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ABSTRACT

In this paper, we obtain criteria for KR and WKR points in Orlicz function
spaces equipped with the Luxemburg norm.

[. Introduction

In this paper, we introduce the concept of KR and WKR points. Some results are
obtained in Banach spaces, and then criteria for KR points and WKR points are
given in Orlicz function spaces equipped with the Luxemburg norm.

Let X be a Banach space and X* be the dual space of X. Let S(X), B(X) be
the unit sphere and the unit ball of X, respectively.

DEFINITION 1 [1]. A point z € S(X) is called an UR point (WUR point) provided
that for any {z,} of S(X) such that ||z, + x| — 2 with n — oo implies ||z, — z| —
0 (v,—>m) as n — oo. If every point on S(X) is a UR point (WUR points), then
X is called a LUR (WLUR) space.

DEFINITION 2. A point x € S(X) is called a KR point (WKR point) provided
that for any {z,} C S(X) and any subsequence {x,,} of {z,} such that ||(z,) +
Tp) + -+ Tp) +2)/(k+ 1) — 1 with n(1),n(2),...,n(k) — oo, there holds
|lxn — x| — 0asn — oo (z, — x weakly). If every point on S(X) is a KR point
(WKR point), then X is said to be a LKR (WLKR) space.

* The research was supported by NSF and ECF of China.

459


Servicio de Textos



460 CUl AND ZHANG

DEFINITION 3 [4]. A point x € S(X) is called a WM point if for any {z,} C S(X)
such that ||z, + z|| — 2 with n — oo there exists f € A(z) satisfying f(z,) — 1
as n — 0o, where A(z) = {f € S(X*) : f(x) = 1}. X is said to be a WM space if
every point on S(X) is a WM point.

DEFINITION 4. A point € S(X) is called an H point if for any {z,} C S(X)
which is H convergent to = weakly, x,, is convergent to  in norm (see [5], [6]).

Throughout this paper, we denote by ¢: R — R an even, convex and continuous
function with lim, @ = oo and ¢p(u) = 0 if and only if u = 0. By ¢ we
denote the complementary function of ¢ and by p (p-) ¢ (¢—) we denote the right
(left) derivative of ¢ and 1), respectively. The sequence {[a,,b,]}" ; (without loss
of generality, we may assume that m = oo) stands for affine intervals of ¢ and
Sy, =R\ U2, [as, bi]. Let (G, %, 1) be a nonnegative, finite, atomless and complete
measure space.

For a measurable function x, let

Rw(x):/c;go(x(t))d,u.

The function R, is called a modular. We will write “p € Ay” if ¢ satisfies the
As-condition for large u. We define the Orlicz space L, as the linear space

{az(t) € Lo: Ry(A\x) < oo, forsome \> 0}.
It is well known that L) is a Banach space equipped with the Luxemburg norm
Er mf{c >0: Ry(c ') < 1},
(see [8] and [9]).

Theorem 1
For any x € S(X) the following hold:

(1) z is a KR point if and only if x is a WKR point and an H point.
(2) = is a WUR point if and only if is a WKR point and every a WM point.



On the KR and WKR points of Orlicz spaces 461

Proof. (1) Necessity. We only need to prove that every KR point is an H point.
In fact, for any sequence {z,} of S(X) with z, — x weakly for any subsequence
{zn@} (=1,2,...,k) of {x,}, we have

[(@n(1) + Ty + -+ oy +2) /(K + 1) — 1,

as n(1),n(2),...,n(k) — oco. Since z is a KR point, we obtain that z,, tends to z
strongly.

Sufficiency. Suppose z is a WKR point and an H point. For any subsequence
{Tn@y} (1=1,2,...,k) of {x,} such that

[(@n(1y + T2y + -+ Ty +2) /(K + 1) — 1,

as n(1),n(2),...,n(k) — oo, we get first that =,, — x weakly and then, by the
assumption that z is an H point, we get that {x,} tends to x strongly. This means
that = is a KR point.

(2) We only need to prove the sufficiency. For any {z,} of S(X) such that
|z, + 2} — 2, by the assumption that x is a WM point, there exists f € A(x) that
satisfies f(x,) — 1 as n — oo. Hence for any subsequence {z,;)} (i = 1,2,...,k)
of {z,} we have

[@n(1) + @n@) + -+ Ty + 1)/ (R + D] = 1,

as n(1),n(2),...,n(k) — oo.
Since z is a WKR point we get that {x,,} tends to = weakly. This show that x
is a WUR point. J

It is obvious that z is a UR point if and if x is a WUR point and an H point.
So we have the following result.

