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ABSTRACT

We prove some exact formulas for the £ and K functionals for pairs of the type
(X (A),l(B)) where X has the lattice property. These formulas are extensions
of their well-known counterparts in the scalar valued case. In particular we
generalize formulas by Pisier [4] and by the present author [2].

1. Introduction

If A and B are two quasi-normed spaces both linearly and continuously embedded
in a Hausdorff topological vector space X, then (A, B) is said to be a compatible
pair. For x € A+ B, t > 0 the K and F functionals are defined as

K(t, f, A, B) :==inf{|lgll, +tlhlp: g€ A hcBand f=g+h},

E(t>f7A7B) = lnf{Hf _gHA : f _g € A7 g € B and ||g||B S t}
respectively. By the definitions of the K and E functionals we obviously have

K(t, f, A, B) = inf {E(s, f. A, B) + st} . (1)

For the purpose of describing the connection between the K and E functionals we
define the following transformations: For f : (0,00) — [0,00] and t > 0 let

1 (8) = it {f(s) + st} (2)
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and

fo(t) = ililg{f (s) — st}. (3)

These transformations are closely related to the Legendre transform. One can easily
prove that f°®° is the greatest decreasing lower semicontinuous convex minorant of
f, denoted by fV, and that f°° is the least concave majorant of f, denoted by f”.
Formula (1) can now be written as K = E*. If we take the transform (3) of this
formula we arrive at £V = K°. Since, in the normed space case, the E functional
is convex we have E = EV with the possible exception at the point where the
E functional jumps to infinity (since lower semicontinuity may be violated there).
Hence, in the normed space case, E(t,z, A, B) = K(t,x, A, B)° with the possible
exception where the E functional jumps to infinity.

In this paper we consider vector valued sequence spaces. The space X(A),
A =TI;2, A, is defined by

X(A) = {(ao,al, ) e]Ais (laolla, - llarll g, ---) € X}
=0

where A; are quasi-normed spaces and X is a normed real valued sequence space.
The function

(aoaalv ce ) =ar HaHX(A) = H||al| Aillx
is used as quasi-norm on this space. If @ € X and, for i € N, 0 < |b;] < |a4
implies b € X and [[b]| ¢ < |la]|x then X is said to have the lattice property. For
a ¢ X we define norm of @ as infinity. By saying that (A, B), A = [[;2, 4; and
H?io B;, is a compatible sequence pair we mean that (A;, B;) are compatible pairs
of quasi-normed spaces for i = 0,1, .. ..

For a normed real valued sequence space X we define, for a weight w =
(wo,w1,-..) (a strictly positive sequence), the weighted space X“ as the set of all
x = (xo,x1,...) for which 2w = (zowo, z1w1,...) € X with the norm ||z y. =
|2w]|| - Finally we define w™! := (wy ', w; ', ...) when w = (wp,w1,...).

2. Formulas for the K and FE functionals

If X has the lattice property then the E functional for the pair (Xl ) can easily
be seen to be

Et, f, X loo) = [I(1f] = D)+l x (4)
see e.g. [1] and [3]. We note that this formula can be rewritten as
Bt f,X,lx) = HE(tvf()7C7C)”X :

Therefore, our next theorem may be regarded as a generalization of (4) to the case
of vector valued sequence spaces.
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Theorem 1
Let X be a normed sequence space with the lattice property and let (A, B) be
a compatible sequence pair. If X contains a strictly positive sequence, then

E(t,x,X(A),loo(B)) = | E(t, 25, Ai, By x - (5)

Proof. We begin to prove E(t,z, X(A),l(B)) > ||E(t, i, Ai, Bi)||x. We may
assume that E(t,z, X(A),l(B)) < oo since it holds trivially otherwise. Choose
Y € loo(B) with [yl () <t such that z — y € X(A) arbitrarily. This implies that
||331 - yzHAz > E(t7 L, Aia Bl)
and, by the lattice property, it yields that
B(t.2, X(4).1(B)) = |E(t,2i, Ai, B x

follows. In order to prove E(t,x, X(A),l(B)) < ||E(t, xi, Ai, Bi)|| x we may assume
that ||E(t, x;, Ai, B;)|| x < oo. In particular this means that E(t,z;, A;, B;) < oo for
all ¢ since X is a real valued sequence space. Let p be a strictly positive sequence
with norm less or equal to one. For every € > 0 we may choose y with |[y[|; ) <t
such that

