scr,f < 3o0scon-1f, and (5) and the last inequality finishes the proof. [J
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3. The embedding (A% A%:°%), ¢ Al N0FA04 g strict
Let Y = (Yp, Y1) be a couple of Banach spaces. The K—functional is defined by

K(t,f,Y)= in

f A
nf (Ifollvo + 1 filln)

The interpolation space Yy , (0 < A < 1,1 < g < 00) is the space of all the elements

[es] = 1/q
f S }/O +Y1 SllCh that HfHYAﬂ = <f0 (t_)\K(t,f7Y))q%> < 00.

We shall prove that the embedding (Afo'oo, Afl’oo)A7oo D Agl_/\)QOerl’oo is not
valid.

Let us divide [0, 1] into 2™ equal intervals and the last interval into 2™ equal
intervals, m,n € N. We define the function f,, ,, by

(0, if 0<z<1-—5%
0, if 2=1— 5+ 59w, 1 — 55 + gafFms-- -5 1
frjm = L, fea=1-k+5m 1o+ g0, — 5
linear on every interval [Qnim, quﬂ,,}, ontm _om < < ontm

It is not difficult to check that

1, if 0<k<n
osC oxfp m = ¢ 2™, if k>m+n
2k=n if n<k<m+n,

and it follows from Proposition 2.1 that

0SC ok fn m
1 f,mll 0002 €1 D ok

0SC ok fy m 0SC ok fpy m 2m
= C1 Imax .

:ClmaX( sup 1,m

oohen 20-0k ’21212 o(1—0)k
We denote gy = 2'~?, hence Hf"’mHAf’oo > ¢y max(1,2™ /g, ™).

Let us suppose that (A?O’OO,A?'OO)A@O D Aglfk)eﬁ’\a“oo. Then there exists a
constant C' > 0 independent on m and n such that

K(t A
| frmll ya=2004+201.00 = C'sUp M7
, A1 o t)\
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where A = (Afo’oo,Afl’oo). From now on we shall suppose without any lose of
generality that 6y > 0y > 61, with 65 = (1 — X\)fy + A01. In particular, for ¢t =
(g0, /qo,)™ we have

qo, \" qo, \" =
<q7) I mll ya-aoror o 20K<(q7) ,fn,m,A)
0 0

It follows from Proposition 2.1 that

2m
an’mHAgl_k)em—wl'oo S ¢zmax (1’ (1=X)(n+m) A(n+m) ) (6)
90, o,

Then multiplying both sides of (6) by (qs, /qs,)™", We rewrite it as

qo, >n>\ om (q91 >7’L/\ (q91 )n =
max (— , do, > ok (L) fum, A
< a0, qéifk)(ner)qg\l(ner) 0, a0, n,m

and, if we denote ¢, = K ((q0, /q0,)" fnym,ﬁ)),

A m/n "
max ((qi) ,27> > Cenm -
qo m/n - ’
0 q90q9>\

Then there exist f7,, € A?”’OO and f} € A% such that fp, p, = D + fo o and

o, \"
178 mlago + (528) 1 FhmlLaoroe < 2enm

0

n n
We consider two cases: (a) 2¢p,m < 01/4<Z%) , and (b) 2¢p, ., > 01/4(%) , where
0 0
¢ is the constant from Proposition 2.1.
If (a) takes place, then ||f} Il 010 < c1/4; as croscoofy < cisupgsg
b 1 b -

1
0SC i f, 1

—Smae < |’fr]1'7mHA€1’oo, then OSCQOfrll’m < 1/4. As f%m = fam — fam and
1

0sC90fy m = 1; then it follows from (2) that oscaofy || > oscoofym — oscoofy || >
3/4. Analogously, from the definition of f, ,, we obtain that osc outmf) | > (3/4)2™.
Again from Proposition 2.1 it follows that

0SContmfl 3 2™

0
”fn,mHAfoym 21 9(1—60)(n+m) = ch qg+m :
0
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Consequently ¢y, ., > 3/ 801%; that is why we have the last inequality or (b).
90
Then