Corollary 1
A point x € S(X) is a UR point if and only if x is a KR point and a WM point.

Corollary 2
For any Banach space X the following hold:
(1) X is a LUR space if and only if X is a LKR and a WM space.

(2) X is a LKR space if and only if X is a WLKR space with the H property.
(3) X is a WLUR space if and only if X is a WLKR space and a WM space.
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Theorem 2

For any x € S(L,) the following statements are equivalent:

(1) X is a UR point.
(2) = is a WUR point.
(3) z is a KR point.
(4) = is a WKR point.
6) (1) ¢ €Ay,
(i) z(t) € Sy foruae ted,
(iii) pW{t e G xz(t) =b} =0 o0r ¢ € Ag and p{t € G : z(t) = a} =0,
where [a,b] is an affine interval of .

Proof. By the definitions and the facts that (1) is equivalent to (5) (see [1]), we only

);
need to prove that (4) implies (5). First, we will prove that (4) implies (i) in (5).
Take D large enough with uGoy > 0, where Gy = {t € G : |z(t) < D}. If
© & Ay, then there exists z € S(I(,)) such that R, (Az) = oo for any A > 1. Hence
there exists a singular functional ¢ that satisfies p(z) # 0.
If G, ={t € Gy : |2(t)| > n}, then uG,, — 0asn — oo and G; 2 Gy D
Put z, = rxe\q, +2XG,, n=1,2,.... Then

Jim [zl = lm[[exene, + 2xa )

A

< nh—{go lzxa\a, llp) + nh_{go l2xcn ll(e)

Jim fzxena, o) < Izl =1

and ' .
Jim ([zn[l(p) = lm_[[zxeve, +2xa. )

> lim |lzxeve, ) = [zl = 1.

This means that lim,, . ||75 ], = 1.

For all subsequences {z,;)} (i = 1,2,...,k) of {z,} we have

H(I‘ + Exn(l))/(k + 1)”(@) > H‘TXG\G(mi) (©) - ]-a
where m; = min{n(i) : i =1,2,...,k}. But
p(zn —x) = p(2xa,) = v(rxa,) = v(2xa,) # 0.

This contradiction shows that (i) holds true.
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Next we will prove that (4) implies (ii) in (5). Otherwise, there exist an interval
(a,b) and € > 0 such that ¢ is an affine function on [a,b], i.e., p(u) = Au+ B
whenever u € [a,b] and pGy > 0, where Gy = {t € G : z(t) € [a+¢,b — ¢]}.

Take two subsets G and Gy of Gy such that G; NGy = ¢, (¢ stand for the
empty set), G1 UGy = Go and puGyp = pGy. Put

Tp = TX\G, T (T —E)Xa\a, + (T +€)xe\as»

n =1,2,... . Then R (z,) = R,(z) = 1 and for all subsequences {z,@;} (i =
1,2,...,k) of {z,}, we have

Ry ((z + Szpn))/(k+ 1))

= Ry(rvxa\o) + /G (Az(t) + B — kAe/(k +1))dt

1

+ / (Az(t) + B + kAe/(k +1))dt
G2
= Ry(zxa\q,) T Ro(TXG,) + Ro(TXG,) = Rp(z) = 1.

Taking y = xa, — X¢,, we have (z,y) = eu(Gp) > 0. This contradiction shows that
condition (ii) holds true.

Finally, we will prove that (4) implies (iii) in (5). We will divide the proof into
two parts.
(1) If ©» & Ag and uGo > 0, where Gg = {t € G : z(t) = b}. Take € > 0 small
enough such that ¢(u) = Au+ B for any u € [b —¢,b] and kb > (k + 1)e.

Since ¥ € A, there exist u,, /" co satisfying

o(un/(k+1)) > (1 —1/2")p(u,)/(k+1), n=12,....

Choose a subset GY of Gy with uG° = uGo/2 and G,, € Go\G" such that GiNG; = ¢
if i # 7 and @(u,)uG, = AepGy (n = 1,2,...). It is obvious that uG, — 0 as
n — o0o. Put

Ty (t) = z(t)Xxc\Go (1) + (b — €)Xgo\a., (t) + unXa, ().
Then
ch(xn) - Rga(xXG\Go) + (Ab + B — AE)M(G \ Gn) + QO(Un)/J’(Gn)
Ro(2xan\Go) + Re(bXenG,,) — Aep(Go \ Gr) + Aep(Go)
Ry(zxenG,) + Aep(Gn) — Ry(z) = 1.