E(t,zi, Ai, Bi) > || — yill o, — €pi

for all © € N. By using the lattice property we obtain that
|E i A B)llx 2 e = yllxa) — = 2 B(t2, X(4), 1 (B) ) <.
and the theorem follows. [

By using formula (1) and the previous theorem we immediately get:

Corollary 2
With the same assumptions as in the previous theorem the following formula
for the K functional holds:

K (X (A),loo(B)) = inf {|EO\ 22 Ai, B + M} - (6)

Remark 1. The formulas (5) and (6) can be generalized to the weighted case. We
have
B(t,2, X(A),1%,(B)) = | E(t,wii, As, B)

HXw—1

and
K (b0, X(A)12(B) ) = inf {IBOwias, Ai, B + M}

where w is an arbitrary weight.

Next we state the following description of K (¢, x,[,(A),lx(B)):
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Theorem 3

Let (A, B) be a compatible sequence pair and 1 < p < co. Then the K func-
tional K(t,z,1,(A),l(B)), for an x € 1,(A) + I (B), is equivalent to

[e’e] l/p
sup (Z K(ti,:ci,Ai,Bi)p> >0,y <P (7)

=0

with the equivalence constants being 2'~?/P and 1, with expression (7) as the smaller
one.

Remark 2. For the case p = 1 this result can be found in [4] as Corollary 3. Our
proof below is completely different.

Proof. First we note that, according to Corollary 2, it yields that

A>0

oo 1/p
K(t,:L‘,lp(A),loo(B)) = inf (Z E()\,xi,Ai,Bi)p> + Aty (8)

We begin to prove that expression (7) is greater than or equal to a constant times
the right hand side of (8). Since

0o 1/p 0o 1/p
(1-p)/p 4 \P < ! \P PP
2 inf (;E(A,:pl) ) + Aty < {gfo 2 E(\, x;)P + APt } ,

we have to show that

oo o0
)1\2% 2 E(\ x;)P + \PtP < Sgp ;K(ti,xi)p.
But Y .0, E(\,z;)P + APtP is convex as a function of A and converges to infin-
ity at infinity. Since the FE functional may be infinite on an initial segment
oo E(A, ;)P + APtP is infinite on (0,c¢) and finite on (c,00). By (8) this ¢ is
finite since x € [,(A) + l(B). Hence, the infimum is attained in an interior point
of (¢,00) (case I) or it is the limit as A \, ¢ (case II).
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Case I: Let \g be the point where the infimum is attained. We have

/ /
p)\p 1 (ZE AO’ ) _tp p)\p 1 (ZE )\071’.1 > ) (9)
l T

where f] (f]) is the left (right) derivative of f. Choose « such that

oo / 00 /
Define t; via
—t = 371 (E()‘vai)p), + ! ;,Oi (E(Ao,:r:i)p)/ )
PAo L pAy T

By the fact that the difference quotient of a convex function increases it follows, by
uniform convergence, that we may differentiate termwise in (9). This implies that
>t =7 and that the infimum of E(\, ;)P + Mt! is attained at A = \y. Hence

o0
inf Y E(X\x;)? + \PtP
A>0
=0
- Z (Ao zi)P + XtP =~ (E()\O,azi)p + Agtf)
=0 =0
(o @] o P
Z 1nf ( (i, x3)?P + ,uptp> Z (infE(ui, x;) + ,uiti)
i—0 i—0 i
Z (ti+,z;)? <supZKtz,a:Z) ,
i=0 ti =0

note that we need have ;4 since ¢; may be zero.
Case II: Now we thus assume that Y .o E(\, ;)P + AP{P increases on (¢, 00).
Let J be the set if ¢ for which ¢ is in the interior of the set where E(-, x;) is finite.