90, \" e 1 : qo,\" 2™
K (—) fnm,A | > scimin (—) , .
( 90, 8 @,/ gy
Then for all subsequences such that ng, ms — oo for s — oo

o\ 2/ C \Yne . [qp, 2ms/m
max (—)  ———— 2<—c1) min | —, ——— |.
6, 8 60 ma /s

IR 604y,

Let us take ng, mg, such that ms/ns = «; we shall show that, if 6y > 0y, there exists
~ rational such that

qel A 2’7 C 1/TLS . q91 2"/
() 2 (9 (2
qeo q90 q@)\ 8 q90 q90 q90

doesn’t take place. If this is not the case, it follows that for ng, ms; — oo we have

g0, \* 27 . (g, 27
max — 1, 5 > min | —, 7 |-
q90 q90 qeA q00 q90 qeO

We will show that the inequalities

0, 27>27

g0, \
) 2o > s ™)
QQO qeo q@oQBA qGOqGO
and A 27 27
(%) > 2 S > 49, (8)
qeo q90q90 QOOQQX q90

are not valid.
Let us start with (7). From 1 — 60y < 1 — 0y (we recall that 6y > 6;) we have
that 21 =% < 21701 hence g, > qg, and gp, /g9, > 1. Then for 0 < A\ < 1 we have

(90,/905)* < 0, /0,
In the same way from 1 — 6y < 1 — 0y <1 — 01, where

1—0y=(1—=AN(1-6)+A1-06),

we have that 217% < 29 hence gy, > g, and (qg,/qs,)> < 1. Then

1\~ 1\ 27 27
( — ) < ( — ) and 5 < = -
q@)\ q90 q90 C.IO)\ QGO q90
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To show that (8) is not valid we will find ~ rational such that both inequalities are
not true. This is equivalent to

0, a0, <2 < a5] o, (9)

1

Let us denote ¢1(7y) = qéi'yqeo andgs () = qél/fyqek. It is not difficult to see that

both functions ¢, and ¢o are continuous, monotone and such that
lim ¢1(7) = lim gz (y) = oo
v—0 ~—0
and
Him ¢1(7) = gp, <2 and lim ¢>(y) = gp, <2.

As qp, > qo, and qp, > qo,, then ¢a(y) > ¢1(7) for all v rational. From this it
follows that we can find v such that (9) is valid.

4. Real interpolation of cones defined by the piecewise—linear
onesided approximation

Let us denote by San, n € N, the subspace of L,(0,1), 1 < p < oo, consisting of
all the piecewise-linear functions on the interval [0, 1] with the knots in the points
i/2", (0 <14 <2"). If f € San, then f is linear on every interval [(i — 1)/2",i/2"],
1 <7< 2" An essential fact is that Son C Soni1, n € N.

Let us define for every measurable function f on [0, 1] the sequence of the best
onesided approximation by functions of the family Son, n € N, as

1 1/p
e3n(f)p = fzneSiE,ffozn (/0 (f(x) — fon (x))pda;> .

Then we define the cone A;Q’q (0<6<2,1<p,q<00) as the set of all real
measurable functions on [0, 1] with finite seminorm

0 a
(ano (29”62+n(f)p)q> , if 1<g<oo;

sup,, >0 27" e (f)p, if ¢=o00.

1£lle.q =

For the couple of the cones A, = (Ajffo-g0 AF01.01) we define the K-functional
as

Kt 1A = ok (flogan + 81 F1l0,0)-
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The interpolation cone (A;eo’qO,A;&’QI)A,q (0<A<land1<gq<o0)is defined
in the usual way.

Theorem 4.1
If 0 < 6y,0; <1+ 1/p, then

+600,q0 A+01,91 _ A+H(1=X)00+N01,q
(At 47 = ,

where 0 < A <1 and1<p,q < oo.

The proof of Theorem 4.1 is analogous to the proof of the interpolation theorem
in [2]. We only need to show that for every f € A% (0 <6 <1/pand1 < p < o)
there exists a sequence of piecewise-linear functions f5,, € San, n € N, such that

(&) foo < fh <. .. fdh < f,and

(b) if €5 (f)p = O(27%") for some 0 < § < 1/p , then ||f — forl, = O(27),
n € N.