IN

(1)
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Moreover, for any subsequence {z,;)} (i =1,2,...,k) of {x,} we have

(2) Ro((z + xpy + - + Tpy) /(K + 1))
= Ry(zxa\G,y) T Ro((xxao + (b= €)Xa\Gnir) T Un(1)X G
o+ (b= E)XA\Gupy T Un(k)XGrry )/ (k1))
= Ry(zxa\q,) T Ro((bxa, + k(b —€)xa, — (b= €)xaG,q,
= = (b= E)XCu T Un()X Gy T+ Un(k)XCrir))/ (K 4+ 1))

R

T () = (b= €))Xanw)/(E+1))

Ro(zxanG,) + Bo((k + 1)bXGo\G1yU..UG 0y — KEXG\Gn(1)U... UG (1)
+ ((k+1) = ke +upa) — (b= €))XGnn,
_l’_
R
_l’_

.o+ Rp((kb = (k+ De)xa, 0 /(k+ 1))
> Ro(zxe\Go) + B (0XGo\G 1y U... UG (1))
—kAep(Go \ Gy U ... UGpy)
+ Ry (Yn(1)XGniry /(K +1)) + - + Ry (un(iy) X6,y /(K + 1))
= Ro(TXa\G, 1y U...UG 1)) — KAEW(Go \ Griy U ... U Gpy) /(K + 1)
+ @(Unay/(k+ 1))p(Gry) + - + @(unry/(k + 1)) (Gry)
> Ry (TX6\G 1)U UGy ) — KAE(Go) /(K + 1)
+ EAep(Gray U. .. UGym)/(k+1)
+ (1= 1/2"D) oty 1)) Gr)) / (k + 1)
o (1= 172" o (i) ) (G /(B + 1)
> Ro(TXa\G,1)U.. UG y)) T KAE(Gry U ..U Griy) /(K + 1)
— (172" 41720 Aep(Go) /(k 4+ 1) — Ry(z) = 1.

Combining (1) and (2), we obtain
|zn|| =1 and H(ﬂs +xpa) + ot 2w /(R + 1)“ —1
as n — oo and n(1),...,n(k) — oo, respectively. But

/G (:c(t) — xn(t))XGo (t)dt = ep(Go)/2 > 0,

which contradicts the fact that {x,} tends to = weakly.
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Now we will show that (4) implies (ii) in (5). Otherwise, denote Gy = {t €
G:z(t) =b} and Gy = {t € G : z(t) = a}. Then uGy > 0 and pG7 > 0. For a
convenience, we may assume that uGo < uGj.

Take a subset G2 of G; and numbers A, B, A1, B1,¢,¢1,0,61 such that uGs =
uGo, o(u) = Au+ B for u € (a,a+¢€), p(u) = Aju+ By for u € (b—e1,b), 0 <
6<e, 0<6; <er and A6 = A16;. Put

Tp = TX\Goua, T (@ +0)Xa, + (b —061)xg, n=1,2,....
Then
Rga(xn) = R¢($Xg\goug2) + [(a + (5)A + B] uGo + [(b - 61)141 + BI]MGO
= RW($XG\G0UG2) + R@($XG2) + Rso (5UXG) = ch(l‘) =1,

ie, |lzn|]] = 1. Moreover, for all subsequences {z,;)} (i = 1,2,...,k;
n(i) € {1,2,...}) of {z,}, we have

Ry ((x +@pq) + Tnge) + -+ gy /(R + 1))

= Ry(xXc\Goua,) T k6A/(k +1)uG2 + Ry(xxa,)

— kélAl/(k + 1)MG0 + Réﬁ(xXGo)

= Reﬂ(x) =1,

Le, [[(z+Tna) +Tn@) + -+ 2am)/(F+ 1)) = 1.
Take y(t) = xa,(t) — xa, (t). Then

(Tn,y) = / (zn(t) — (t))dt = 6puGa + 61uGo > 0.
G
This contradiction shows that the condition holds, so the proof is finished. [J

Corollary 3
For any Orlicz space L,y the following statements are equivalent:
(1) L(go) is LUR,
(2) L(ga) is WLUR,‘
(3) L((p) is KR,‘
(4) L(go) is WKR,
(5) Ly is LRK;
(6) L(go) is WLKR;
(7) ¢ € As and ¢ is a strictly convex function.

Proof. This follows from Theorem 3 and the result that L) is LUR if and only if
¢ € Ay and ¢ is a strictly convex function (see [1]).
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