Choose t; as
!

o L (E(c,azi)p), it ieJ

pep—1 r

and

:&(tp—ztf)’ if i¢J,

i€
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where )
(o (E(c+,:ci)p>T
S (Blerpr)

if not all (E(c+,z;)P); = 0 otherwise we choose & > 0 and such that 3,5, & = 1.
Obviously, > ¢¥ = t? and a simple calculation shows that E(\, x;)P + \Pt?
decreases to its infimum as A\ ¢, and

oo

jnf 2 E(A z;)P + AP < Sup ; K(ti, )",

follows as in case 1.
Conversely, choose € > 0 arbitrary. We can find ¢, > 0 such that > (¢/)P < tP
and

0 1/p 00 1/p
sup (Z K(tiyxi)p> Se+ (Z K(%,xi)p) :
i=0 i=0

For an arbitrary A" we have, in view of formula (1), that

S 1/p %) » 1/p
sup (Z K(t;, xi)p> <e+ (Z (E()\', x;) + )\'t;) )
i=0 i=0

0o 1/p
<e+ (Z E(X,xi)p> + \'t.
1=0

Since ) is arbitrary we can assume that it satisfies

o0 1/p s 1/p
E(\N, x;)P < inf E P
(E% (/\,:c)> + Xt <t inf (2; (/\,x)> + At

Thus we have proved

o) 1/p %) 1/p
sup (Z K(ti,wi)p> <2+ )I\I;fo <Z E(/\,mz-)p> + At oy,
i=0

=0

and the proof is complete. [J
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Before we state the next theorem we need same notations. Let L, ,, where
p = (po,p1,...) and 0 < p, < oo, denote the sequence (L, q,Lp, q,--.). The
spaces L, , are the Lorentz spaces (one star definition). By (L) we mean
loo(Loo, Lo - . .). For f=(fn) €l4(Lpq) + loo(Loo) we define

qg—1

Oon [(FAESY LAY
o 1/q
(2220 10l = 2412,

)1/(61*1)

)

for A < A < ||f||loc(Loo) where

A= inf {)\ >0 3l = N2, < OO} -

n=0

Theorem 4

Assume that 1 < g < oo and f = (fn) € lg(Lp,q) + loo(Loo)- IFA<|Iflli (1
then

00)’

K (11 (L)ool L)

0o 1/q
(Z [[([fnl —A)+Ilqn,q> + A, D S TN for all A < A< (| flly_ny s
n=0

0 1/q
(Z (1 fnl = A)+||Zn,q> + A, /@D =T()),
n=0

t”f”loo(Loo) 5 /@1 < T(N) for all A < A < ||f||loo(Loo) :

In the remaining case, ie. when A = [|f||, (,_, we have that the K functional

equals t ||f||loo(Loo)'

o)’

Proof. To prove this we use Corollary 2 together with the well-known formula

E(t, fn Lp,.qs Loc) = [ ([fnl =)+, 4 »

see e.g. [1] and [3]. The rest of the proof follows the proof in the scalar valued case,
see [2]. O
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We end this paper by stating an exact version of the following well-known
equivalence formula

1K (825, A, Bl < K (1,2, 10 (4), 1no(B)) < 2] K (8,5, 4, B)] . -

Proposition 5

Let (A, B) be a compatible sequence pair of normed spaces. Then
K (12,10 (A), Lo (B)) = K (i, As, B, -
Proof. To prove this we use the connection between the K and E functionals. Since
there are at most a countable set of points where the formula £ = K° doesn’t hold

it can be used when we are taking infimum over all A > 0. It yields that

K(t,:n,loo(A),loo(B)) — inf {sup E(\, z;, A, Bi) + At}

AS0
= inf sup sup {K(s,x;, A;, B;) — s\ + At}
A>0 5 5>0

= inf sup sup{K(s,z;, A;, B;) — s\ + At}
A>0 >0 g

= ” K(tv L, Aia BZ)HQO )
and the proof is complete. [
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