We shall organize the construction of the required sequence in two steps. In the
first one we prove a theorem that plays the main role in our construction. In the
second step we construct the algorithm to obtain the sequence of the piecewise—linear
functions with properties (a) and (b).

4.1 Main construction

Let us suppose that there exists a linear function fso on the interval @ = («, )
satisfying the inequality f > foo. We also suppose that there exists a piecewise—
linear function fs1, linear on each interval [a, (a+3)/2] and [(a+3)/2, 3], satisfying
the inequality f > for.

Theorem 4.2

For every interval Q = («a, 3) and every m € N, there exists a piecewise—linear
function fym+1, linear on every interval [a+ (i —1)(B—a) /2™ a+i(B—a)/2mH],
1 <4 < 2™+l and satisfying the following two conditions:

(a) f > famt1 > foo
() If = fam+rllL, (@)

1\ 143
< C<Hf ~ Pl + (55) IF - f20|Lp(Q)>, (10)

where c is a constant depending only on p.
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Proof. Without any lose of generality we prove the theorem for the interval Q) =
[0,1]. Then the function fso is linear on the interval [0, 1] and fo: is linear on each
of the intervals [0,1/2] and [1/2,1].

For the natural number m we divide every interval [0,1/2] and [1/2,1] into 2™
equal intervals. To construct the function fom+1 we define

fam+1 (x) = max (foo (7), f2r (7)) (11)

on every interval of the partition, [(i — 1)/2m*L i/2m+] 1 < 4 < 2™ where
the equation fso(x) = fo1(z) has no solution. This means that the graphics of the
functions don’t cross on such intervals and we have

fao (2) < far (z) or faoo (z) > for (@)

for all x from the interval. For the other intervals we put fom+1(x) = fao(x). We
have obtained a piecewise-linear function, linear on every interval of the partition,
[(i—1)/2mFL i/2m+1) 1 <4 < 2™F1 which satisfy the inequalities f > fom+1 > foo.

Let us prove the estimate (10). It is enough to prove it for the interval [0,1/2],
the proof for [1/2,1] being the same.

There are three possible cases for the functions fso and fo1 on [0,1/2].

(a) foo(z) < far(z) if 2 €0,1/2],

(b) foo(z) > for(x) if x € [0,1/2], and

(c) there exists a € [0,1/2] such that foo(a) = for(a).
In case (a), it follows from (11) that fom+1(x) = for(z) if z € [0,1/2], and

1f = f2m+1||§p(o,1/2) =f - f21||}17,p(o,1/2) : (12)

In the case (b) it follows from (11) that fom+1(x) = foo(z) if x € [0,1/2] and

Hf - f2’”+1H1£p(0,1/2) = Hf - f20”1£p(0,1/2) < Hf - f21H1£p(0,1/2)' (13)

In case (c¢) there are two possible situations:
(c1) fao(z) < for(x) if 0 < x < a and foo(x) > for(z) if a <2 < 1/2, and
(c2) foo(z) > for(x) if 0 < x < a and foo(x) < for(z) ifa <z <1/2.

We consider only the case (¢1) — the case (c2) is similar.
Again we have two possible situations in this case (¢1):
(c11) The point a € [0, 1/2] satisfies the inequality 0 < a < 1/2 — 1/2m+2.
(c12) the point a and satisfies the inequality 1/2 —1/2™%2 < a < 1/2.
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We start with (c11). Let a € [(k—1)/2™" k/2™F1] for some k € N, 1 < k <
2™. We shall estimate f — fym+1 on every interval [0, (k—1)/2mT1], [(k—1)/2™F1 q]

and [a,1/2].
If0<x<(k—1)/2""! then
(f = famer)(2) = (f = for) (). (14)
If a <2 <1/2 then
(f = famer)(2) < (f = for) (). (15)

If (k—1)/2m"! <2 < a then

(f = fomt)(x) < (f = for) () + (for — foo) (). (16)

Let us estimate the second member in (16). For every (k —1)/2™%! < 2 < a there
exists 2’ = 2a —x, a < 2/ < a+ (a — (k — 1)/2™*T1) (the points x and 2z’ are
symmetrical with respect to a) such that (fo1 — fo0)(x) = (fa0 — for)(2').

Fora <2’ <a+ (a—(k—1)/2mF1), (foo — for)(2") < (f — fo1)(2'), hence, for
(k—1)/2m* <z <a, (for — foo) (@) < (f = far)(2").

Finally, for (k—1)/2™*! <z < aand 2’ = 2a—=z, a < 2’ < a+(a—(k—1)/2m*1),

(f = fomir)(@) < (f = for)(@) + (f = far) (@) (17)

Then, from (14), (15) and (17), we obtain for 1 < p < 0o

/ P = e = ( / e /( :-1>/zm+1 +f V- e

- (/O(k—l)/2m+1 . /a1/2 ) (F — Fames)?(a)da
1/2

+/(k_1)/2m+1(f - le)p(w)dm+/ (f = for)P(z")dz

a

o ["(F— 1V (2)de. 18
s/o(f for )P (&) da (18)
If p = oo then
sup (f — fomt1)(z) <2 sup (f — far)(2). (19)
0<x<1/2 0<x<1/2

The estimate (10) follows from (18) and (19).
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In the case (ci2) we first prove (10) for p < co. Let d = a — (1/2 — 1/2m*1).
Then

/ P = P (@)

= (/01/2—1/2m+1 . /1j2_1/2m+1 . /11/2)(f e )

Since fom+1(x) = fo(z) for 0 < x < 1/2 — 1/2™TL and (f — fom+r)(x) =
(f = foo)(z) < (f — for)(z) for a < x < 1/2, then (20) is not more than

(/ e, / V- s

<[ (f — fao)? (@)

/2—1/2m+1

1/2 a
< /0 (F = for P ()da + /1 (f — fo)P(x)dz.  (21)

/2—1/2m+1

To estimate the last member in (21) we use the inequality (a4 3)? < 2P~1(a? + (P)
and (16). Then

/ (f — foo)?(2)da
1/2—1/2m+1

p—1 @ _ oy a o o
<2 </1/2_1/2m+1(f for) (x)dx+/1/2_1/2m+1(f2 f20) (x)dx) (22)
Here

a 1/2
/ (f = for)P(2)dz < / (f = for)P(z)d .
1/2—1/2m+1

0

To estimate the last term of (22) we use the following property of monomials

foa zPdr Pt

foﬁ ordy  BPH

and we obtain

fla/271/2m+1 (f21 - fQO)p(x)dx _ ( d >p+1
Jo (far = foo)P(2)da
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Since 0 < d < 1/2m+1,

() <)
<(z)
54— g T 1 2

2d

and it follows that

/la (far = foo)P(z)dz < (2%)1)-%1 /Oa(f21 — fo0)P(z)da.

/2_1/27n+1

Also (for — fao)(x) < (f — fo0)(2x) for 0 < x < a, hence

/j (far = foo)P(z)dx < (2%)27+1 /01/2(f — fo)P(2)da.

/2—1/2m+1

Summing all the estimates we obtain

| (f — foo)? (2

/2—1/2m+1
B 1/2 1 \p+1 172
<o ([T pr@as ()" [0 - mrew)

and
/01/2(f — foms1)P(2)dx < (14 2P71)
X </01/2(f — for)P(z)dx + (QLm)pH /01/2(]" - fzo)p(m)dx) (23)

The corresponding inequality for the interval [1/2,1] is
1
[ (= fnp e < 427
1

/2
x ( / (- e ()" / 1 (f—fzo)p(w)dm),

/2 1/2

which can be summed with (23) to prove the case 1 < p < 0.
In the case p = oo we estimate f — fym+1 on [0, (k—1)/2m1], [(k—1)/2mFL d]
and [a,1/2]. The estimate on the intervals [0, (k — 1)/2™*1] and [(k — 1)/2™*1, q]
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follows from (14) and (15) for £k = 2™, and on the interval [a,1/2] from (16) for
k=2m.

Let us estimate the second member in (16). Since fyo(a) = fo1(a) and foo(x) <
for(z) for 1/2 — 1/2™F! < z < a, the difference fo1 — foo is a monotone decreasing
function on [1/2 —1/2™*1 a]. Thus, for 1/2 — 1/2m*! < 2 < q,

(= F)@) < (o~ ) (5 — 7 )-

From the homotety between the triangles with the vertices in the points

(o @) (5= g (3 = ) ) (3= msn T~ ) )

and
(CL, f21 (a))’ (07 f21 (O))7 (07 f20 (0))
we obtain
1 1 d
(= £2)(5 = s = T g U = F2)(0)

() = 200,

1
2d =~ 2m+¥iqd +1

Let d = a — (1/2—1/2™%1). Then 0 < d < 1/2™%1 1/2m%1d > 1 and
L < 1/2™. Hence, for 1/2 — 1/2mF! < 2 < a, we have (for — fo0)(7) <

1 1
2d 27”+1(i+1

(1/2™)(f21— f20)(0) and, since (fa1 — f20)(0) < (f—f20)(0), for 1/2—1/2mH <z < a,

(for = )(@) < (= S)(0) < 5 swp (F= fo)la). (21)

2™ o<a<1/2

Taking together the inequalities (14)—(16) and (24) we obtain

sup (f = foms)(@) < sup (f— fo)@) + = sup (f— fao)(x).  (25)

0<z<1/2 0<z<1/2 2™ o<a<1/2

The corresponding inequality for the interval [1/2,1] is

sup (f — foms)(@) < sup (f— fo)@) + = sup (f— fao)(x). (26)

1/2<2<1 1/2<2<1 2™ ja<a<t

Since supy<,<y.f(¢) = max (Sup0§x§1/2 f(2),5upy jp<acn f(x)), from (25) and (26)
we obtain (10). OJ
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4.2 The algorithm and the estimation

For a measurable function f on [0, 1], we take a linear function f;) satisfying
f(z) > fs(z) if z € [0,1] and such that || f — f5 [, < 2edo(f)p.

Then we define the piecewise-linear function f;, linear on [0,1/2] and on
[1/2,1], satisfying f(z) > £} (z) if z € [0,1], and such that ||f — £l < 2e3 (f)p.

Let us divide [0,1/2] and [1/2,1] in 2™ equal intervals. Using the method of
the Theorem 4.2, with @ = [0,1] and fo0o = f5, far = fi on [0,1], we construct
the piecewise-linear function f, .., linear on [(i — 1)/2mF1 i/2mH1] (1 < i < 2mF)
such that f.,.,(z) > foh(2) if z € [0,1], and

1\ 1+1/
1f = Furallo < C<Hf— il + () puf—f;up>.

Let us further divide every interval of length 1/2™*! into two equal intervals and
take a piecewise-linear function f;;m +1)_m satisfying

Hf - f;(”m#»l)fm Hp < 26;(m+1)7m(f)p'

Then we divide the intervals of length 1/22(m*1=m in 2™ equal intervals. We

consider Theorem 4.2 with fyo = f;'m 415 for = f;’;(m +1)_m; then for every interval

1—1 ]

= ; 2(m+1)—m
Qz - 22(m+1)*m’ 22(m+1)7m , 1 S q S 2

we construct a piecewise-linear function f;;(m 41y, linear on [(i — 1)/22(m+1)

1/22(m+0] (1 < i < 22(m+1) guch that f > ;(mﬁ) > fofoi = foo on [0,1] and

1 \1+1/p
1£ = Fewnl, < c(llf ~ Fenalo+ (55) I - f;m+l||p).

By the same method we obtain a sequence of piecewise—linear functions f;(m 4 €
Son(m+1), N € N| satisfying f > f;(mﬂ) > f;%l)(mﬂ) and

1 )1+1/p‘

”f - f;;b(m‘,’l) Hp S C(”f - f;(m+l)—m”p + (_

om ‘f_f;nl)(m+1)”p>-
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Let us estimate Hf—f;(mH) HLP(O,l) by Hf_f;(—)”Lp(O,l) and Hf_ft(m+l)fm”[/p((0,l)
(0 < i < n) using recurrently the last inequality:

1f — f;(mH)Hp <c|f - f;;z(mﬁ»l)f'm

p
1 \1+1/p
£ (o) I = Fwcoimn-nll
1 \2(14+1/p)
£ (o) = Bl

L/ 1 \(+1/pn
<e'(5) 1f = £l

n—1 .
1 14+1/py\ @
_I_ c Z (C(Q_Tn) ) ”f - f;n—i)('m+l)—7n

1=

p-

From the choice of f;nﬂ')(mﬂ)’ such that Hf_fgznfi)(mel) HLp(O,l) < 26;(n7i)(m+1) (f)ps
we have

n 1 \ (1+1/p)n
1 = Fcwin o < " (5) 1 = £l

n—1 ;
1 \1+1/p\
e (e(3m) ) I = Howsnnle @7)
1=0

where c is a constant depending only on p.
Now we prove that, if ef,. (f), = O(27") (0 < 6 < 1+ 1/p), there exists m € N
such that || f — £ |, = O(2=(m+1)) Tt follows from (27) that

on(m+1)

1 \(1+1/p)n
If— f;z(m+1) Ip < Cn(z_m>

n—1 . .
1 \1+1/pN\ i /1N Ol(n—i)(m+1)—m)]
ted, (C<2m> ) (5)
1=0

1\ On(m+1) 1\ (1+1/p—0)nm
=(z) ()
2 2

n—1 .
o0 Y gl (})m““/p—")}
5 .
=0

If 20 /200+1/P=0)m < 1 the sum of the series is finite.
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Remark 4.1. If p = oo our algorithm keeps the degree of approximation only for
0 < 6 < 1, but in this case we can obtain another algorithm saving the degree of
approximation for 0 < 6 < 2. Let fan € Son (0,1) be the sequence of the piecewise—
linear functions of the best uniform approximation, ||f — for ||z (0,1) = €22 (f)oo-
Then the sequence f, = fon — 23 s €2n(f)oo satisfies f;, < f; < ... <

f3n < f and the degree of approximation is saved for 0 < 6 < 2.

Acknowledgment. The authors are very thankful to Yu. A. Brudnyi, without his
results and discussions this work would have never appear.

References

1. A. Andreev, V. Popov and Bl. Sendov, Jackson’s type theorems for onesided polynomial and
spline approximation, C. R. Acad. Bulg. Sci. 30 (1977), 1533-1536.
2. Yu.A. Brudnyi and N. Krugljak, About a family of approximation spaces, Issled. Teor. Func.
Mnog. Vech. Per. - Yaroslavl (1978), 15-41.
3. L. Dechevski , 7—moduli and interpolation, Lect. Notes in Math. 1302 (1988), 177-190.
4. E. Matvejev, About superonesided spline—approximation of functions of several variables, Izv.
Vuzov. Matematica 6 (1988), 49-54.
5. V. Popov, Function spaces, generated by the average modulus of smoothness, Pliska Stud. Math.
Bulg. 5(1983), 132-143.
6. V. Popov and A. Andreev, Stechkin—type theorems for onesided trigonometrical and spline ap-
proximation, C. R. Acad. Bulg. Sci. 31 (1978), 151-154.
7. V. Popov, Onesided K —functional and its interpolation spaces, Tr. MIAN USSR 163 (1984),
196-199.
8. A. Shadrin, About monotone approximation of functions by trigonometrical polynomials, Mat.
Zametki 34:3 (1983), 375-386.
9. S. Stechkin, Constructive theory of functions, Sofia (1983), 595-598.
10. G. Totkov, Direct and converse theorems for best onesided approximation in spaces Lp((], 1),
1 < p < oo, Nauchn. Tr. Inst. Xranit. i Bkus. Prom. 28:1 (1981), 183-191.

11. G. Totkov, Converse theorems for the onesided spline approximation, C. R. Acad. Bulg. Sci.
32:7 (1979), 875-878.



